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PREFACE. 


The  importance  of  a  knowledge  of  Determinants  to  all 
who  extend  their  reading  beyond  the  elements  of  mathematics, 
and  the  fact  that  most  modern  writers  employ  the  determinant 
notation,  have  led  to  the  belief  that  an  American  work  on 
Determinants  might  satisfy  a  growing  demand. 

This  is  a  text-book,  and  not  an  exhaustive  treatise.  Enough 
is  given,  however,  to  enable  the  student  to  use  the  determinant 
notation  with  ease,  and  to  enable  him  to  pursue  his  further 
reading  in  the  modern  higher  mathematics  with  pleasure  and 
profit. 

The  book  is  written  with  reference  to  the  wants  of  the 
private  student  as  well  as  to  the  needs  of  the  class-room.  The 
subject  is  at  first  presented  with  great  simplicity.  As  the  stu- 
dent advances,  less  attention  is  given  to  details.  More  than 
half  the  volume  is  devoted  to  applications  and  special  forms, 
that  the  reader  may  get  some  notion  of  the  power  and  utility 
of  determinants  as  instruments  of  research. 

Throughout  the  work  care  has  been  taken  to  show  how  each 
new  concept  has  been  evolved  naturally  ;  and,  whenever  it  is 
thought  advisable,  a  special  case  precedes  the  general  dis- 
cussion. 

The  work  has  been  written  in  the  far  West,  where  contact 
with  others  in  the  same  field  was  practically  impossible.      I 


IV  PREFACE. 

shall  therefore  be  grateful  for  any  notification  of  errors  that 
may  have  escaped  detection. 

My  thanks  are  due  to  Messrs.  J.  S.  Cushing  &  Co.,  of 
tytfsio'n,  for  great  care  and  patience  manifested  in  the  prepara- 
tion of  the  plates. 

Among  the  works  consulted  most  assistance  has  been  derived 
from  the  following.  All  the  works  named  have  been  used 
freely. 

Matzka.  —  Grundziige  der  systematischen  Einfiihrung  und  Begriin- 
dung  der  Lehre  der  Determinanten. 

Baltzer.  —  Theorie  und  Anwendung  der  Determinanten  (Fiinfte 
Auflage). 

Giinther.  —  Lehrbuch  der  Determinanten-Theorie  (Zweite  Auflage). 

Diekmann.  —  Einleitung  in  die  Lehre  von  den  Determinanten  und 
ihrer  Anwendung  auf,  etc. 

Dostor. —  Elements  de  la  Theorie  des  Determinants  avec  Applica- 
tions, etc.  (Deuxieme  edition). 

Houel.  —  Cours  de  Calcul  Infinitesimal. 

Scott. —  A  Treatise  on  the  Theory  of  Determinants  and  their  Appli- 
cations, etc. 

Burnside  and  Panton. —  The  Theory  of  Equations,  with  an  Intro- 
duction, etc. 

Muir.  —  A  Treatise  on  the  Theory  of  Determinants. 

I  am  especially  indebted  to  the  last  two  works  for  many 
examples. 

PAUL   II.   II  AN  US. 

Boulder,  Col.,  May,  1886. 
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THEOKY   OF   DETERMINANTS. 

CHAPTER  I. 

PRELIMINARY   NOTIONS   AND   DEFINITIONS. 

1.  The  first  notion  of  Determinants  we  owe  to  Leibnitz,  who, 
in  his  attempts  to  simplify  the  expressions  arising  in  the  elimi- 
nation of  the  unknown  quantities  from  a  set  of  linear  equations, 
employed  symbols  nearl}-  identical  with  our  present  determinant 
notation.  In  a  letter  dated  April  28,  1693,  Leibnitz  communi- 
cates his  discovery  to  LTIospital ;  aud  later,  in  another  letter, 
expresses  the  conviction  that  the  functions  will  develop  remark- 
able and  very  important  properties,  —  a  conviction  which  time 
has  abundantly  verified.  Leibnitz,  however,  never  pursued  the 
subject  himself,  and  his  discovery  lay  dormant  till  the  middle 
of  the  eighteenth  century. 

In  1750  the  celebrated  geometer,  Gabriel  Cramer,  rediscovered 
determinants  while  working  upon  the  analysis  of  curves.  Dur- 
ing the  course  of  his  investigations,  Cramer  had  to  solve  sets 
of  linear  equations,  and  naturally  encountered  the  same  func- 
tions that  had  attracted  the  attention  of  Leibnitz.*  To  Cramer 
is  due  the  general  rule  for  the  solution  of  n  simultaneous  linear 
equations  (non-homogeneous),  containing  as  many  unknown 
quantities. 

This  rule  was  inferred  without  proof  from  the  form  of  the 
values  of  the  unknown  quantities  obtained  in  solving  sets  of 
two  and  three  equations. 

*  The  particular  problem  which  led  to  Cramer's  discovery  of  deter- 
minants appears  to  have  been  :  To  pass  a  curve  of  the  rth  order  through 

v*  .  Sv  .   . 

any  — j given  points. 


2  THEORY   OF   DETERMINANTS. 

Since  the  time  of  Cramer  important  advances  have  been 
made.  The  names  of  many  celebrated  mathematicians  appear 
in  the  list  of  those  who  aided  the  evolution  of  a  theory  of  deter- 
minants. Prominent  among  these  are  Vandermonde  and  Gauss. 
From  Gauss  the  name  "determinant"  instead  of  "resultant" 
was  adopted  by  Cauchy.  Cauchy  and  Jacobi  are  perhaps  to 
be  considered  as  the  greatest  among  those  who  first  developed 
the  subject.  The  monograph  of  Jacobi,  published  in  1841,* 
established  the  foundation  of  a  treatise  on  the  theory  of 
determinants  ;  and  his  own  writings,  as  well  as  the  works  of 
many  eminent  mathematicians  during  the  past  fifty  years,  attest 
the  wonderful  power  of  determinants  as  instruments  of  mathe- 
matical investigation,  and  the  fruitfulness  of  the  functions 
themselves. 

2.  The  most  natural  way  of  approaching  the  theory  of  deter- 
minants would  be  along  the  line  of  development.  This  is 
accordingly  our  purpose.  Owing  to  peculiar  difficulties  attend- 
ing this  mode  of  procedure,  we  can  however  only  employ  this 
method  at  the  outset,  and  must  soon  adopt  a  presentation 
better  suited  to  the  further  unfolding  of  the  subject,  and  free 
from  the  peculiar  difficulties  alluded  to. 

Determinants  of  the  second,  third,  and  fourth  order. 

3.  Consider  the  set  of  four  simultaneous  linear  equations  :  — 

(1)  axx  +  bxy  -f-  cx z  +  dxt=  mx 

(2)  a2x  -f-  b2y  +  c2z  -\-d2t  =  m2 

(3)  a3x  +  bsy  +  caz  +  d3t  =  ms 

(4)  aiX-\-bAy -{-ciz-\-dit  =  m4  J 

Here  it  will  be  convenient  to  eliminate  the  unknown  quantities 
in  a  uniform  manner,  as  follows  :  in  each  set  of  equations  to  be 
obtained,  (2)  will  be  multiplied  by  the  coefficient  of  the  un- 
known in  (1)  that  is  to  be  eliminated,  and  (1)  by  the  corre- 
sponding  coefficient   in    (2)  ;    (3)    will   be   multiplied   by  the 

*  De  Formatione  et  Proprietatibus  Determinantium. 
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coefficient  of  the  unknown  under  consideration  in  (2) ,  and  (2) 
by  the  corresponding  coefficient  in  (3)  ;  and  so  on  through  the 
set.  Having  thus  made  the  coefficients  of  one  of  the  unknowns, 
a*,  say,  the  same  in  all  the  equations,  we  will  then  eliminate  x 
by  subtracting  (1)  from  (2),  (2)  from  (3),  etc.  We  shall  find 
in  performing  these  operations  that  the  coefficients  of  the  un- 
known quantities  and  the  absolute  term  after  each  elimination 
are  functions  of  a  particular  form,  and  subject  to  the  same  law 
of  formation, — that  these  functions  are,  in  fact,  Determinants. 
Eliminating  x  in  set  I.  as  directed,  we  have 

(1)  {dib2—ajb1)y+  (c^Co— a<fiy)z-\-  (ajd>—  a2d1)t=a1m2— a2ml  i 

(2)  (a2&3— ci:p2)yJr{a^— <hc2)z^~  (a2<^3-—  a3d2)t=a2')n3— a3wi2  ^H- 

(3)  (ct3bi—aib3)y+  (a3ci—aic3)z+(a3di—aid3)t=a3mi—aim3 J 

4.  Examining  these  binomial  coefficients,  we  see  that  each 
contains  one  positive  and  one  negative  term,  and  involves  four 
quantities,  viz.,  a1?  a2,  &l5  b2 ;  or  a2,  Og,  c2,  c3,  etc.  It  will  also 
be  noticed  that  each  term  never  contains  more  than  one  a 
(coefficient  of  x),  or  b  (coefficient  of  y),  or  c  (coefficient  of  z), 
etc.,  but  that  each  term  does  contain  all  the  subscripts  that 
occur  in  the  binomial.  Finally,  the  terms  in  which  the  sub- 
scripts occur  in  their  natural  order  are  positive,  while  in  the 
negative  terms  there  is  an  inversion  of  the  natural  order  in  the 
subscripts,  i.e.,  OgOj  is  +,  but  a4c3  is  — .  Such  binomials  are 
determinants  of  the  second  order.*  (The  order  of  a  determinant 
is  determined  b}-  the  number  of  factors  in  each  term.)  It  has 
been  agreed  to  denote  them,  following  Laplace,  by  writing  the 
letters  involved  in  regular  succession,  affecting  each  with  the 
subscripts  in  order,  and  enclosing  the  whole  expression  within 
parentheses,  thus  :  («i&2)  =  axb2  —  a261 ;  (a2c3)  =  a2c3  —  a3c2,  etc. 

Introducing  this  notation,  set  II.  becomes 

( 1 )  (a1b2)y+  (a,  cfe)  *  +  (a,  d2)  t  =  (a,  m  2)  ; 

(2)  (a2b3)  y  +  (a2cs)  z  +  (a2d3)  t  =  (a2?/i3)    .  III. 

(3)  (a364)  y  +  (a3c4)  z  -f-  (a3d4)  t  =  (a3ra4)  _ 

*  The  general  definition  of  a  determinant  is  given  in  17,  Chap.  II. 
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5.  If  we  now  eliminate  y,  according  to  the  directions  given 
in  3,  we  have 

(1)  [(Oi&s)  (%c3)-(a2&3)  (a1ci)]«+  [(aA)  (a2d3) 

—  O2&3)  (01^2)]*=  («i&2)  (a2w3)  —  (a2&3)  (Oj^na) 

(2)  [(a2&3)  (0304)  —  (a3&4)  (a.^)]*:-!-  [(a2&3)  (M4) 

—  (a3&4)  (a2cZ3)]*  =  (a2&3)  (a3w4)—  (o3&4)  («2m3) 

Examining  the  binomial  coefficients  of  the  unknowns,  and 
the  absolute  terms  in  set  IV,  we  see  at  once  that  they  are  of 
the  same  form  ;  and  if  we  can  simplify  an}-  one  of  them  and 
discover  the  law  of  formation,  we  have  them  all.  For  this 
purpose  let  us  expand  the  coefficient  of  2,  putting,  for  short- 
ness, this  coefficient  equal  to  C.  Then,  by  the  definition  in  4, 
C  =  (ax&2)  (a2cs)  —  (a2b3)  (a^.,) 

=  (ai&2)  (a2c3  — a3c2)  —  (a2^)  (&i c2—a2c1) 
= a2  [  (ax  b2)  cs+  (a2  b3)  c{]  -  c2  [  (ax  b2)  Og  +  (% b3)  ax] . 
The  last  binomial, 

(cij&a)  a3+  (a2b3)  c^  =  (a^o  —  a2bx)a3  +  («2&3— «3&2)  «i 

=  a2  (axb3  —  a3b{)  =  a2  (a^) . 
.-.  C  =  a2  [(a^)  c3  —  (ax&3)  c2  +  (a2&3)  c{\ 

=  a2  [aj&oCg  —  a2biC3  —  axb3c2  +  a^b^  -f-  «263Ci  —  a3b2c{\. 

Here  the  quantity  within  brackets  consists  of  2»3  =  6  terms, 
i.e.,  of  as  many  terms  as  there  are  permutations  of  the  sub- 
scripts i,  2, 3-  Three  of  the  terms  are  positive  and  as  many 
are  negative.  The  quantity  involves  the  32  =  9  quantities  ax, 
a2,  a3,  &!,  b2,  o3,  Ci,  c2,  c3. 

No  term  involves  more  than  one  a,  or  6,  or  c,  but  does  con- 
tain all  of  the  subscripts  i(  2, 3,  each  term  containing  a  different 
permutation  of  these  numbers.  Finally,  as  before,  we  notice 
that  those  terms  in  which  the  subscripts  occur  in  their  natural 
order,  or  in  which  there  is  an  even  number  of  inversions*  of 

*  In  a  series  of  integers  which  are  all  different  there  is  said  to  be  an 
inversion  of  order  when  a  greater  number  precedes  a  less.'  Thus  in  13452 
there  are  three  inversions,  in  21354  there  are  two  inversions,  etc. 
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order,  are  positive,  while  those  terms  are  negative  iu  which  the 
number  of  inversions  of  order  of  the  subscripts  is  odd.  Such 
a  function  is  a  determinant  of  the  third  order.  A  determinant 
in  which  the  quantities  are  those  of  C  is  denoted  by  (a1b2cs). 
We  therefore  have  C  =  a2(ttib2c3) .  It  must  be  carefully  noticed 
that  the  equation 

{axb2c3)  =  (ax&2)  c3  —  (a^)  c2  +  (a263)  cx 

=  axb2c3  —  o^Cg  —  a^Ci  +  a3bi,c2  +  ci^b^  —  a^q 

gives  the  expansion  of  a  determinant  of  the  third  order. 

Employing  the  notation  just  explained,  the  coefficient  of 
t  in  (1)  is  evidently  ct2(alb2d3)i  and  the  absolute  term  is 
a2(axb2m3) .  The  coefficients  and  the  absolute  term  of  (2)  will 
obviously  be  a3(a2b3cA),  a3(a2&3d4),  a3(a2&3?/i4),  in  order. 

Introducing  this  notation  into  set  IV,  and  dividing  (1)  and 
(2)  by  a2  and  a3  respectively,  we  have 

(1)    (a^Cg)  z  +  (axb2d3)  *  —  («ib2m3) 


V. 

(2)    (a2b3cA)  z  +  (a2b3d4)  t  =  (a2o3ra4) 

6.*    If  we  now  eliminate  z  in  the  same  manner  as  heretofore, 
we  have 


[(«i&2c3)  (c^MO  —  («2&3C4)  (OiMsXR 

=  O1V3)  («2&3^4)  —  O2&3C4)  (aihmz) 


VI. 


The  preceding  results  naturally  imply  a  simplification  and  law 
of  formation  to  be  discovered  in  the  coefficient  of  t  and  the 
absolute  term  of  VI. 

To  simplify  the  coefficient  of  t,  which  for  shortness  we  will 
call  C,  as  before,  we  proceed  as  follows  : 

C  =  (a^Cz)  (a263d4)  —  (a^sO  (a-iMs) 
=  (aAc3)  [(a263)  dA  -  (a264)  d3  -f-(a3&4)  «V] 

—  (a2&3c*)  [(«A>)  d3  —  (a^)  d2  +  (a2b3)  d{] 
=  (as 6s)  [(ai6ac8)  cZ4  —  ( a2b3c4)  dj  —  Z>d3  +  A4« ; 
*  6  may  be  omitted  on  first  reading,  if  thought  best. 
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in  which 

D  =  (a^Cg)  (a264)  +  {a2b3Ci)  (aA)>  and 

A=  (aACs)  (aA)  +  (MsO  OA)- 
Now,  by  5,  (OxftsCs)  =  (aA)  c3  —  (aA)  c2  +  (a2&3)  Cfc ; 
and  (a2&3c4)  =  (a2&3)  c4  —  O2&4)  c3  +  (a  A)  c2. 

Substituting, 

D  =  (a  A)  [(a  A)  c3  -  (aA)  c2  +  (a  A)  cj  +  (a  A)  [(a  A)  c4 

—  (a2&4)c34-(aA)c2] 

=  (aA)  [(aA)  <k+  (a  A)  c4]  -  [(aA)  (a  A) 

—  («1&2)   («A)]C2. 

The  second  binomial,  (a  A)  (a  A)  —  (aA)  (a3&4) 
=  (a2o4  —  o462)  (0x63)  —  (a3&4  -  a4&3)  (aA) 
s=  64  [(aA)  a2  —  (a  A)  a3]  —  a4  [(a  A)  62  —  (^62)  &3] 
=  o4  [  (aA  —  a35x)  a2  —  (aA  —  aA)  aj 

—  a4  [(a  A  —  aA)  &2  —  (a  A  —  aA)  &3] 
=  a  A  (a  A  —  a  A)  —  a  A  (a263  —  a3b2) 

=  (aA)  (as&s) (K) 

.-.  D  =  (a263)  [(aA)  c4  -  (aA)  c2  +  (aA)  cj. 

Substituting  the  expansions  of  (aAc3)  and  of  (aA<?4)  in  A 
we  have 

A  =  («A)  [(aA)  c3  -  OA)  c2  +  (a2Z>3)  Ci]  -f  (aA)  [(a2&3)  c4 

—  (aA)c3  +  (aA)cs] 

=  (aA)  [OA)ci+  (a  AX]  -  [(aA)  (a264)  -  (a  A)  (a364)]c3. 

Here  we  notice  that  the  binomial  factor  of  the  second  term  is 
the  same  as  the  binomial  factor  in  the  last  term  of  D :  hence 
equation  (K)  above,  is  (a263)  («A). 

.-.  A=  (aA)  [(^AH—  (aA)c3-f  OA)ci]- 
Substituting  the  values  of  D  and  A  just  obtained,   in  C, 
we  have 
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C=  (a2b3)  [_(a1b2c3)d4  —  (a2&3c*K  —  Kai^)c*—  (aA)c2 

=  (Ms)  [(«i^«a)^4—  (ai&2C4)^3+  (ai^scO^—  (a2&3<K]. 

From  this  value  of  C  the  absolute  term  of  VI  is  obviously 

O2&3)  [(ai&2Cfe)m4—  (a!&2c4)ra3  +  (a^c^raa  —  (os&scOmJ. 

Now  the  quantity  within  brackets  in  C  (and  in  the  absolute 
term)  of  VI  is  here  seen  to  be  composed  of  four  terms,  each 
of  which  contains  a  factor  which  is  a  determinant  of  the  third 
order.  We  shall  presently  show  that  this  quantity  is  a  deter- 
minant of  the  fourth  order,  and  will  therefore  write,  in  accord- 
ance with  the  notation  already  exemplified,  for  determinants  of 
lower  orders : 
(ajj^di  —  (afizc^dg  +  {a^c^d^  —  (a^c^d^  =  (afotyi,)  •  •  •  (R). 

Now,  5,  (0C1&2C3)  =  (a>ib2)c3  —  («A)c2  +  (a2bs)ci ; 
{axb2cA)  =  (a^)^  —  (ai&4)c2  +  (^b^Ci ; 
(aAO  =  («i&s)<54  -  («1&4)c3+  O3&4K ; 
{a^Ci)  =  («2&3)c4  —  (a->bi)c3+  (a3&4)c2. 

Expanding  the  determinants  of  the  second  order  in  the 
second  members  of  these  equations  according  to  4,  and  sub- 
stituting in  equation  (R),  there  results  : 

(«1&2c3cZ4)  =  a-Jj2c\$i — ttob^di — ciJt>3c2di-\-  a3biC2d4-\-  a^c^— a362CicZ4 
— a1b2cid:i-\-a2blcid3+a1bic2d.i—  a^c^—  a<,bic1d3-\-  afi2cxd3 
+ «ifyA^2 — a-sb^d^ — a164c3rt2  -j-  afixC.3d2  -\-  a^b^d.^ — ajy^c^ 
— a^bzCidy -f- a^c^x  -j-  a^c^  —  ajy^^i  —  a3bic2d1  -j-  aibsc2di. 

This  expansion  contains  4-3  •  2  =  24  terms,  involving  42=16 
quantities.  Each  term  contains  only  one  a  (coefficient  of  x), 
or  b  (coefficient  of  y) ,  or  c  (coefficient  of  z) ,  or  d  (coefficient 
of  t) ,  and  contains  all  the  subscripts  ;  a  different  permutation 
of  the  subscripts  belonging  to  each  term.  As  before,  we  find 
that  the  number  of  inversions  of  order  of  the  subscripts  is  an 
even  number  in  the  positive  terms,  and  is  an  odd  number  in 
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the  negative  terms.  Moreover,  the  number  of  terms  is  exactly 
the  number  of  permutations  of  the  first  four  natural  numbers. 
Such  a  function  is  a  determinant  of  the  fourth  order,  and  is 
accordingly  designated  by  (a^b^d^).  Introducing  this  nota- 
tion, and  dividing  by  (a2bs),  equation  VI  becomes 

(a1b2c3di)t  =  (ax  62^3^4).     VII. 

It  is  to  be  noticed  that  equation  (R)  of  the  present  article 
gives  the  expansion  of  a  determinant  of  the  fourth  order. 

7.  We  have  now  shown  how  determinants  of  the  second, 
third,  and  fourth  orders  arise  in  the  solution  of  simple  simul- 
taneous equations.  From  the  reductions  of  6,  it  is  obvious 
that  to  continue  the  present  method  would  very  soon  imply 
difficulties  in  the  simplifications  practically  insurmountable  when 
we  attempt  to  produce  determinants  of  the  higher  orders.  For 
determinants  of  the  fifth  order,  the  process  of  reduction  would 
be  found  very  tedious.  Hence,  to  investigate  the  properties  of 
determinants  of  the  nth  order,  we  are  forced  to  take  a  new 
starting-point ;  and  in  Chapter  II.  we  proceed  upon  a  plan 
somewhat  different  from  that  hitherto  adopted. 

Values  of  the  Unknown  Quantities. 

_      _  .      _._   _         (aib,csmt) 

8.  I  rom  equation  \  II,  6,  t  =  -. — -'  .    Had  the  equations 

of  set  I  been  so  arranged  that  z  should  be  the  last  unknown 

((i\b.id^m4) 
in    each    equation,    we  would    evidently   have  z  =  j — f— ) — r« 

(alCU3w4)  \d,b.2c3m4)    w0*****) 

In  the  same  way,  y  =  jjtfgQ  i    *  -  JaJ^ ' 

9.  Among  the  many  properties  of  determinants  to  be  estab- 
lished, we  may  here  produce  the  following  theorem,  which  is 
among  the  most  important  of  the  elementary  theorems  in  the 
subject : 

The  interchange  of  two  letters,  or  of  two  subscripts,  the  others 
remaining  undisturbed,  changes  the  sign  but  not  the  magnitude 
of  a  determinant. 
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1st.    For  determinants  of  the  second  order. 

(a)  The  interchange  of  two  letters. 

(axb2)  =  axb2  —  a2bx.  In  this,  if  we  interchange  a  and  b,  the 
second  member  becomes 

bxa2  —  b2Oi  =  —  (axb2  —  a2bx)  •'•  (bxa2)  =  —  («A)  • 

(b)  The  interchange  of  two  subscripts. 

(Ox^)  =  axb2  —  «2&i-  If  the  subscripts  are  interchanged,  the 
second  member  becomes 

a2bi  —  axb2  =  —  (axb2  —  a2bx)  .-.  (a2bx)  =  —  (axb2) . 

2d.    For  determinants  of  the  third  order. 

(a)  The  interchange  of  two  letters. 

(axb2c3)  =  (axb2)c3  —  (axb3)c2  +  (a2b3)cx.  In  this,  if  we  inter- 
change a  and  &,  the  proposition  is  obvious  from  the  first  part 
of  the  demonstration,  (a). 

We  have  therefore  to  show  that  the  proposition  holds  for  b 
and  c.     "We  have,  5, 

(ox&a)  (a2c3)  —  (a2b3)  (o^c.,)  =  a2{axb2c3). 

In  this  expression,  interchanging  b  and  c,  the  first  member 
becomes  (axc2)  (a2b3)  —  (a2c3)  (axb2).  Since  a2  remains  un- 
changed, (axc2b3)  =  —  (axb2c3). 

(b)  The  interchange  of  two  subscripts. 

(axb2c3)  =  (axb2)c3— (axb3)c2+ (a2b3)cx.  (L).  If  the  sub- 
scripts 2  and  3  are  interchanged,  the  second  member  becomes 
(axb3)c2  —  (axb2)c3-{-  (a3b2)cx.  Since  (a3b2)  =  —  (a263),  1st, 
(b) ,  the  second  number  of  (L)  becomes 

—  (axb2)c3+  (axb3)c2—  (a2b3)cx 
.-.  (axb3c2)  =  -  (axb2c3). 

In  the  same  manner  it  may  be  shown  that  the  interchange  of 
any  other  two  subscripts  in  (L)  changes  the  sign  of  the  second 
member,  .*.  the  proposition. 
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3d.    For  determinants  of  the  fourth  order. 

(a)  The  interchange  of  two  letters. 

(aj&aCg^)  =  (eii&2c3)d4—  (aib2c4)d3+  (<hbac4)da—  (a2&3c4)d!    (!•)-. 

From  2d,  (a) ,  the  proposition  is  obvious  for  an  interchange 
of  the  first  three  letters.  To  show  that  the  proposition  holds 
for  c  and  d,  we  have,  6, 

(a^Cg)  (as&8d4)  —  (a2b3c4)  (o^Ms)  =  (<hh)  (aA>c3£74). 

The  interchange  of  c  and  d  transforms  the  minuend  into  sub- 
trahend, and  the  subtrahend  into  minuend,  in  the  first  member. 
Hence,  as  (a2b3)  remains  unchanged,  (a1&2cZ3c4)  =  — (ai&2c3f^)« 

(b)  The  interchange  of  two  subscripts. 

(fl  Ac3d4)  =  (Oib2cs)  di  —  (afi&i)  d3  +  (afifr)  d2  —  (a^b^)  dv    (M) . 

In  this,  if  we  interchange  the  subscripts  2  and  3,  the  second 
member  of  (M)  becomes 

(ai&3c2)d4  —  (aibsc^di-h  (a1b2ci)d3  +  (qAc*)^. 

Now,  by  2d,  (6),  (a^fy)  =  —  (a^Ps) ;  and  (a3b2c4)  =  —  (a2&3c4). 
Hence  the  second  member  of  (M)  may  be  written 

—  {<hb2cz)di+  (axb^ds—  (axftgC^da-f  (a^gC^, 
and  therefore  (ax  b3c2d4)  =  —  (ax b2c3d4) . 

In  a  similar  manner  the  proposition  may  be  established  for 
the  interchange  of  any  other  two  subscripts. 

It  is  obvious  that  two  consecutive  interchanges  will  leave  the 
determinant  unaltered  either  in  sign  or  magnitude.  Notice 
that  an  interchange  of  two  letters  corresponds  to  a  uniform 
change  in  the  order  of  succession  of  the  unknown  quantities  in 
the  original  set  of  equations.  Also,  that  an  interchange  of  two 
subscripts  corresponds  to  changing  the  order  of  the  equations. 

10.  Applying  the  proposition  of  the  preceding  article  to  the 
values  of  x,  y,  z,  and  t,  obtained  in  8,  we  have 

_(m1b2c3di)        _(a1m2c3d4)       _(alb2mad4)  (&i&2c3m4) 

_  (<hb2c3dA)  '  y~  {(hb2c3d4)  '     —  (OibsCsdi)  '      ~  (c^CgC^)' 
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Notice  that  the  common  denominator  in  these  values  is  the 
determinant  of  the  fourth  order,  formed  from  the  coefficients  of 
the  unknown  quantities.  Also,  that  the  numerator  of  the  value 
of  x  is  obtained  by  changing  the  a  of  the  denominator  into  m. 
The  numerator  of  the  value  of  y  is  likewise  obtained  by  chang- 
ing the  b  of  the  denominator  into  m,  and  that  the  numerators 
of  the  values  of  z  and  t  are  similarly  obtained  by  changing  the 
c  and  d  into  m  respectively. 


Notation. 

11.  "We  have  seen  that  a  determinant  of  the  second  order 
contains  22=4  quantities,  a  determinant  of  the  third  order 
32  =  9  quantities,  and  a  determinant  of  the  fourth  order  42  =  16 
quantities.  It  is  customary  to  employ  the  notation  introduced 
b}"  Cayley,  and  write  these  determinants  so  that  the  quantities 
(called  elements)  entering  into  the  determinant  appear  arranged 
in  the  form  of  a  square,  with  a  vertical  line  on  each  side. 


Thus  (axb2) 


a2b2 


a2b2c2 
tt^b3c3 


and  (a1&2(%d4)=  a^^d^ 
a2b2c^d2 
03b3c3ds 

Other  forms  of  notation  are  also  |  ax  b2 1  for  (a^  b2) ;  |  a^  b2  c3 1 
for  (a!  &2  c3) ;   j  a,  b2  c3  d±  |  for  (ax  b2  c3  d4) . 

There  are  still  others  to  be  described  later.  In  Cayley's 
notation  the  elements  are  so  arranged  that,  regarded  as  coeffi- 
cients of  the  unknowns  in  the  original  set  of  equations,  they 
occur  in  rows  and  columns  in  the  regular  order  in  which  they 
are  found  in  these  original  equations.  Further,  comparing  the 
expansions  with  the  square  arrangement,  we  notice  that  each 
term  contains  one,  and  only  one,  element  from  each  row  and 
column,  and  that  there  is  no  other  element  from  the  same  row 
and  column  in  the  same  term.  Hence,  as  already  exemplified, 
there  can  be  only  2,  3,  or  4  elements  in  each  term,  according 
as  the  determinant  is  of  the  second,  third,  or  fourth  order. 
It  will  be  noticed  that  the  quantities  occurring  in  the  abbreviated 
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forms  (cri&sCg),  («i62),  \dib.2c3di\,  etc.,  are  those  found  in  one 
of  the  diagonals  in  the  square  arrangement,  viz.,  the  diagonal 
extending  from  the  upper  left-hand  corner  to  the  lower  right- 
hand  corner.  This  diagonal  is  called  the  principal  diagonal. 
Similarly,  that  diagonal  extending  from  the  lower  left-hand 
corner  to  the  upper  right-hand  corner  is  the  secondary  diagonal. 
Any  line  parallel  to  these  (principal  or  secondary)  is  a  minor 
diagonal.  Any  of  the  expansions  heretofore  given  show  that 
the  product  of  the  elements  of  the  principal  diagonal  is  a  posi- 
tive term  of  the  determinant.  This  term  being  composed  of 
the  elements  of  the  principal  diagonal,  is  called  the  j^'ind}^ 
term.  The  other  terms  can  be  fonned  from  the  principal  term 
by  making  all  the  possible  permutations  of  the  subscripts  and 
prefixing  the  proper  sign  to  each  permutation  (5  and  footnote  ; 
also  6). 

Observe  that  the  order  of  the  letters  in  the  abbreviated  forms 
of  notation  is  the  order  of  the  columns  in  the  square  arrange- 
ment, and  that  the  order  of  the  subscripts  gives  the  order  of 
the  rows.  Thus,  10x6203!  means  the  determinant  whose  first 
column  consists  of  a's,  second  column  of  6's,  and  third  column 
of  c's,  and  that  the  subscript  of  each  letter  in  the  first  row  is  1, 
and  in  the  second  each  letter  has  the  subscript  2?  and  in  the 
third  each  letter  has  the  subscript  3. 


Illustrations  are  : 

I  «3  &2  c4  ] 


a.)  o>2  Co 
a4  bt  c4 


1036405^!  = 


a4  64  c4  d4 
«s  h  c5  ds 
0^  &a  Cj  dx 


(«i  <h  h)  = 


Cm  Ct  0> 
&3  C3  O3 


\arb.cudv\  = 


aT  br  cr  dr 
a.  b,  c,  d, 

aubucudu 
a„  b„  c„  d„ 
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The  expansion  of  determinants  of  the  second  and  third  orders. 

12.  Though  we  have  already  given  the  expansion  of  deter- 
minants of  the  second  and  third  order  several  times,  it  will  be 
useful  here  to  compare  these  expansions  with  the  square 
arrangement  once  more.  Also,  we  are  now  prepared  for  a 
convenient  mnemonic  rule  for  the  expansion  of  a  determinant 
of  the  third  order,  to  be  given  in  15. 


13.    Since 


Ml 

a.,  bo 


=  at  &2  —  a2  6j,  it  is  obvious  that  the  expan- 


sion of  a  determinant  of  the  second  order  is  obtained  by  taking 
the  product  of  the  elements  of  the  principal  diagonal  and  the 
product  of  the  elements  in  the  secondary  diagonal,  and  sub- 
tracting the  second  product  from  the  first. 

14.   "We  have  repeatedly  shown  that 

Pi. 


ax  bx  cx 

= 

«1&1 

c3- 

Ox&x 

c2  + 

a2b2 

fl2  02  Cjj 

a?b2 

03&3 

a3b3 

Clg  O3C3 

From  this  it  appears  that  a  determinant  of  the  third  order  can 
be  decomposed  into  determinants  of  the  second  order,  each 
multiplied  by  the  elements  in  order  of  the  last  column,  begin- 
ning with  the  last  element.  Since  any  column  may  be  made 
the  last,  9,  the  assertion  just  made  amounts  to  saying  that 
a  determinant  of  the  third  order  may  be  expressed  in  terms 
of  determinants  of  the  second  order  and  the  elements  of  any 
column. 

The  reader  will  readily  see  how  the  determinant  factors  of 
the  expansion  in  the  present  article  are  obtained  from  the 
original  determinant.  For  example,  the  cofactor  of  c2  is  ob- 
tained by  striking  out  the  row  and  column  in  which  c2  is  found, 
and  regarding  what  is  left  as  a  determinant  of  the  second  order. 
Thus,  , 

#3    03    C3 
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15.  The  following  convenient  rule  for  the  complete  expan- 
sion of  a  determinant  of  the  third  order  is  indicated  in  the 
accompanying  diagram,  and  is  described  as  follows  :  — 

The  terms  composed  of  ele- 
ments of  the  principal  diagonal 
and  of  the  minor  diagonals 
parallel  to  it  are  positive,  while 
those  formed  of  elements  in 
the  secondarj-  diagonal  and  the 
minor  diagonals  parallel  to  it 
are  negative.  The  elements 
pierced  by  the  double  lines 
compose  the  positive  terms. 
The  elements  pierced  by  the 
single  lines  similarly  consti- 
tute the  negative  terms.  In  accordance  with  these  directions, 
the  expansion  of 


a2  &!  cx 
«2  h  c2 
a3  63  c3 


is  a1&2^3+  «2&3Ci  +  Og&xCa  —  a3&2Ci  —  a2b1c3  —  a^c*. 


This  is  identical  with  the  expansion  already  obtained  in  5,  as 
it  should  be. 

EXAMPLES. 


1.    Find  the  values  of 


a  —b  b 
b  — c  c 
1 
a 

1 


2.    "Write  in  determinant  form  : 

7  ;  5  ;  16 ;  —  13  ;  xxy  —  xy;  3a  —  lb  ;  c2  —  bd ; ;  Sgh  —  xy. 

b      a 


-4  - 

G 

! 

25  18 

» 

a 

b 

» 

a+l 

b 

» 

5 

3 

49  75 

b  a 

a  +  b  a 

-10  -6 

5 

7  1 

> 

0  3 

5 

0  1  - 

8 

-3 

5 

0 

0 

4 

a  . 

1  + 

(Suggestion  :—  7  =  3x2  —  (lx-  1) 


3  -1 
1      2 


Numberless 


other  forms  could,  of  course,  be  given  for  the  same  quantity.) 
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3.    Without  passing   from  the  determinant   notation,   show 
what  relation  exists  between 

(9-) 


fli&i 

and 

&i«i 

.     Also 

a 

;  y 

and 

m  n 

. 

a262 

62a2 

m  n 

x  y 

4.    Compare 

a  6 
c  d 

and 

a  c 
b  d 

• 

Also  ( 

jompa 

re 

a  b 

c  d 

» 

8  a 

c 

36 
d 

,  and 

3a 

3c 

h 
d 

5.  Write  the  expansion  of  the  following  determinants  : 
(a4b5);  (ai&i);  \akblcm\\  |a264c6|;   (0365^);   ^c^a^. 

6.  Find  the  values  of : 


12  3 
4  5  6 
7  8  9 


4  7  8 
0  3  6 
0  5  9 


a  0  0 
0  6  0 
0  0c 


0  0a 
6  c  0 
0  0  6 


a  0  c 
6  0  6 
c  0  a 


a  6  c 
b  c  a 
cab 


7.    Compare 


Also  compare 


Also  compare 


a  0  c 

and 

a  0  0 

d  0/ 

d  e  f 

g  0  k 

g  h  k 

a  mb  c 
d  me  f 
g  mil  k 

ax  bx  Ci 
a2b2c.2 
(X3  o3  c3 


and 


and 


a  b  c 
d  e  f 
g  h  k 

a1o2a3 
61  62  63 

C1   C-2   Cs 


8.    State  the  probable  theorems  exemplified  by  the  results  in 
Ex.  7. 


9.    Find  the  value  of  x  in  the  equations 


(1) 


(3) 


x      2 
1  -1 


3  4 
5  6 


(2) 


aj  -4       1 

-6      3  —2 

as      2       1 


=  0; 


1  1 

1 

a  x 

0 

6  6 

a; 

=  0;   (4) 


/ 


a;  a  a 

=  — 

6  6  x 

a  a;  a 

b  x  b 

a  a  x 

x  6  6 
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10.    Find  the  complete  expansion  of 


ar  br  cr  dr 
a,  bt  ct  dt 
«»  K  cn  dn 
a„  bn  c„  cL 


=  |  arbt  cnd0\.     (6,  equation  (R) ,  et  seq.) 


11.  Wiite  in  determinant  form,  square  notation: 

(1)  bfg  +  eid  +  hck  —  hfd  —  ecg  —  bile. 

(2)  mxn2rz  —  mxnzr2-\-  m2n3rl  —  m2n1?-34-  m3w1r2—  m3w2?V 

(3)  3  a;yz  —  cc3  —  i/3  —  z3. 

12.  Employ  9  to  compare  the  following : 


a  b  c 
d  ef 
g  h  k 

and 

d  ef 
g  h  k 
a  b  c 

> 

m  n  o 
p  q   r 
s    t   u 

and 

o  n  m 
r  q  p 
u  t   s 

m  n  o 

and 

o  m  n 

, 

p  q  r 

s   t   u 

r  j 

u  , 

o  q 

?   t 

13.  Expand  the  following  in  terms  of  determinants  of  the 
second  order  and  the  elements  of  any  column  (14).  Verify 
the  results  by  making  use  of  the  rule  in  15 : 


(Z]  &!  Cj 

» 

x2  y2  m2 

> 

a4  64  c4 

a2  b2  c2 

xs  Vz  ms 

03  o3  c3 

«3  &3  c3 

x4  y4  ra4 

a6  66  c6 

14.    Count  the  inversions  of  order  in 

(a)  13  5  4  2  6  7 

(6)  2  3  6  14  5  7 

(c)  6  3  5  4  17  2 

(d)  789653421 

(e)  987654321 


CHAPTER  II. 

GENEEAL  PROPERTIES  OF  DETERMINANTS. 
Notation  and  Definition. 

16.  The  investigations  of  the  preceding  chapter  have  revealed 
the  fact  that  a  determinant  of  the  second,  third,  or  fourth  order 
is  a  function  of  22,  32,  or  42  quantities  respectively,  and  have  also 
established  a  uniform  law  of  formation  for  these  functions.  In 
order  therefore  to  investigate  the  properties  of  Determinants  in 
general,  we  have  but  to  consider  a  function  of  n2  quantities 
whose  law  of  formation  is  given  in  the  following  definition. 

17.  Definition.  — A  Determinant  is  always  a  function  of  n2 
quantities.  These  quantities,  called  elements,  being  arranged 
in  the  form  of  a  square  consisting  of  n  rows,  and  thus  also  of 
n  columns,  n  quantities  in  each  row  and  in  each  column,  the 
determinant  of  these  n2  quantities  is  the  sum  of  the  terms 
formed  as  follows :  *  Each  term  is  the  product  of  n  elements, 
so  chosen  that  there  is  one  element  from  each  row  and  one 
from  each  column,  —  but  two  elements  from  the  same  row  or 
column  must  never  occur  in  any  one  term.  The  sign-factor  of 
each  term  is  (— l)p+?,  in  which  p  is  the  number  of  inver- 
sions of  order f  of  the  rows,  and  ?  is  the  number  of  inversions 
of  order  of  the  columns,  from  which  the  elements  composing 
the  term  have  been  chosen. 

Note.  —  Each  term  being  composed  of  n  factors,  the  deter- 
minant is  said  to  be  of  the  rtth  order  or  degree. 

*  22  et  seq.  will  show  that  the  law  of  formation  given  in  this  definition 
is  the  same  as  that  already  observed  in  determinants  of  the  2d,  3d,  and 
4th  orders  (3  to  6  inclusive). 

t  5,  footnote  on  inversions  of  order. 
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18.    To  expand 


by  the  definition,  we  may  select  any 


a  b  c 

d  ef 

mn  o 

row,  as,  for  instance,  the  second  row,  and  using  each  element* 
of  that  row  in  turn,  according  to  the  directions  given,  we  shall 
form  all  the  terms  of  the  determinant.  For  the  first  term,  then, 
taking  d  as  the  first  element,  we  see  that  we  can  take  b  and  o 

fy  b    C 

rh,  n  o 

for  the  other  factors  of  a  term,  and  no  more,  since  we  have 
then  chosen  one  element  from  each  row  and  one  from  each 
column,  and  no  two  elements  are  from  the  same  row  or  column. 
"We  now  have  the  term  dbo.  To  form  another  term  containing 
d,  we  can  evidently  take  n  and  c,  giving  the  term  dnc,  which  as 
before  contains  an  element  from  each  row  and  column,  and  no 
two  elements  are  from  the  same  row  or  column.  No  other 
terms  containing  d  can  be  formed.  The  terms  containing  e  are 
in  the  same  way  eao  and  mec;  the  diagram  will  sufficiently 
explain  the  manner  of  obtaiuing  these  terms. 

a   $    C 
-d-i-f- 

m  ff.  o 

The  terms  containing  /  are  likewise  naf  and  fbm. 


a  1)  k 
m  n  to 


To  fix  the  signs  of  these  terms,  we  will  write  under  each 
term  the  numbers  giving  the  rows  and  the  numbers  giving  the 


*  There  is  a  difference  in  the  nomenclature.      What  we  have  called 
elements  some  authors  call  constituents,  and  an  element  is  a  term. 
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mec 

naf 

fbm 

321- 

3 

312- 

2 

213- 

1 

123- 

0 

213- 

1 

321- 

3 

columns  from  which  the  elements  have  been  taken,  and  opposite 
each  series  the  number  of  inversions.     Thus  : 

dbo  dnc  eao 

Bows  213-1  231-2  213-1 
Columns  123-0  123-0  213-1 
The  sum  of  the  inversions  of  order  in  rows  and  columns  of  the 
first  term  is  unity;  .\  (—  l)p=  —  1,  and  dbo  is  negative.  In 
dnc  the  sum  of  inversions  of  order  in  rows  and  columns  is  2  ; 
.*.(— l)p=l,  and  dnc  is  positive.  Similarly  for  the  other 
terms.     Affecting  the  terms  with  their  proper  signs, 


a  b  c 

d  ef 
m  n  o 


=  —  dbo  +  dnc  +  eao  —  mec  —  naf + fbm. 


Scholium.  —  This  illustration  is  inserted  only  to  give  the 
reader  a  clear  idea  of  the  meaning  of  the  definition,  and  not 
because  we  really  employ  the  definition  in  the  practical  expan- 
sion of  determinants.  In  fact,  the  great  beauty  of  the  deter- 
minant notation  is  that  we  are  able  to  conduct  most  of  our 
investigations  with  the  help  of  determinants  without  requiring 
the  expansions  at  all.  In  case  it  becomes  necessary  to  expand 
a  determinant,  we  have  several  excellent  methods  to  be  given 
later.  One  method  for  the  expansion  of  a  determinant  of  the 
third  order  has  been  given  already  (15) . 

19.    In  accordance  with  the  notation  already  exemplified  in 
Chapter  I.,  a  determinant  of  the  nth  order  is  written 
ax  by  cx  ...  lx 

02    "2    ^2    "••     ^2 

a3  63  c3  ...  t3 


^   K   Cn     ...     ln 

This  form  is  shortened  to  (axb2 c3 ...  ln)  or  |o162c3 ...  ?n|,  or  to 
2  ±  axb2c3 ...  ln.  In  each  of  these  shortened  forms  those  ele- 
ments occur  which  occupy  the  principal  diagonal*  in  the  square 
arrangement.  The  form  2  ±  cti&2c3  •••  ^n  *s  suggestive  of  the 
manner  in  which  the  function  is  formed.     The  2  ±   stands  for 


*  11. 
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the  sum  of  all  the  terms  that  can  be  formed  from  the  principal 
term  by  permuting  the  subscripts  and  prefixing  the  proper  sign 
to  each.     (23.) 

Another  and  very  convenient  notation  is  obtained  by  employ- 
ing a  single  letter  affected  with  two  subscripts ;  the  first  sub- 
script giving  the  row,  and  the  second  subscript  the  column,  in 
which  the  element  occurs.     Thus  : 


(hi  a12  #13 
#21  a%2  #23 
Oqi  #32  #33 


#1» 


11 

12  13  .. 

.  In 

21 

22  23  .. 

.  2n 

31 

32  33  . 

.  3n 

n\ 

?i2  nS  . 

.  nn 

#nl  an2  #»3  •  •  •   #ti 

This  form  may,  like  the  first,  be  shortened  to  |  ay^a^ ...  #nn|, 
{a^a^a^  ...  ann),  or  2±  «ii#22#33  ...ann.  It  may  also  be  still 
further  abbreviated  to  |  aln  | .  A  modification  of  this  notation, 
with  the  two  subscripts,  consists  in  omitting  the  letter  alto- 
gether, and  writing  the  determinant  thus  : 

(1,1)  (1,2)  (1,3)  ...  (1,n)     or 
(2,1)  (2,2)  (2,3)  ...  (2,n) 
(3,1)  (3,2)  (3,3)  ...  (3,7i) 

(7l,'l)    (71,2)    (71,3)    ...   (n,n) 

or,  finally,  (\  2  3  ...  n\. 
Vl  2  3  ...  n) 

These  last  three  forms  are  called  the  timbral  notation. 

20.  The  following  corollaries  flow  from  the  definition  in  17. 
They  are  obvious  upon  a  moment's  reflection. 

Cor.    I.  — The  principal  term  is  always  positive. 
Cor.  II.  — If  each  element  of  a  row  or  of  a  column  is  zero, 
the  determinant  vanishes. 

General  Properties. 

21.  Theorem.  —  If  in  a  series  of  integers  which  are  all 
different,  any  two  are  interchanged,  the  others  remaining  undis- 
turbed, the  number  of  inversions  of  order  is  thereby  increased  or 
diminished  by  an  odd  number. 
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Let  the  series  of  integers  be  Ae  Bf  C,  in  which  A  is  used  to 
denote  the  series  ay*  ...  preceding  e,  B  denotes  the  series  hgl ... 
between  e  and  /,  and  C  the  series  following  /. 

In  the  first  place,  it  is  evident  that  if  any  two  adjacent 
integers  are  interchanged,  the  number  of  inversions  of  order 
is  thereby  increased  or  diminished  by  unity.  For  let  vm  be 
any  two  adjacent  integers  in  a  series.  If  we  write  mv,  we 
introduce  one  inversion  of  order  if  m  >  v.  Or,  if  m  <  v,  we 
have  lost  an  inversion.  Now,  since  this  change  cannot  affect 
the  rest  of  the  series,  we  have  increased  or  diminished  the  total 
number  of  inversions  in  the  series  by  unity. 

Again,  in  order  to  interchange  e  in  AeBfC,  with  /  separated 
from  e  by  k,  intervening  elements,  we  may  first  interchange  e 
with  the  elements  to  the  right  in  regular  succession  k  +  1  times  ; 
this  brings  e  into  the  place  at  first  occupied  by  /.  Then,  in 
order  to  transfer  /  to  the  place  formerly  occupied  by  e,  we  have 
to  pass  /  over  k  elements  to  the  left.  Altogether,  we  have 
changed  the  number  of  inversions  of  order  from  odd  to  even, 
or  from  even  to  odd,  2&-f- 1  (an  odd  number)  of  times.  Hence 
the  proposition. 

22.  Theorem.  —  The  number  of  terms  in  a  determinant  of 
the  nth  order  is  1  •  2  •  3  • ...  n  =  n ! 

The  simplest  way  to  form  the  terms  of  a  determinant  accord- 
ing to  the  definition,  is  to  choose  the  elements  from  the  columns 
in  order ;  that  is,  the  first  element  of  a  term  from  the  first 
column,  the  second  element  from  the  second  column,  etc. 
Choosing  the  elements  in  this  way,  we  ma}-  take  the  first  ele- 
ment of  a  term  from  the  first  column  and  third  row,  say,  the 
next  element  from  the  second  column  and  any  row  except  the 
third,  the  next  element  from  the  third  column  and  any  row 
except  those  already  selected,  and  so  on,  until  all  the  columns 
and  rows  have  been  drawn  upon.  The  numbers  of  the  rows 
from  which  the  elements  are  chosen  will  constitute  a  permu- 
tation of  the  numbers  1,  2,  3,  ...  w,  and  it  is  obvious  that 
we   can   therefore  select   the  elements  to  form  a  term  in  as 
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many  different  ways  as  there  are  permutations  of  the  first  n 
numbers,  that  is  n  !     There  are  accordingly  n  !  different  terms. 

23.  Cor.  I. —  The  terms  of  a  determinant  \aib2cs  ...  ln\ 
may  all  be  obtained  by  keeping  the  letters  in  alphabetical  order 
{i.e.,  choosing  the  elements  for  each  term  from  the  columns  in 
order) ,  making  all  the  possible  permutations  of  the  subscripts, 
and  prefixing  the  sign  +  or  —  to  each  permutation,  according 
as  the  number  of  inversions  of  order  is  even  or  odd.  Since 
the  expansion  of  a  determinant  in  accordance  with  the  definition 
would  also  be  obtained  by  keeping  the  rows  in  order,  and 
choosing  the  elements  from  the  columns  in  all  possible  ways. 
all  the  terms  of  \a1b.2c3  ...  ln\  can  be  formed  by  permuting  the 
letters,  keeping  the  subscripts  in  order,  and  prefixing  the  sign 
+  or  —  to  each  permutation,  according  as  the  number  of  in- 
versions of  the  letters  is  even  or  odd. 

24.  Cor.  II.  —  Similarly,  the  terms  of  |  aln  |  can  be  formed 
by  making  all  the  possible  permutations  of  the  first  set  of  sub- 
scripts and  keeping  the  second  set  in  order  ;  or  the  terms  may 
be  obtained  by  making  all  the  possible  permutations  of  the 
second  set  and  leaving  the  first  set  in  order. 


Illustrations :  To  expand 


,  we  may  write  the  permu- 


Q<2  "2  ^2 
a3  "3  ^3 

tations  of  the  subscripts  in  a  column,  and  indicate  the  number 

of  inversions  of  order  in  each  by  a  figure  placed  at  the  right ; 

or  we  may  write  the  permutations  of  the  letters  in  the  same 

way.     Thus : 

1  2  3  ...  0  a  be  ...  0 

1  3  2  ...  1  ac  b  ...  1 
3  1  2  ...  2  b  ac  ...  1 
3  2  1  ...  3  b  ca  ...  2 

2  3  1  ...  2  cab  ...  2 
2  1  3  ...  1  c  b  a  ...  3 

The  two  expansions  are  accordingly 

a^s  —  «i  V2  +  «3&iC2  —  ^3^2^  +  a2hc\  —  «2&iC3» 
a\b2c&  —  axc2b3  —  61a2c3  +  b^a^  +  cxa2bs  —  c^a^ 
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To  expand  |aiia22a33l  according  to  Cor.  II,  we  have  simply 
to  write  the  elements  for  each  term  with  one  set  of  subscripts 
in  order ;  thus, 

axa2a3,  o^a^fla,  a^a^ a3,  axa2a3,  a1a2a3'>  a1a2as', 
and  then  for  every  term,  according  as  we  choose  from  columns 
or  rows  in  order,  write  one  permutation  of  the  numbers  1,  2,  3, 
before  or  after  the  subscripts  already  written,  obtaining 

%1  #22  %3  —  &lla32a23  "T"  &31  #12^23  —  °31  #  22^13  T  <*21a32^13  —  ttjl  ^12^33 

or 

^U^22fl33  —  ^11^23^32  —  ^12 ^21  ^33     I     ^11^23^31  "l     Ct-13^21^32  —  ^13^22^31- 

25.  Theorem.  —  In  any  determinant,  if  the  rows  in  order 
are  made  the  columns  in  order,  the  determinant  is  unchanged. 

The  theorem  is  an  obvious  consequence  of  23  and  24.  The 
following  proof  is  based  directly  upon  the  definition.  Consider 
the  determinants  A  and  A',  which  differ  only  by  making  the 
rows  of  the  one  the  columns  of  the  other.  Every  term  of  A 
contains  an  element  from  each  row  and  column  of  A  ;  hence  it 
contains  an  element  from  each  column  and  row  of  A',  and  is 
therefore,  disregarding  the  sign,  also  a  term  of  A'.  Similarly, 
every  term  of  A'  must  be  a  term  of  A.  We  have  now  to  show 
that  the  signs  of  corresponding  terms  are  alike.  Let  the  num- 
bers of  the  rows  and  columns  for  a  term  of  A  be 

ai  y-i  fi,  t,  cr,  ...  for  the  rows  ; 

?•,  t,  a,  s,  m,  ...  for  the  columns. 
Then,  by  hypothesis,  the  numbers  of  the  rows  and  columns  of 
the  corresponding  term  from  A'will  be 

r,  t,  a,  s,  m,  ...  for  the  rows  ; 

ai  y?  Pi  T?  o"»  •••  f°r  the  columns. 
The   two   terms   obviously  have   the   same   sign.      Hence  the 
proposition. 


Illustrations : 

0&11  ^12  ^13  *^14 
&21  ^22  ^23  ^24 
&31  ^32  ^33  %4 
CCq  (T42  Ct,j3  0'44 


an  a21  a3i  aa 

Cl\2  <jf-22  ^32  ^42 
^13  ^23  ^33  ^43 
au  a2i  Cf^  «44 


Ox  \  cx  dx 
a2  o2  Co  tto 

#3  "3  C3  ^3 

a4  64  c4  d4 


ai  a2  a3  a4 
61  h  h  h 
C\  Co  &j  c± 
eZj  d2  d3  d4 
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26.  Theorem.  —  In  any  determinant  the  number  of  positive 
terms  equals  the  number  of  negative  terms. 

By  23  all  the  terms  of  a  determinant  can  be  formed  by  keep- 
ing the  letters  in  order,  and  making  all  the  possible  permuta- 
tions of  the  subscripts  (or  24,  case  of  the  double  subscripts, 
by  keeping  one  set  in  order  and  permuting  the  other  set) .     "We 

n\  n\ 

have  to  show,  therefore,  that  ~r  permutations  are  even*  and  ~r 

are  odd.*  Let  x  and  y  be  the  number  of  even  and  odd  per- 
mutations respectively  ;  then  x  -\-  y  =  n  !  If  we  interchange 
any  two  subscripts  in  each  of  the  x  even  permutations  and  in 
each  of  the  y  odd  permutations,  the  even  permutations  become 
odd  and  the  odd  even.  Since  by  the  interchange  of  two  sub- 
scripts we  could  only  reproduce  permutations  all  different  from 
each  other,  and  ah-eady  found  in  the  original  set  of  permuta- 
tions, it  follows  that  x  =  y. 

27.  Theorem.  —  If  two  parallel  lines  {rows  or  columns)  of 
a  determinant  are  interchanged,  the  sign  of  the  determinant  is 
changed,  but  its  numerical  value  is  unchanged. 

Let  A  be  the  given  determinant  and  A'  the  same  determinant 
after  the  kth  and  ?*th  rows  have  been  interchanged.  Then 
-A=A'. 

Let  T  =  ±  AdkBmrC  be  a  term  of  A,  in  which  A,  B,  and  C 
denote  the  product  of  elements  from  all  the  rows  and  columns 
except  the  cZth  column  and  Jcth  row,  and  the  mth  column  and 
rth  row.  Then  T  (disregarding  the  sign)  is  also  a  term  of  A', 
for  it  contains  an  element  from  each  row  and  column  of  A'. 
Now  T,  regarded  as  a  term  of  A',  contains  exactly  the  same 
inversions  of  the  columns  as  it  does  when  regarded  as  a  term 
of  A  ;  but  the  number  of  inversions  in  T,  as  to  rows,  when 
considered  as  a  term  of  A',  is  an  odd  number,  more  or  less, 
than  when  considered  as  a  term  of  A.  For,  in  writing  the 
numbers  of  the  rows,   to  determine  the  inversions,   we   write 

*  This  language,  of  course,  signifies  permutations  in  which  the  number 
of  inversions  of  order  is  even  or  odd  respectively. 
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them  just  as  we  would  for  A,  except  that  k  and  r  will  have 
changed  places  (dk  heing  found  in  the  rth  row,  and  mr  in  the 
Jctb.  row  of  A') .  Thus  every  term  of  A  is  found  with  the  oppo- 
site sign  in  A',  .-.  —  A  =  A'.  By  25  the  proposition  must  be 
equally  true  for  an  interchange  of  two  columns. 


Illustrations 


aj 

&i 

Ci 

a2 

b. 

C-2 

o3 

h. 

c3 

ax  bi  cx  dv 
a2  b2  c2  d2 
as  o3  c3  a3 
a4  64  c4  d4 


—  [0^63  C3  +  d2bzCx  +  «3&lC2 

—  a-boCx  —  a2bxCz—  ciibsCo]  = 


aa  bY  cx  dx 

Q>z  t>3  ^3  °^3 

a4  64  c4  d4 
a2  62  c2  d2 


ttl  &1  cl  f'l 

= 

a2  62  c2  cZ2 

a4  64  c4  cZ4 

a3  b3  c3  cZ3 

ax& 

i<h 

*]  = 

03  o3  c3 

a2  62  c2 

aa  dx  cx  6X 

m 

a3  d3  c3  63 

a4  d4  c4  64 

a2d2< 

:2b2 

(016203(^4)  =  —  (aa&iCgC^)  =  (0263^074)  =  —  (c^figC^)  =  (a3&2c4d1). 

28.  Cor.  —  If  two  parallel  lines  of  a  determinant  are  iden- 
tical, the  determinant  A-anishes. 

For,  by  the  proposition,  if  the  two  identical  rows  or  columns 
are  interchanged,  the  sign  of  the  determinant  is  changed.  But 
the  interchange  of  two  identical  lines  cannot  affect  the  deter- 
minant.    Therefore 

A=  —  A, 
2A  =  0,  or  A  =  0. 
Illustrations  : 


ab  c 
def 
ab  c 


=  aec  +  dbc  -f-  abf—  aec  —  dbc  —  abf=  0. 


ax  bx  cy  dx 
a2  b2  c2  d2 
a2  b2  c2  d2 
a4  bi  c4  d4 


(ax  b2  Co  di)  =  0. 


= 

ax  a2  a2  a4 
61  b2  b2  64 

Cx  C2  C2  C4 

dx  do,  d2  dA 

=  0. 


alb2azdA  =  0. 


29.    If  in  a  series  of  integers, 

/,  a,  d,  c,  Z,  m,  w, 
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the  first  is  passed  over  all  the  others  in  succession  to  become  the 
last,  the  others  remaining  undisturbed,  thus, 

a,  d,  c,  Z,  m,  n,/, 
the  numbers  are  said  to  have  been  cyclically  interchanged.  It 
is  obvious  that  a  cyclical  permutation  of  n  given  numbers 
can  always  be  effected  by  n  —  1  interchanges  of  two  adjacent 
numbers.  Accordingly,  a  permutation  containing  an  odd  or 
even  number  of  inversions  still  contains,  after  a  cyclical  inter- 
change, an  odd  or  even  number  of  inversions  if  n  is  odd ;  if  n 
is  even,  however,  a  permutation  containing  an  odd  or  even 
number  of  inversions  will,  after  a  cyclical  interchange,  contain 
an  even  or  odd  number  of  inversions  respectively. 

From  a  given  permutation  of  n  integers  any  other  permuta- 
tion can  be  obtained  by  cyclical  interchanges.     Thus,  from 

fa d  c  e  g  b 
we  get  c  a  g  fd  b  e 

as  follows  :  —  cfadegb 

c afd e g b 

c a g fd e b 

c  a  g  fd  b  e 
The  groups  in  which  the  cyclical  interchanges  take  place  are, 
of  course,  fade,  fa,  fdeg,  /,  d,  eb. 

30.  The  previous  article  (or  27)  establishes  the  following 
theorem : 

Theorem.  —  If  in  a  determinant  A  any  row  or  column  be 
passed  over  k  rows  or  columns  in  succession,  and  the  resulting 
determinant  be  denoted  by  A',  then 

A=  (-1)*A\ 

Illustrations : 


xi  Vi  zi  h 

= 

X2  Vl  Z2  $2 

xs  Vz  Z3  H 

X4  Va  Zi  h 

X3  Vi  zs  h 

= 

xi  V\  z\  h 

X2  V'l  Z2  ^2 

Xi  Vi  Z4  U 

x3  h  y$  zs 

=  — 

Zi  h  yx  Zi 

xi  h  Vi  zi 

X2  *2  1/2  Z2 

X2  ^2  2/2  Z2 

X4  h  2/4  Zi 

x4 14  yA  z4 

xi  h  Vi  z3 

xo  Vi  v2  w3 1  =  —  I  xl  y2  v3  w0\  =  —  I  Vi  x2y3w0\  =  \  xx  y2  w3v0\. 
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EXAMPLES. 

1.  The  student  who  has  not  done  the  examples  at  the  end 
of  the  first  chapter  may  attend  to  them  before  proceeding  to 
the  following. 

2.  What  terms  of  |  alb2c3di  |  contain  b2d3? 

3.  "Write  the  terms  of  (x1y2w3zit5)  that  contain  £iy4w3. 

4.  Show  that  in  a  determinant  of  the  ?ith  order  only  two 
terms  can  have  (n  —  2)  elements  in  common,  and  that  these 
terms  have  opposite  signs. 

5.  What  is  the  sign- factor  of  the  term  containing  the  ele- 
ments in  the  secondary  diagonal  of  a  determinant  of  the  nth 
order  ? 

6.  Show  that  the  sign  of  a  term  is  independent  of  the 
arrangement  of  the  elements  composing  it. 

7.  Show  that  the  sign  of  a  determinant  is  not  changed  by 
any  interchanges  of  rows  and  columns  that  leave  the  same 
elements  in  the  principal  diagonal,  whatever  the  final  arrange- 
ment of  the  elements  in  this  diagonal. 

Sug.  If  app  a,yy  ciaa  . . .  a-xx  be  the  final  arrangement  sought, 
aw  can  be  brought  into  the  first  place  by  2  (/3  —  1 )  interchanges 
of  two  rows  and  columns,  etc. 

8.  A  corollary  from  30  is :  Any  element  aik  can  be  trans- 
ferred to  the  first  place  by  making  the  ith  row  and  kth  column' 
the  first  row  and  column,  and  then  multiplying  the  determinant 
by  (-1)'+*. 

31.  Theorem.  —  If  every  element  of  any  line  (row  or  column) 
is  multiplied  by  any  number,  the  determinant  is  multiplied  by 
that  number. 

Since  every  term  of  the  determinant  contains  one  element, 
and  only  one,  from  the  line  mentioned  in  the  theorem,  the  truth 
of  the  proposition  is  evident. 
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Illustrations  : 
axr  bxr  cxr 

Q>2     ®2     ^2 
^8     "3     ^3 


=  T 

ax  b±  cx 

Q/2  ^2  ^2 

= 

«!  bxr  cx 

a2  b2r  c2 

=  r> 

a 

-  &,c, 

r     l   i 

ttg  63  Cg 

a3  b3r  c3 

a2 

—  b2Co 
r       - 

a3 
yb3c3 

A  = 


be  a  a2 
ca  b  b2 
ab  c  c2 


then  abcA  = 


abc  a2  a3 
abc  b2  b3 
abc  c2  c3 


;  .-.  A  = 

1  a2  a3 

1  b2b3 

1  c2  c3 

Let  the  student  show  that 

bed  a  a2  a3  =    la2  a3  a4 

cda  b  b2b3  1  b2  b3  b* 

dab  c  c2  c3  1   c2  c3  c* 

abc  d  d2  d3  1  d2  d3  dA 

32.  Cor.  I.  —  Changing  the  signs  of  all  the  elements  of  any 
row  or  column  changes  the  sign  of  the  determinant;  for  it  is 
equivalent  to  multiplying  the  determinant  by  —  1. 

33.  Cor.  II.  —  If  two  rows  or  two  columns  differ  only  by  a 
constant  factor,  the  determinant  vanishes.  For  we  may  divide 
each  element  by  the  constant  factor,  and  write  this  factor  as  a 
multiplier  before  the  determinant.  Then  the  determinant  van- 
ishes by  28. 

Illustrations  : 
a\ 
b  a 
C  a 

34.  Theorem. — If  each  element  of  any  line  *  of  a  determinant 
is  a  binomial,  the  determinant  equals  the  sum  of  two  determinants  ; 
the  first  of  which  is  obtained  from  the  given  determinant  by  sub- 
stituting for  the  binomial  elements  the  first  terms  of  the  binomials, 
and  the  second  determinant  is  obtained  from  the  given  determi- 

*  Since  it  has  been  shown  (25)  that  what  is  true  of  the  rows  of  a 
determinant  holds  for  the  columns,  it  will  only  be  necessary  hereafter  to 
state  a  proposition  with  reference  to  either  rows  or  columns. 


.n 

=  an 

a  1   1 

=  0. 

1  5  7 

=  5 

1  1  7 

t»+l 

baa 

2  10  6 

2  2  6 

L»  +  2 

2     2 
C  a    a 

3  15  9 

3  3  9 

7    =0. 
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nant  by  substituting  for  the  binomial  elements  the  second  terms  of 
the  binomials. 

By  the  definition  ever}"  term  of  the  determinant  must  contain 
one  of  the  binomial  elements. 

Let  (m  +  n)  b  g  h  k  . . .  I 

be  one  of  the  terms  of  the  given  determinant ;  this  may  be 
written  m  b  g  h  k  ...  l-\-nb  g  hk  ...  I. 

Now  the  first  term  of  this  sum  is  a  term  of  the  original  deter- 
minant, with  m  written  for  m-\-n,  and  the  second  term  is  a 
term  of  the  original  determinant,  with  n  written  for  m  +  n.  It 
is  obvious  that  a  similar  statement  applies  to  every  term  of  the 
given  determinant ;  hence  the  proposition. 

Illustrations  : 


fli  +  <*i  h  Cj 

= 

< 

*i  bi  cx 

+ 

ax   6Z   C, 

. 

Of  +  a2   &2  c2 

a2  b2  c2 

a2  b2  C2 

a3  +  «3  h  c3 

<h  b3  c3 

a3   63  C3 

a?i  — 2/i  ™>i  nx 

= 

xx  mx  ??! 

— 

2/i  »»!  n2 

x2  —  y2  w2  n-s 

*Co     "*'2    ^^2 

y2  m2  n2 

x3  —  ys  w3  n3 

xs  m3  1 

s 

y3  ^13 

*t 

35.  The  preceding  theorem  is  evidentl}-  capable  of  extension. 
The  same  reasoning  applies  to  a  determinant  any  line  of  which 
is  composed  of  polynomial  elements,  or,  again,  in  which  each 
element  of  every  line  is  a  polynomial.  That  is  to  say  :  If  each 
element  of  any  row  is  a  polynomial  of  q  terms,  each  element  of 
another  row  a  polynomial  of  r  terms,  each  element  of  another 
row  a  polynomial  of  s  terms,  etc.,  the  given  determinant  is  the 
sum  of  s  X  q  X  r . . .  determinants.     Thus  : 


+ 


+ 


a  +  b  +  c    m- 

-n 

t 

= 

a 

m 

—  n    t 

■+ 

b    m  —  n 

t 

d-\-e  —f     o+p    u 

d     0  +p    u 

e     0  -\-p    u 

g  —  h  +  k     q  —  r    v 

g    q  —  r    v 

—h     q—r    v 

c    m  —  n    t 

= 

a  m  t 

+ 

a  —  n    t 

+ 

b   m   t 

—f     0  -\-p    u 

d    0    u 

d     p    u 

e    0    u 

k     q  —  r     v 

g    q    v 

g  —  r    v 

—  hqv 

b  —  n    t\  + 

c  m   t 

+ 

c  —  n    t 

e     p    u\ 

-f   0    u 

—f    P    u 

—  h  —  r    v\ 

l 

9 

V 

k  —  r 

c 
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36.  Reciprocally,  If  q  determinants  differ  from  each  other 
only  in  a  single  line,  the  sum  of  these  determinants  is  a  single 
determinant,  derived  from  any  of  the  given  determinants  by  sub- 
stituting for  the  elements  of  the  line  which  is  different  in  each 
of  the  q  determinants,  the  sum  of  the  corresponding  elements  of 
the  q  determinants. 

Illustrations  : 


a  b  c 

+ 

ab  c 

+ 

mn  o 

= 

d  ef 

x  y  z 

ab  c 

g  hk 

g  hk 

g  h  k 

The  student  may  show  that 
ax  ax   bi  cx 

C'2      0'2      ^2     ^2 

0     a»   6,  Co 


d-r 

a                  b                 c     ** 

x  —  m    e  +  y  —  n  f-\-z  —  6 
g                  h                 k 

— 

ax   &!  Cj   0 
a2  b2  c2  0 
a3   b3  c3  a3 
a4   64  c4   a4 

=  0. 

0    a4  64  c4 

37.  Theorem.  —  A  determinant  remains  unchanged  if  the 
elements  of  any  line  be  increased  or  diminished  by  equal  multiples 
of  the  corresponding  elements  of  any  parallel  line. 


We  are  to  show  that 


ax  &! 
a2  h 
a3  b3 

Cj  cZi  . 

C2    0.2   • 

c3  d3  . 

.l2 

a»  K 

cn  an  . 

•In 

ax  &!  cl±qla1±q2bl± 
a2  b2  c2±qla2±q2b2± 
a3  b3  c3±qla3±q2bs± 


...±li    dx  . 

.1, 

...±l,    d2  . 

...* 

...±l3    d3  . 

•  h 

an  bn  cn±^1a„±Q-26B±...±Zn  dn  ...  ln 
Calling  the  first  determinant  A,  and  the  second  A',  we  have,  35, 

A'  = 


±q. 


Whence,  since  all  the  determinants  of  this  series,  except  the 
first,  vanish,  A  =  A'. 


Oj  &!  Cj  dx  . 

a2  o2  c2  cl2  . 

.  I, 

± 

ax  bx  ax  di  . 

(*2    ^2        2    ^*2   • 

.l2 

aX     61     ly      dy    . 

(Xtj    Og    I2     ^*2   * 

^n  bn  cn  a„  . 

a2  bx  5X  c?!  . 
a2  b2  b2  d2  . 

.l2 

an  bn  an  dn  . 

± 

.It 

an  K  K  dn . 

•  L 

«»  K  ln  dn  . 

•  K 
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1   a  6  +  c 
1    b  c  +  a 
1    c  a  +  b 

1  a 
1    6 

1    c 

a  +  5  +  c 
a  +  b  +  c 
a  +  5  +  c 

(a  +  6  +  c) 

1  a  1 
1  6  1 
1  c  1 

a         a  + 
a + 1  a  + 
a  +  2  a  + 

3  c 
1  ( 
5  c 

&  +  6 
t  +  7 
&  +  8 

= 

3  (a  +  1) 
a  +  1 
a  +  2 

3  (a +  4) 
a  +  4 
a  +  5 

3  (a  +  7) 
a+  7 
a  +  8 

This  theorem  is  of  great  importance  in  simplifying  and  ex- 
panding determinants.     Thus : 


=  0. 


The  second  determinant  is  obtained  by  adding  the  second 
and  third  rows  to  the  first  row. 

•  1111    =-   022   =-8   Oil  =-16. 
00  2  2 
0  2  0  2 
0  2  2  0 

The  second  determinant  is  obtained  by  adding  the  first  row  to 
each  of  the  others. 

The  third  determinant  is  obtained  from  the  second  by  ob- 
serving that  as  all  the  elements,  except  one,  of  the  first  column 
of  that  determinant  are  zeros,  all  the  terms  vanish  that  do  not 
contain  (—1). 


1    1 

1     1 

= 

1-1 

1     1 

1    1 

-1     1 

1    1 

1  -1 

=  — 

0  2  2 

=  -8 

0  11 

2  0  2 

1  0  1 

2  20 

1  1  0 

7    11    4 

=  3 

7    11    4 

=3 

7 

-10 

-10 

=  3 

10   10 

13   15   10 

13   15   10 

13 

-24 

-16 

24   16 

3     9     6 

13     2 

1 

0 

0 

=  30  (16-24)  =  -240. 

The  third  determinant  is  obtained  from  the  second  by  subtract- 
ing three  times  the  first  column  from  the  second  column,  and 
twice  the  first  column  from  the  third. 


Minor  Determinants. 

38.  If  in  a  determinant  any  number  of  rows  and  the  same 
number  of  columns  are  suppressed,  the  determinant  consisting 
of  the  remaining  elements  (their  relative  positions  being  undis- 
turbed) is  called  a  minor  of  the  given  determinant. 

If  one  row  and  one  column  are  suppressed,  the  result  is  a 
principal  minor,  or  a  first  minor  ;  if  two  rows  and  two  columns 
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have  been  erased,  a  second  minor ;  and  so  on.  The  elements 
common  to  the  suppressed  rows  and  columns  also  form  a  deter- 
minant called  the  complementary  of  the  minor,  formed  from  the 
rows  and  columns  that  were  left  undisturbed  in  the  original 
determinant. 


Thus, 


ax  bx 


and 


c2  cl2 
c4  d4 


are    complementary   minors   of 


I  «i  b2  Cq  dt  I ;  also  |  ax  b2  |  and  |  <%  d4 1,  or  b2  and  |  «i  c3  ^4  [  1  are 
complementary  minors  of  \alb2c3di\.  | cx  d3 1  and  | cu2 bA e5 1  are 
complementary  minors  of  \axb2c3die5\.  In  general,  if  the 
determinant  is  of  the  nth  order,  two  complementary  minors  will 
be  of  the  rth  and  (n  —  r)th  orders  respectively.    A  determinant 

of  the  nth  order  has  ri2  first  minors,  — 2 L  second  minors, 

etc. 

Since  we  usually  denote  a  determinant  by  A,  it  is  convenient 
to  denote  the  minor  obtained  by  suppressing  the  row  and 
column  of  a3  by  Aas ;  that  obtained  by  suppressing  the  row 
and  column  of  d6  by  A^,  etc. 

Similarly,  a  second  minor,  obtained  by  suppressing  the  rows 
and  columns  of  bk  and  cr,  is  denoted  by  A*,*,  Cf. ;  and  so  on. 

Equally  efficient  notations  are  :  D  )       and  D  }        .    for  the 

( ra,  (7)1  T  /C, 

minor  obtained  by  suppressing  the  Zth  row  and  ?uth  column, 
and  the  minor  obtained  by  suppressing  the  Zth,  ?ith,  and  <th 
rows,  the  rath,  rth,  and  Jcth.  columns  respectively  of  |  aln  \ . 

39.  Since,  by  definition,  every  term  of  a  determinant  con- 
tains one,  and  only  one  element  from  any  line,  the  determinant 
must  be  a  linear  homogenous  function  of  the  elements  of  any 
one  row  or  column.     Thus  : 

lai^Cg.-.Z,  \  =  a1A1  +  a2A2  +  a3A3-\ r-«„A 

=  ciiAi  +  b1B1  +  Cj  Cx  +  —  +  h  L{ 
=  c1C1  +  ca C2  +  c3C3+-  +  cn  Cn 


in  which  Ax,  A2...An;  Ci,C2...Cn;  etc.,  denote  functions  of  the 
elements  found  in  the  rows  and  columns  outside  of  the  particu- 
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lar  line,  in  terms  of  which  the  development  is  given.  In  the 
next  article  we  shall  find  the  values  of  these  functions.  Since 
we  may  regard  the  determinant  as  a  function  of  na  independent 
quantities,  each  of  the  coefficients  Ax,  A2,  ...,  may  be  obtained 
by  differentiating  |  cb  b9  cR . . .  l„  \  with  reference  to  the  quantity 
whose  coefficient  is  desired.  Introducing  this  concept,  the 
equations  above  written  become  respectively 

,      ,  71  dA   ,       dA  .       dA  ,  .        dA  \ 

«i  b2c3...ln\  =  ax  —  +  a2  — -  +  as— -  -\ f-  an—  A 

cZoj  da2         da3  dan    ' 

dA   .   ,   dA  ,       dA   .  .    ;  dA 

=  «i h  »i hCi r-  •••  +  '1  — 

cZaa  dbi         dcx  dZj 

dA    .       dA  ,      dA   ,  ,       dA 

=  Ci—  +c2  —+c3—-\ r-cB-— 

dcx  dc2         dcs  dcn 

This  notation  is  often  employed. 

40.  Theorem.  —  The  coefficient  of  any  element  in  the  expan- 
sion of  a  determinant  is  the  first  minor  obtained  by  suppressing 
the  row  and  column  to  which  the  element  belongs.  This  minor 
is  taken  with  the  -J-  sign,  if  the  sum  of  the  row  and  column 
numbers,  to  which  the  element  belongs,  is  even;  if  this  sum  is 
odd,  the  minor  has  the  —  sign. 

Consider  the  determinant  A  =  %  ±  a1b2c3 ...  lH,  and  suppose 
A  to  be  written, 

A  =  a1A1  +  a2A2  +  a3A3+  •••  +anAn.  (1) 

"We  can  collect  all  the  terms  of  A  that  contain  al5  and  write 
this  element  as  a  factor  of  the  polynomial  that  results  ;  we  can 
do  the  same  for  a2,  as,  and  so  on,  for  each  element  of  the  first 
column.  These  polynomials  are  Ax,  A2,  A3,  etc.  Now  Ax  must 
be  composed  of  all  the  terms  of  A  that  contain  no  elements 
from  the  first  row  or  column ;  hence  Ax  can  be  obtained  from 
2  ±  ax  b2c3 ...  ln  by  considering  ax  as  fixed,  and  making  all  the 
possible  permutations  of  the  subscripts  of  the  remaining  letters, 
i.e.,  by  multiplying  ax  by  %  ±  b2 c3 ...  ln. 

Hence,  Ax  =  A0l,  the  minor  obtained  by  suppressing  the  first 
row  and  first  column  of  A. 
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Now,  we  can  bring  a2  into  the  first  place  by  one  interchange 
of  rows  :  we  then  have  A  =  — -  2  ±  a2  &i  c3 ...  Z„.  Employing  the 
same  reasoning  as  before,  A2  must  be  obtained  by  multiplying 
a2  by  —  2  ±  bx  c3 ...  ln  ;  whence  A2  =  —  Aa2.  Again,  a3  can  be 
brought  into  the  first  place  by  two  interchanges  of  two  rows ; 
whence  A3  =  A^,  and  so  on.  Finally,  an  can  be  brought  into 
the  first  place  by  n  —  1  interchanges  of  two  rows ;  hence,  as 
before,  A  =(-l)H_1A«n. 

Substituting  these  values  of  AY,  A2,  etc.,  in  (1), 

A  =  a1Aai  —  aaA^  +  OgAog \-  (  — l)n-1anAa„. 

Since  the  columns  may  be  made  rows,  it  is  evident  that 
A  =  a^  -  &iA6l  +  ClACl +  (-l)"-1^. 

It  remains  to  be  shown  that  the  proposition  holds  for  an  ele- 
ment not  in  the  first  row  or  column,  that  is,  Aik  =  (  —  l)i+kAaik, 
for  the  coefficient  of  the  element  in  the  tth  row  and  Jcth  column. 
We  may  transfer  the  ith  row  to  the  first  place  by  i  —  1  inter- 
changes of  two  rows,  and  the  Tcth  column  may  likewise  be  made 
the  first  by  A;  —  1  interchanges  of  two  columns.  The  element 
under  consideration  is  now  in  the  first  place.  Calling  the  trans- 
formed determinant  A',  we  have 

A  =  (-1)<+*"2A',  or  A  =  (-l)i+*A'. 
Whence      ^  =  (-1)'+^^. 

41.  Cor.  I.  —  A  determinant  can  be  developed  in  terms  of 
the  elements  of  any  line  and  their  principal  minors.  The  signs 
are  alternately  +  and  —  ;  and  the  first  term  is  +  or  — ,  accord- 
ing as  the  number  of  the  line  is  odd  or  even. 

Illustrations : 


ax  bx  cx  di 

=  ax 

02   C2    &2 

~«2 

&x  C,  eZj 

+  o3 

&1  Cj  C?i 

-«4 

bx  Cj  dx 

a2  b2  c2  d2 

63  c3  d3 

"3   ^3   «3 

b2  <%  d2 

b2  c2  d2 

&3  ^3  ^3  "3 

bA  ^  di 

bi  ^  d4 

bt  Ci  di 

b$  c3  d3 

a4  &4  c4  d4 

=  —  b1\o2c3  di  I -f-62 1 «i  C3  di  I  —b3\ai  c2  dA  |  +Z>4  \ax  c^  d^\ 
=  cx\a2b3di\—c2 1 axb3di \  +c3\axb2di\—Ci  \axb2dz\ 
=  —  at\  &j  c2  d3  I +64 1  Oi  c2  d3  \  —  c^  b2  d3  |  +cZ4|  d  b2  <*| 
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42.  41  obviously  gives  a  ready  way  of  expanding  any  deter- 
minant.* For  we  may  express  the  given  determinant  in  terms 
of  the  elements  of  any  line  and  their  principal  minors ;  these 
minors  will  be  determinants  of  the  (w  —  1 )  th  order.  By  a 
second  application  of  41,  each  of  the  minors  in  the  first  expan- 
sion maj'  be  expressed  in  terms  of  the  elements  of  any  line  and 
their  principal  minors,  which  minors  will  be  of  the  (w  —  2)th 
order.  So  by  successive  application  of  41,  an}*  determinant 
may  be  expressed  in  terms  of  determinants  of  the  second  order  ; 
and  these  latter,  being  binomials,  can  be  at  once  written  out. 
Thus  : 


1  2    3 

2  3    4 

3  4    5 


=  1 


3  4 

4  5 


-2 


2    31+3 
4    5 


2  3 

3  4 


=  1(15-16) -2(10-12) +3(8-9)  =0. 


|a16s<^d4|t  =  a1|62<r3d4| —  a2j6iC3d4| +-a3j61c2d4|  —  a4|&1c2d3| 

=  a1[b2\c3di\—bs\c2di\+bi\c2d3\]—a2[b1\c3di\  —  &8|c1d4|+&4|c1da|] 

+a3ib1\c2di\—b2\c1di\+bi\cld2\^—ai[b1\c2d3\—b2\c1d3\-]-b3\c1d2\] 

=  a162c3d4  —  a1&3c4d^  —  a^c^  +  axb3Cid2  +  a^^ds  —  a^CgC^ 

—  a2&iC3e74  +  a^jOtd,  + 
+  a3&!C2d4  —  Os&xCjd]  — 

—  aiblc2d3  +  c^&iCgdjj  +  aib2cxdz  —  a±b2c3di  —  aj^c^  +  aib3c2dv 

43.  As  another  corollary  from  40,  it  is  evident  that  if  all 
the  elements  of  any  row  of  a  determinant  except  one  are 
zeros,  the  determinant  equals  this  element  into  its  corresponding 
minor,  taken  with  the  proper  sign.  Thus,  if  the  element  is  in 
the  ?'th  row  and  Zcth  column,  i.e.,  aik,  then  A  =  (  —  l)i+kaikAaik. 

Illustrations : 


5  6  43 

=  -2 

6  4  3 

=  -2 

2  0  0  0 

111 

3  111 

1  2  1 

4  12  1 

0-2  -3 
1  1  1 
0     10 


=  21-2 
1 


•3  [  =  6. 
0 


*  Compare  15. 


t  Compare  6. 
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The  student  may  establish  the  following 


=  alb2csdi. 


«1 

h 

Ci«?i 

0 

b. 

c2  d. 

0 

0 

c3 tf8 

0 

0 

0  d4 

0 

0 

0 

d, 

0 

0 

<h 

d,2 

0 

ft, 

c3 

<k 

*t 

&l 

'-4 

dt 

=  a4&3c2c?1. 


44.  From  the  last  two  examples  it  appears  that  if  all  the 
elements  on  one  side  of  either  diagonal  are  zeros,  the  determinant 
reduces  to  a  single  term,  viz.,  the  term  composed  of  the  elements 
in  the  diagonal  which  contains  no  zero  elements. 


2. 


EXAMPLES. 


1.    Show  that  the  following  determinant  vanishes  : 


2      1  - 
-4  -3 
6      5  - 

7 
8 
9 

=  2 

1  1 

2  3 

3  5 

7 
8 
9 

Show  that 

G 

a 

a 

ft 
'     ft' 

■  y" 

= 

1 

o-fty 

3  15  2 
2  5    7  3 

8  9    14 
6  15  219 


1  1  1 

a'/3y     yS'ya     y'  a/3 
a"£y     /S"ya     y"a/3 

This  can  be  readily  established  by  multiplying  the  columns 
by  /Sy,  ya,  a/3,  respectively,  and  then  dividing  the  first  row  by 
a(3y.  A  similar  reduction  can  be  effected,  in  general,  whenever  it 
is  desired  to  reduce  a  determinant  to  one  in  which  the  elements 
of  one  line  are  units. 


4.    Find  the  expansion  of  A  = 


42  5  10 
116  3 
73  0  5 
0  2  5  8 

"We  notice  that  20  is  the  L.C.M.  of  the  elements  in  the  first 
row ;  hence,  multiplying  the  columns  in  order  by  5,  10,  4,  2, 
there  results 

A  = 


1 


5  •  10  •  4 • 2 


20  20  20  20 

5   10  24  6 

35  30  0   10 

0   20  20  16 

1 

1 

1 

1 

5 

10  24  6 

7 

6 

0 

2 

0 

5 

5 

4 
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Now,  subtracting  four  times  the  first  row  from  the  fourth 
row,  two  times  the  first  row  from  the  third  row,  and  six  times 
the  first  row  from  the  second  row,  the  last  determinant  becomes 


1  1 

1    1 

=  — 

-1  4 

1   4 

18  0 

5  4 

5  4 

-2    0 

-4  1 

4   1 

1    0 

=  -6 


71 

-1 


18 

-2 

1 


71  -14     18 

-3        6    -2 
0        0       1 


=  -6 


64  -7 
0       1 


=  -384. 


also 


6. 


Qsy    Q/%   (Xg 

bx  b2  b3 

Cl    C2    C3 


1   a  a2 

lyy2 


axa^a3 


0  OjOj 
h  b2  63 

Ci   Co   Co 


1         1         1 

a2asb1    a1asb2    a^a^ 

d2  (13  Cj      C>i  CI3  C2      Otj  CI2  C3 

0  1  1 

1  a3  b2  cx     a2  b3  cx 
1     a3  bx  c2    a2  by  C3 


=  (/8-r)  (y-«)  («-)»)• 


A  vanishes  if  a  =  /3,  or  /?  =  y,  or  a  =  y ;  hence  a  —  /?,  /3  —  y, 
and  a  —  y  must  be  factors  of  A.  Now  the  product  of  the  three 
differences  is  a  function  of  the  third  degree  in  a,  /8,  y ;  so  is  A  ; 
hence  the  product  of  the  three  diffei*ences  can  differ  from  A  only 
by  a  constant  factor.  Comparing  the  term  /?y2  (the  principal 
term) ,  we  see  the  factor  mentioned  is  +  1 . 

7.   Show  that 

=  -G3-y)(*-8)(y-a)(/?-S)(a-/?)(y-3). 


1  1 

1      1 

a     /8 

a2    £2 
a3   (? 

y  8 

y2   82 
y3   S3 

Notice  that  Examples  6  and  7  give  in  determinant  form  the 
product  of  the  differences  of  the  roots  of  an  equation  whose 
roots  are  a,  /3,  y,  ... 


8.    Expand 


8  7    2    20 

;  also 

1 

a 

3  14     7 

—  a 

1 

5  0  11    0 

ft 

— y 

8  10     6 

7 
1 
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Expand  the  first  determinant  in  terms  of  the  elements  of  the 
third  row  and  their  principal  minors,  since  two  of  these  elements 
are  zero ;  then  observe  that  two  elements  in  a  row  of  each  of 
the  resulting  determinants  are  unity ;  hence,  each  determinant 
can  be  readily  reduced  to  one  of  the  next  lower  order  by  35 
and  42. 


0. 


0  c 

c  0 

b  a 

d  e 


b  d 

a  e 

0  / 

/  o 


=  a2 d2  +  b2  e2  +  c2/2  -  2  beef-  2  cafd  -  2  abde. 


10.    Expand 


—a 
6 
c 
d 


c 

d 

;   also 

a 

c 

a 

b 

b 

—a 

1 

a 

P 

y 

—  a 

1 

y' 

-P 

-/* 

-y' 

l 

a' 

-y 

£ 

-a' 

1 

11.    Establish    the    following   identity,    and   express   either 
determinant  as  the  product  Of  four  linear  factors  : 


12.    Simplify 


13.    Show  that 


0  111 

1  0  z2  y2 
1  z20  x2 
1  tftfO 

0  x  y  z 
x  0  z  y 
y  z  0  x 
z  y  x  0 

al  +  hl  +  kx 

bi  +  h  +  fri 

Cl  +  h  +  h 

1 

a,  +  /*!  +  ko    a3  +  h.!  +  k3 
h  +  h2  +  k2    b3  +  h2  +  k^ 

c2  +  1h  +  h    c3  +  *s  +  h 
1                      1 

x    y  +  z- 
y     z+  t- 
z     t  +  x- 
t    x  +  y- 

M 

\-x 

\-y 

M 

x  +  y     z 
y  +  z      t 

Z  +  t       X 

t  +  x    y 

+  t 
+  x 

+y 

+  z 

=  0. 

14. 


15. 


Express  as  a  single  determinant : 

(1)  |a164c5|+|o264c5|-|a3&4c5|. 

(2)  |  a<,  &2  c5 1  —  |  Oo  &3  cs  |  —  |  cix  &3  c5 1  + 1  0%  &2  c«| . 


<*1+C,+  C3 
^1  +  ^2  +  4, 


02+(f3  +  «4 
&2  +  &3  +  &4 

^2+  Cg-!"  Ct 

^2  +  ^3  +  ^4 


a3  +  a4"l"ai 
63+64+&I 
C3+  C4+  Cl 

^  +  ^4  +  ^1 


a4+ai+«s 
&4+&1+&2 

C4+CJ+C2 
<^4  +  ^  +  ^2 


=  3  I  a^c^di  I. 


GENERAL  PROPERTIES  OF  DETERMINANTS. 


39 


16. 


17. 


18. 


sin2  A 


a?  6  sin -4  csin^l 

6sin-4       1         cos^l 
csin^l     cos^l       1 


=  <r  —  {b-+<r— 26c  cos  vl). 


a+b+nc       (n—l)a       (n  — 1)6  j  =  n  (a-f-6+c)3. 
(n  — l)o      b+c+na       (n— 1)6 
(?i—  l)c       (n  — l)a      c+a+«6 


(a+6)2  c2  c-' 

a2  (6+c)2  a2 

62  62  (c+a)2 


=  2a6c(a+6+c)3. 
19.    What  is  the  coefficient  of  a^  in  |a15]? 


20.  From  the  first  five  rows  of  |  ax  b2  c3  dA  eb  f6  g7  hs  |  write  all 
the  possible  minors  that  can  be  formed,  and  their  complemen- 
taries. 

How  many  minors,  each  a  determinant  of  the  kth  order,  can 
be  formed  from  any  k  rows  of  |  aln  |  ? 

21.  If  each  of  the  elements  of  any  line  is  the  sum  of  the  cor- 
responding elements  of  two  or  more  parallel  lines,  multiplied 
respectively  by  constant  factors,  the  determinant  vanishes. 


•2-1. 


fl*r^<k*uL  (kfc***^QvJrz. 


ax  bx  cx 

= 

a2  62  C2 

a3    ^3    C3 

0    0    0 

= 

ax  bx  cx 

Q>2  b-2  c% 

(Z3   63  c3 

0] 

&i  <h  Vi 

= 

a2 

h  c2  2/2 

<h 

&3    C3    2/3 

0 

0    0   1 

«i 

&, 

<-i 

»i 

«] 

a2 

&s 

c2 

m2 

V: 

«8 

h 

c3 

us 

''". 

0 

0 

0 

1 

V, 

0 

0 

0 

0 

1 

Show  that 

1 

.1'., 


From  this  example  it  appears  that  any  determinant  may  be 
expressed  as  a  determinant  of  higher  order  by  writing  a  zero 
above  every  column,  prefixing  a  1  to  the  row  of  zeros  thus  formed, 
and  filling  in  the  new  column  having  1  at  the  top  with  any  n 
finite  quantities. 

23.  If  in  any  determinant  each  element  of  the  first  row  is 
unity,  and  if  each  element  of  every  other  row  is  the  sum  of  the 
elements  above  and  to  the  left  of  it  in  the  preceding  row, 
commencing  with  the  element  directly  above,  the  determinant 
equals  1. 
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24.  Any  determinant  of  order  n,  in  which  one  element  is 
zero,  is  equal  to  the  product  of  two  factors,  one  of  which  is  a 
determinant  of  the  nth  order,  in  which  every  other  element  of 
the  row  and  column  containing  the  zero  is  unity. 

25.  If  in  any  determinant  the  first  element  is  zero,  and  if 
each  of  the  remaining  elements  in  the  first  row  and  first  column 
is  unity,  the  determinant  is  unchanged  when  each  element  of 
the  minor  corresponding  to  the  zero  element  is  increased  or 
diminished  by  the  same  quantity. 

26.  A  determinant  of  the  ?ith  order  is  expressible  as  the 
sum  of  n  determinants,  the  first  of  which  is  obtained  by  chang- 
ing into  zero  each  element  of  any  line  except  the  first  element* 
the  second  by  changing  into  zero  the  elements  of  the  same  line 
except  the  second  element,  and  so  on. 

27.  If  in  two  determinants  A,  A'  of  the  nth  order,  the  first 
row  of  A  is  the  last  row  of  A',  the  second  row  of  A  the  (n  — l)th 
row  of  A',  the  third  row  of  A  the  (n— 2)th  row  of  A',  and  so 


A=(-l) 


A'. 


on ;  then 

28.  If  in  two  determinants  A,  A'  of  the  nth  order,  the  first 
row  of  A  when  reversed  is  the  last  row  of  A',  the  second  row 
of  A  when  reversed  is  the  (n— l)th  row  of  A',  the  third  row  of 
A  when  reversed  is  the  (n— 2)th  row  of  A',  etc. ;  then  A  =  A'. 

45.  Theorem.  —  If  the  elements  of  any  line  in  a  determinant 
are  respectively  multiplied  by  the  complementary  minors  taken 
alternately  plus  and  minus  (i.e.,  the  co-factors)  of  the  correspond- 
ing elements  of  any  parallel  line,  the  sum  of  the  products  is  zero. 

Consider  the  two  determinants, 


A  = 


ax  bj,  e,  . 

a2  b2  c2  • 

.  l2 

at  bk  ck  . 

•  h 

ap  bp  cp  . 

•A, 

a»  K  c„  . 

•    L 

and   A'  = 


ax  6X  cx  . 

Q-2    ©2    ^2     • 

..  l2 

ak  bk  ck  . 

.  lk 

ak  bk  ck  . 

•  h 

an  bn  cH  . 

•    k 
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where  A'  differs  from  A  only  in  having  the  kth  and  pth  rows 
identical.  Employing  the  notation  of  39,  and  expanding  in 
terms  of  the  elements  of  the  pth  row, 

A  =  apAp  +  bpBp  +  cpCp  +  -  +  lpLp ; 

A'=  a^A,  +  bkBp  +  ckCp  +  •••  +  lkLp  =  0. 
Comparing  these  two  expansions,  we  observe  that  the  second 
may  be  obtained  from  the  first  by  substituting  for  the  elements 
of  the  pth,  row  of  A  the  elements  of  the  kth  row ;  that  is  to 
say,  if  the  elements  of  the  kth  row  of  A  are  multiplied  by  the 
co-factors  of  the  corresponding  elements  of  the  pth  row,  the 
result  is  A' ;  since  A'  =  0,  the  proposition  is  established. 

Illustrations  : 

If  in  (a^aCg)  =  ^(^Cg)  —  a2(&iC3)  +  «3(&ic2)  we  multiply 
the  elements  of  the  second  column  respectively  by  the  com- 
plementary minors  of  %,  or2,  a3,  there  results 

&i  (&2C3  —  b3c2)  —  &2  (&1C3  —  &3C1)  +  63  (&1C2  —  &2C1)  =  0. 
Let  the  student  prove  the  proposition,  using  a  determinant 
of  the  fourth  order. 

46.   A  determinant  is  said  to  be  zero-axial  if  each  element  of 
the  principal  diagonal  is  zero.     Thus  the  following  are  zero- 
axial  determinants : 
/ 


0    bx  % 

> 

a2  0    c2 

a3  63  0 

0      &x    Cx    (?j 

a2  0  c2  d2 
a3  63  0  d3 
o4  b4  c4  0 

47.  Theorem.  —  Any  determinant  may  be  decomposed  into  a 
sum  of  zero-axial  determinants:  the  first  of  these  is  obtained  by 
substituting  zero  for  each  element  of  the  principal  diagonal  of  the 
given  determinant ;  the  next  n,  by  multiplying  each  element  of 
the  principal  diagonal  by  its  complementary  minor  made  zero- 

axial;  the  next  -(n  —  1),  by  multiplying  each  product  of  pairs 

of  elements  of  the  principal  diagonal  by  its  complementary  minor 
made  zero-axial,  and  so  on. 
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In  aw  =  \a1b2cs ...  ln\   change  the  elements  of  the  principal 


(») 


diagonal  into  zeros,  and  let  A0 
nant.     Whence, 

0    b,  c 


denote  the  resulting  determi- 


A(n) 


a2  0 

Og      63 


dm     bn     C„ 


Let  A0"       denote  the  minor  of  Ao"    obtained  by  suppressing 


(») 


(n-2) 


any  one  row  of  A0    ;  A0        denote  the  minor  obtained  by  sup- 


On) 


(n-i) 


pressing  any  two  rows  of  A0  ;  and,  in  general,  let  A0  ~  denote 
the  minor  obtained  by  suppressing  an^y  i  rows  of  Aon).  Also 
let  C2  denote  any  product  of  the  elements  of  the  principal 
diagonal  of  A(n)  taken  2  and  2  ;  C3  any  product  of  those  elements 
taken  3  and  3  ;  and,  in  general,  Ct  any  product  of  the  elements 
of  the  principal  diagonal  of  A(n)  taken  i  and  i.  Now,  A(0n) 
evidently  contains  all  those  terms  of  A(n)  which  involve  no 
element  from  the  principal  diagonal.  CiA0n~  must  be  one  of 
those  terms  of  the  series  which  involve  only  a  single  element 
from  the  principal  diagonal  of  A(n) ;  consequently  SCiAo"- 
will  be  the  sum  of  all  the  terms  that  contain  only  one  element 
from  the  principal  diagonal  of  A(n).  Similarly,  2C2Ao*  }  will 
be  the  sum  of  all  the  terms  that  contain  only  two  of  those 
elements.  And,  in  general,  SCjAq"-'  will  be  the  sum  of  all 
the  terms  containing  i  elements  of  the  principal  diagonal  of 
A(n).     Whence, 

A^  =  Ar  +  2C1Ar1)+2C2A^-2)+2C3Ar3)+-+2C<A^n-<) 

+  ...  +  2Cn_2Af)  +  Cn. 

It  is  to  be  noticed  that  A0  =  0  ;  i.e.,  there  is  a  break  in  the 
series,  —  there  being  no  term  containing  only  n—  1  of  the 
elements  in  the  principal  diagonal. 

Illustration : 


«i  Vi  «i 

= 

0    2/1  Zi 

+  *1 

0  z2 

+  y2 

0    Zx 

+  % 

0  2/1 

X2    Vi    %2 

X2    U      Z2 

y3o 

XzQ 

Xa  0 

xs  Va  %3 

#3    2/3    0 

+  x1y2za. 


GENERAL  PROPERTIES  OF  DETERMINANTS. 


43 


48.  Theorem. — If  each  consecutive  pair  of  elements  in  the  first 
row  of  a  determinant  A  is  taken  with  each  pair  of  corresponding 
elements  of  the  other  consecutive  rows  to  form  determinants  of 
the  second  degree,  and  if  these  determinants  of  the  second  degree 
are  used  in  order  as  the  elements  of  a  new  determinant  A',  then 
A  equals  A'  divided  by  the  product  of  all  the  elements  except  the 
first  and  last  in  the  first  row  of  A. 

We  are  to  show  that 


«x  6j  Ci  . 

..  r,  lx 

a2  o2  c2  • 

•    T2   l2 

ch  °3  C3  . 

'    ?*3    ^3 

an   °n  Cn    • 

•    **m    '» 

bxcxdx...  rx 


ax  bx 
a2  b2 

&1    Ci 

b2  c2 

... 

rx  lx 
r2  l2 

<2i     bx 

a3  b3 

bx  cx 
b3  c3 

... 

rx  lx 
r3  h 

ax  bx 

bx  ct 

K  cn 

... 

r,  h 

rn  ln 

calling  the  first  determinant  A,  and  the  second  A'.    Multiplying 
the  first  column  of  A  by  —  &1?  and  the  second  column  by  c^, 
and  adding,  there  results 
-6^  = 


0 

bx 

Ci  . 

•  rx 

h 

—  a2bl-\-alb2 

bo 

c2  . 

•  r2 

h 

—  a3bx  +  axb3 

h 

cs  . 

•  n 

h 

—  anbx+axbn    bn    cn...rn    ln 
Now,   multiplying  the  second  column  by  —  cx,   and  the  third 
column  by  bx,  and  adding,  we  have 
bxcx&  = 


0 

0 

c,  . 

.  r," 

h 

—  a2bx  +  a 

h 

—  b2cx  +  bxc2 

c2  . 

■  r2 

h 

—  Ozby.  +  a 

h 

—  b3cx  +  bxc3 

c3  . 

•  n 

h 

—anbx+axbn  —bncx  +  bxcn     cn...rn    ln 

Proceeding   in  a   similar    manner,   we   have,    after    (n—  1) 
transformations , 

0  0                       0         ...            0  Zj 

—  a2bx  +  axb2  —  &2c1  +  &1c2  —  c2dx  +  cxd2...  —  r2lx  +  rxl2  l2 

—  asbx  +  axb3  —  b3cx  +  bxCs  —  c3dx  +  cxd3...—r3lx  +  rxl3  l3 

—  anbx-\-axbn  —bncx+bxcn  —cndx+cxdn...—rnlx-\-rxln  ln 
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Now,    applying   43,    and   dividing  by   (  —  1)"  1b1cld1  ...  lly 
we  have 


A  = 


\<h  6s  I  |&i  c8[  ...  \n  l2\ 
|ax  63 1  |&i  c3|  ...  j rx  Zs  J 


^Cxdi...^, 


K  6n|  1 61  cn\  ...  |r,  Z„| 
which  establishes  the  proposition. 

49.  Since  by  the  preceding  proposition  any  determinant  of 
the  nth  order  may  be  reduced  to  one  of  the  (n— l)th  order,  we 
have  another  means  of  simplifying  any  given  determinant. 
The  proposition  is  especially  advantageous  in  the  reduction  of 
determinants  whose  elements  are  given  numbers.     Thus : 


A  = 

12  3  4 

1 

3  2  14 
13  4  5 
5  4  3  2 

6 

-4   -4       8 

=  -4 

1   -1   -1 

-6   -6  -6 

-1 
1 
1 


-1       2 

-1   -1 

1       1 


=  4 


3 
-3 


=  -24. 


Here  we  can  mentally  reduce  the  determinants  of  the  second 
order  obtained  by  combining  the  first  pair  of  elements  of  the 
first  row  with  the  corresponding  elements  of  the  other  rows, 
and  obtain  the  elements  of  the  first  column  of  the  new  deter- 
minant, thus :  lx2-3x2  =  -4;  1x3-1x2  =  1;  1x4 
—  5  x  2  =  —  6.  For  the  elements  of  the  second  column  we 
have  similarly :  2xl-2x3  =  -4;  2x4-3x3  =  —  1; 
2x3  —  4x3  =  —  6;  and  so  on. 

Let  the  student  apply  the  proposition  to  show  that 


1 

1+a? 
1 
1 


1 

1 

1 


1 
1 
1 

l+« 


=  xyz\  also 


10  4 

4  2 

3  -1 

7  5 


17 


20 


13 
6 
1 
17 


=  124. 


Also  apply  the  proposition  to  show  that 

2188. 


11 
2 
4 

0 


0 
20 

7 
6 


EXAMPLES. 
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1.   Find  the  value  of 

2  4      3      1       4      3;  also  of 
-4      2-3      2-1      2 

5_1  6  2-1  5 
1  1  1-2-2-2 
7_3_5      i      4      2 

3  12-123 


12  22  14  17  20  10 
16-4  7  1  -2  15 
10-3  -2  3-2  8 
7  12  8  9  11  6 
11      2      4-8       19 


24      6       6 


4    22 


2.    Expand  the  following : 

x     0      0  0  ...  0      an 

-1      x     x2  x* ...  xn~xan_ 

0-1      0  0  ...  0      an_ 

0      0  -1  0  ...  0      a„_ 


0      0      0    0. 
0      0      0    0. 

3.    Show  that 


0      O] 
•1       Oo 


«!  62         0 

Oj  —  bx  b3 
a3  0  —  62 
as 


0  .. 
0  .. 
64.. 


10  0  0 
0  10  0 

0  0  1 
0  0  0 
x  y  z 


ax  +  hy  +  gz 
hx  +  by  +fz 

0  gx  +  fy  +cz 

1  Zx  +  my  +  nz 
1  & 


0       0  -6, 


an      0      0      0 
an+1    0      0      0 


1  0  0  ax  +  hy  +  gz  +  l 

0  1  0  /i#  +  by  +  /z  +  m 

0  0  1  gx  +  fy  +  cz  +  w 

x  y  z  Tc 


0 

0 

0 

0 

0 

0 

0 

0 

0 

-1    "n+1 

4.  Write  the  complementaries  of  the  following  minors  of 

| a„  &x  Cj,  d3  e4  f5\ :   |  c2  e4 1 ;   |  c0/5 1 ;   |  c0  <Z4  e2 1 ;   |  6X  c3  d4 1 ;   |  d2  e3/4| 

5.  What  are  the  complementaries  of 

\on  Ogsl   and  \al2  a^  a^],    in  | <%  a^  a<s  «34  a«  "as | ? 


6.    Show  that 

0  1           1 

1  0        1  +  a 
1     a+l        0 

1     6+1     6+a 
1     c+1     c+a 

1 

1+& 
a+6 

0 
c+6 

1 

1+c 

a+c 

6+c 

0 

=  23 

1+a      1        1 
1      1+6     1 
1         1      1+c 
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7.   Prove  that 

cix  a2  a3  a4  ...  an 

h  b2  b3  b4  ...  b„ 

Ci  c2  c3  c4  ...  c„ 

dx  d2  d3  d4  ...  d„ 


n    ^2    ^3    n    •••    'n 


ax  62|  |  ax  &3| 
(Xj  c2 1  I  ttj  c3 1 
axd2\   |  ax  d3 


«i  64 1 
«i  C4I 
a2  dA 


K  ^2 1    |oi  1 1    |ai  ^|  — |<h  J« 


8.    Employing  the  notation 

fn\  _n(n  —  l)(n  —  2)  ...  (n-r  +  1) 

show  that 


r! 


1  (*+*)  (^+1) 

te+y+n    /x+y+2\ 

x+y+2\    /aj+y+8\ 


B+23A 


a;+2y+l 
2 


a;+y+2\ 

3    y 

a;+y+3\ 
3  J 
x+y+4\ 

3    ; 


x+2y+2\ 

3    ; 


£+2?/— 1 

y 

x+2y\ 
V  ) 
x+2y+\ 

y 

x+Zy-1 

y 


Observe  that  (  f  )-[      f      )={,_,)■ 

The  Product  of  Two  Determinants. 

50.  If  we  note  a  determinant  by  K,  and  another  bjT  L,  their 
product  P  is  evidently  expressed  by 

K  a    . 
0  L 

The  form  of  this  product  suggests  the  probability  that  the 
product  of  two  determinants  may  be  expressed  by  writing  the 
factors  as  complementary  minors  of  a  determinant  of  higher 
order,  and  filling  in  the  vacant  places  due  to  one  or  both  of 
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the  factors  with  zeros.     Suppose,  for  example,  that  K  is  of  the 
third  order,  and  L  of  the  second  ;  then  P  would  take  the  form  : 

P  = 


0] 

&, 

<h 

a.. 

b. 

c. 

X 

«a 

\ 

Ci 

0 

a4 
«8 

We  now  wish  to  discover  if,  when  we  fill  in  the  vacant  places 
due  to  K  or  L  with  zeros,  and  thus  make  P  a  determinant  of 
the  fifth  order,  P  will  still  be  the  product  of  K  and  L.  That 
this  is  the  fact  will  be  shown  in  the  next  article. 

51.  Theorem.  —  TJie  product  of  two  determinants,  K  and  L, 
of  degree  m  and  n,  respectively,  is  a  determinant  P,  of  degree 
m  +  n,  in  which  K  and  L  are  complementary  minors,  so  situated 
that  the  principal  diagonal  of  P  is  made  up  of  the  elements  in 
order  of  the  principal  diagonals  of  K  and  L  ;  the  vacant  places 
in  P,  due  to  either  K  or  L,  are  filled  with  zeros,  and  any  mn 
finite  elements  occupy  the  remaining  places. 


We  have  to  show,  for  example,  that 


KxL  = 


ax  bi  cx 

X 

a4  /?4  y4 

a2    02    ^2 

a5  ft  75 

&3    03    Cs 

«6   /?6   76 

ax  by  Ci 
a2  b.2  c2 

a3    "3    C3 

.0    0    0 

0  0  0 
0    0    0 

-a4  64  c4 
«5  h  c5 
a6  b6  c6 

44  A   74 

«5  #>  7s 

Cf0  7?6    76 

=  p. 


(1) 

Developing  P  in  terms  of  the  elements  of  the  fourth  column 
and  their  complementary  minors,  we  have 


P=a4 


ttj    by   Ci    0     0 

a2  b2  c2  0  0 
a3  &3C3O  0 
«s  &5  c5  /?5y5 

«6   &6   C6   /?6  70 


0%    bl    CyO      0 

+  a(j 

a2  b2  c2  0   0 

0-3   &3   Cg  0     0 

a4  &4  C4  &  y4 

«6  &o  c6  £6  y6 

or 


P  =  a4  A0l  —  a5  Aas  +  a6  Aa 


ax  &i  cx  0   0 

? 

a2  &2  c2  0   0 

a3  63C3  0   0  . 

a4:.  &4  c4  /34  y4 

«s  &s  c5  &  y5 

^9 

,\ 
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But      A^  =  ft 


«i  h  Cj  6     —  fa 

a2  b2  c2  0 

Og  b3  c3  0 

ft  7el  «i  h  c3 1  —  /?6 y&  |  «i  & 


«1    &1   Cx    0 

a2  62  c2  0 
a3  &3  c3  0 


In  the  same  manner,  we  may  show  that 


AaB=iT 


ft  74 

ft  7e 


also 


^  =  K 


c3\=- 

it 

K 

ft  7s 
ft  7e 

ft    74 

ft  7s 

• 

Substituting  these  values  in  (2) ,  we  have 

P  =  K  {cn\/35y6\-  aslfayel+ael  p4y5\}  =  K  X  L, 

since  the  second  factor  is  obviously  Z,  expanded  in  terms  of 
the  elements  of  the  first  column. 

The  method  of  proof  here  given  is  perfectly  general,  and  is 
applicable  to  determinants  of  any  order.  Thus,  if  in  (1)  we 
make  y4  =  y5  =  0,  and  y6=l5  P  takes  the  form  considered 
in  50.     The  student  can  readily  make  the  application. 

As  another  exercise,  the  student  may  show  that 


A  = 


eh  0    Cj,  dt  0  /,  0 

=  -\aifi<hdi 

a2  0    Ca  d2  0  f2  0 

Og  0   c3  d3  0  f3  0 

at  0   c4  d4  0  f4  0 

0    &,  0    0   e,  0  & 

0    &6  0    0    e6  0  gr6 

0    br  0    0   e7  0  g7 

x\e5b6g7\, 


What  difference  would  it  make  in  the  result  if  the  zeros  in 
the  fifth,  sixth,  and  seventh  rows  of  A  were  replaced  by  any 
finite  elements? 


52.    Writing  the  producl 

of 

\a1b2c3\ 

and  la^Zgl 

,  in  accord 

ance  with  51, 

ax  &!  cx- 

1 

0      0 

=  P, 

a2  b2  c2 

0  - 

-1      0 

%    "3    *"3 

0 

0  -1 

0    0    0 

xx 

Vi     *i 

0    0   0 

x2 

Va     z2 

0    0    0 

x3 

2/3        *3 
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we  have,  by  37, 


P  = 


0  0 

0  0 

0  0 

ax»x  +  a^!  +  a^Zi  fc^  +  b2yx  +  b3  zx 

Oi  x2  +  a2y2  +  c^Zi  &i  x2  +  b2  y2  +  b3z2 

ax  x?  +  022/3  +  <hZi  &1  *3  +  &2&S  +  Ms 


0  _10       0 

0  0-10 

0  0       0-1 

CiXi  +  c^  +  CsZ-l  xx     yx     zx 

clx2-\-c2y2  +  c3z2  x2     y2     z2 

cl%3  ~\~  C^y^  ~\~  C3Z3  &  2/3         Z3 

which,  by  43, 

aixl  +  a2yl-{-a3z1  b1xl  +  b2yl  +  bsz1  cxxx -\- c^  +  CsZ! 
a1x2  +  a2y2-\-a3z2  &1a2  +  62#2  +  &3z2  cYx2  +  c2y2  +  c3z2 
aix3  +  a2y3  +  0323     6^3  +  &2  2/3  +  &3z3     Ci^s  +  c2y3  +  c3z3 

This  result  expresses  the  product  of  two  determinants  of  the 
third  order  as  a  determinant  of  the  same  order.  We  are  thus 
led  to  infer  that  the  product  of  two  determinants  of  any  order 
may  be  expressed  at  once  as  a  determinant  of  the  same  order. 

We  now  proceed  to  establish  this  important  multiplication 
theorem.  » 

53.  Theorem. —  The  product  of  tivo  determinants,  A,  A' 
of  the  nth  order  is  a  determinant  A"  of  the  same  order.  Any 
element  a„  of  A"  is  obtained  by  mxdtiplying  each  element  of  the 
rth  row  of  A  by  the  corresponding  element  of  the  sth  row  o/A', 
and  adding  the  products.* 

Before  giving  the  general  demonstration,  it  will  be  useful  to 
establish  the  proposition  for  the  product  of  two  determinants 
of  the  third  order,  and  note  carefully  the  form' of  the  result. 

*  Forming  the  product  by  columns,  the  statement  is,  of  course :  The 
element  in  the  rth  column  and  sth  row  of  A"  is  obtained  by  multiplying 
each  element  in  the  rth  column  of  A  by  the  corresponding  element  in  the 
sth  column  of  A',  and  adding  the  products. 
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Put  A  = 


«1  &1 

<h 

<h  b2 

<h 

as  bs 

c3 

and  A'  = 


<*1 

ft 

7i 

°2 

ft 

72 

a3 

ft 

ys 

Applying  the  theorem,  we  have  to  show  that 


AA'=A": 


ttiai  +  frift+C!"/!    «ia2  +  Sift  +  C1y2    C^Og  +  ftj/Sg+^yg 

a2ai  +  &2ft  +  C27l     «2a2  +  &2ft  +  C2y2     ^fti  +  ^ft  +  ^yj 

a3ai+&3ft+c3yi  «3a24-&3ft+c3y2  asas+^sft+^ys 


Since  each  element  of  A"  is  a  trinomial,  the  determinant  may 
be  decomposed  into  twenty-seven  determinants  (35),  the  ele- 
ments of  which  will  be  monomials.  But  of  these  twenty-seven 
determinants  only  six  do  not  vanish.*  Those  determinants 
which  do  not  vanish  are  formed  by  taking  for  the  first  column 
a  set  of  first  terms  from  the  first  column  of  A",  for  the  second 
column  a  set  of  second  terms  from  the  second  column  of  A", 
for  the  third  column  a  set  of  third  terms  from  the  third  column  ; 
or,  by  taking  a  set  of  second  terms  from  the  first  column  of  A", 
a  set  of  first  terms  from  the  second  column  of  A",  and  a  set  of 
third  terms  from  the  third  column  of  A"  ;  and  so  on.  That  is 
to  say,  exactly  as  many  non-vanishing  determinants  can  be 
formed  from  A"  as  there  are  permutations  of  the  numbers  1,  2, 
3,  i.e.,  6.     Hence 


A"  = 


+ 


«i«i  &ift  <ays 

«2«i  &2ft   C2y3 

a3<*i  hPi  <hfs 

&ift  <hy*   atas 

fy>ft  C-2J2     °2<*3 

^3  ft  C3y2     «3a3 


+ 


+ 


aiai  ciy2  &ift 

a2ai    Cay2  62ft 

«3al     C3y2  &3ft 

ciyi  &i&  fli«3 

C2y!     &2ft  fl2a3 

^1     &3ft  «303 


+ 


+ 


&ift  «ia2    Cxy3 

^2 ft  «2a2    C,y3 

^sft  «3a2    C3y3 

Ciji  «ia2    &ift 

C2yi  a2a2    b2(33 

C3yi  a3«2     &3ft 


=  aiftys  («i&2C3)  —  axftyg  (ax  b.,C3)  —  asftys  (aA^s) 

+  «sfty2  (aihcs)  —  asftyi  (aib2cs)  +  a*/^  (aj52c3) 

(by  30  and  31) 

*  It  is  obvious  that  the  determinants  formed  from  sets  of  first  terms 
taken  from  the  three  columns  of  A",  or  those  containing  sets  of  first  terms 
from  two  columns,  etc.,  must  vanish.  Similarly  for  determinants  formed 
from  sets  of  second  terms,  and  so  on. 
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=  (^iMs)  [ai&y3+a2/?3yi+a3Ay2—  a.3p.2yl—  02/^173— ai/33y2] 
=  (^6203X^^273), 

which  establishes  the  proposition  for  the  special  case   under 
consideration. 


In  general,  let 
A  = 


al  &1  °1   • 
a2  62  c2  . 

^3    "3    ^8    • 

.  Z3 

a»  &»  cn  . 

■•  k 

and  A'  = 


«1 

A 

yi  • 

..  X, 

02 

ft 

yz  • 

.  X2 

«3 

A 

ys  • 

..  x3 

On 

A. 

y»  • 

••  K 

Then  the  product  AA'  =  A" 

aiai  +  hPi  +  c^!  +  . . .  +  h\i 
a2a-i  +  &2A  +  C2yi  +  •••  +k*i 
«sai  +  h  Pi  +  c3yi  +  •  •  •  +  k^i 

a„«i+  KPi  +  c„yi+  ...  +  U-i 
a^a  -f-  &!&  +  C!y2  +  •  •  •  +  hX. 


«U"-2     I      "1/^2     I      ^1  f2     I 
a2a2  +  &2/?2  +  C2y2  + 

0302  +  hzPz  +  c3y2  + 


«»a2  +  &„&  +  c„y2  +  ...  + 1 


■  +  '2^2 

+  t3A.2 


a1an+  &!/?„+  c^-f- ..,+^A, 
a2a„+  &2£»+  c27„+  ...  +  hXn 
«sa»  +  &3^»  +  c3yn  +  . . .  +  Z3  A„ 

a»a„  +  &„/?»  +  cnyn  +  . . .  +  lnXn 


Now,  A"  may  be  decomposed  into  a  sum  of  nn  determinants, 
the  elements  of  wlu^h  are  monomials.  But  it  is  obvious  that 
all  those  determinants  whose  columns  are  formed  from  sets  of 
first  terms  of  the  columns  of  A",  or  from  sets  of  second  terms, 
etc.,  will  vanish,  as  each  will  contain  identical  columns.  In 
fact,  all  those  determinants  into  which  A"  is  decomposed  will 
vanish  that  have  not  the  first  column  formed  from  a  set  of  Jcth 
terms  from  the  first  column  of  A",  the  second  column  formed 
from  a  set  of  rth  terms  from  the  second  colnmn  of  A",  the 
third  column  formed  from  a  set  of  rth  terms  from  the  third 
column  of  A",  and  so  on.  Now,  as  many  such  non-vanishing 
determinants  can  be  formed  as  there  are  permutations  of  the 
numbers  1,  2,  3  ...  n;  that  is,  n\  Hence,  A"  is  decomposable 
into  n  !  determinants,  of  which  the  following  Ar  is  the  type  : 
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&l/?l    k^2    «l03    • 

••  C\yn 

#2  Pi    ^2^-2    ^2a3    • 

••  c2y„ 

bzfii  Z3A2  a3a3  . 

••  c3yn 

Ar  = 


&»A  ^  a„a3  ...  c„yn 
But  Ar  =  /SiX203  •••  7»  I  M2«s  •••  c„|. 

Now,  the  determinant  factor  of  Ar  is  evidently  A  multiplied 
by  the  sign-factor  (  —  l)p,  in  which  p  is  the  number  of  inter- 
changes of  two  columns  which  must  be  made  in  A  to  leave  its 
columns  in  the  order  which  they  have  in  Ar.  Accordingly, 
Ar=(  — l)pi81X2a3...ynA.  But  (-l)p /31X2as...yn  is  a  term  of 
A',  since  the  number  of  interchanges  of  two  letters  which  must 
be  made  in  a1f32ys...  Ki  to  obtain  the  arrangement  here  given 
is  p.  Accordingly,  Ar  equals  a  term  of  A'  multiplied  by  A. 
Thus  each  of  the  n !  determinants  into  which  A"  has  been 
decomposed  is  the  product  of  A,  and  a  term  of  A'.     .-.  A"=  AA\ 


Illustrations 


12  0  3 

X 

0  110 

= 

1110 

3  2  11 

3  0  2  1 

10  0  1 

0  0  12 

2  110 

0+2+0+0  3+4+0+3 

0+1+1+0  3+2+1+0 

0+0+2+0  9+0+2+1 

0+0+1+0  0+0+1+2 


1+0+0+3  2+2+0+0 

1+0+0+0  2+1+1+0 

3+0+0+1  6+0+2+0 

0+0+0+2  0+0+1+0 


2  10  4  4 

=4 

15  2  2 

2    6    1«4 

2  6  14 

2  12  4  8 

16  2  4 

13    2  1 

13  2  1 

10  0  0 

X 

0  10  0 

= 

0  1  a  a 

1  0  a  a 

0  1  b  p 

10  6/3 

0  1  c  y 

1   0  C    y 

0  1  1                1 

1  a2  +  a2  ab  +  a/?  ac  +  ay 
1  ab  +  ap  b2  +  /32  bc  +  py 

1  ac  +  ay  be  +  (3y  C2  +  y2 


54.  Since,  before  multiplying  two  determinants  together,  we 
may  change  the  form  of  one  or  both  factors,  the  product  of  two 
determinants  can  be  expressed  in  a  variety  of  different  forms. 
As  an  illustration,  the  student  may  verify  the  following  equa- 
tions : 
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a1  bi 
a2  b2 


X  I  ax  ft 

\a2  fi2 


«iai-f-&i/?i 
a2ai  -f  &2/5i 

a1a1-ha2/31 
(X^a-i  -f~  Oia2 

a2«i  +  b2a2 

aial  +  a2a2 

&l«l  +  b2  a2 


aia2  "f*  ^1^2  I 
a2a2  +  b2/32  I 

aia2  +  %/52 
6^2  +  62  ft2  I 

«!/?!  +  &!&  I 
«8  A  +  &2&  I 

&1&  +  &2&1 


EXAMPLES. 


1.    Show  that  one  form  of  the  product  of 


1  a  a2 

X 

a2  — a  1 

is 

1  b  b2 

&2-6  1 

lcc2 

c2-c  1 

a2— a&+62 
a2— ac+c2 


2.   One  form  of  the  product  of 


a2—ab  +  b2    a2— ac+c2 
b2  b.-bc+c2 

tf-cb+c2  c2 


a+6      c         c 
a      6+c      a 
b         b      c+a 

(a+6)2      a! 
c2       (&+ 
c2           as 

a+6  +  ^c      —  \a  —\b 

—\c       b+c+\a        —\b 
—\c  —\a       c+a+%b 

b2 

b2 

(c+ay 


a  a  a  a 

and 

a  b  b  b 

a  b  c  c 

abed 

1 

1 

0 

0 

0- 

-1 

1 

0 

0 

0- 

-1 

1 

1 

1 

1- 

-1 

—a  bed 
b  —a  d  c 
c  d  —a  b 
deb  —a 

b+c+d—a 
b—a+d+c 
c+d—a+b 
d-\-c+b—a 


x 


1111 
-1-1  1  1 
-1  1-1  1 
-1      1      1-1 


,  and 


3.   Find  the  product  of 


thence  show  that  the  first  determinant  =  a(b—a)  (c—b)(d—c). 
4.    Show  that 


\ 


a—b+c+d 
■b+a+d+c 
■c—d—a+b 
■d—c+b  —  a 


a+b—c+d 
—b—a—d+c 
—c+d+a-\-b 
—d+c—b—a 


a+b+c—d 
■  b  —  a+d—c 
■c+d—a—b 
■d+c+b+a 
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=  (b+c+d— a)  (c+d+a—b)  (d+a+b—c)  (a+b+c—d) 

1111 
1  1-1-1 
1-1  1-1 
1-1-1      1 

and  thence  show  that  the  first  determinant 

=  (b+c+d— a)  (c+d+a-b)  (d+a+b—c)  (a+b+c—d). 

5.    Show  that 


1  a?+a2  -2a  -2a 

1   b2+p  -26   -2/3 

1    c2+y2  -2c    -2y 

1  c^H-  S2  -2d  -28 

0 
(a-&)»  +  (a-0)» 
(a-c)2  +  (a-y)2 

(a_d)2  +  (a_3)2 


a  a 

C    y 
d  8 


a2+a?  1 
b2+p2  1 
J+y2  1 
cP+82  1 

(a-6)2  +  (a- 

0 
(b-cy  +  ((3-y) 
(6-d)2  +  (/3-8) 

(a-c)2  +  (a-y)> 
(&_c)2  +  (/3-y)2 

0 
(C-d)2+(y-8)2 


(a_f7)2  +  (a_g)2 

(&_d)2  +  (/3-8)2 

(c-d)2  +  (y-8)8 

0 


Ox   6X   Cx    1 

X 

100  ft, 

X 

10  0  0 

a2  62  Cj  1 

0  1  0  &2 

0  10  0 

Og     &3     Cg     1 

0  0  1  k3 

0  0  10 

1110 

0  0  0    1 

/ii  h2  hs  1 

equals  the  determinant  in  Example  12,  page  38. 
7.   Find  the  two  determinant  factors  of 


«1     b^  +  Cflx     bfa  +  Cflt 

(h  b&i+c&i  b2x2+c2y2 
a3  bsXi+Csyi  b^+c^y^ 
8.    Form  the  product  of 


also  of 


aXi+cZi         0     fxx+gZi 
axz+byv+czz  dy%  fx2+gza 
bya+cz3       dy3       gzs 


di  bt  I  and    ax  px  yx 
<h  ba\  a2  fin  y2 

a3  Pa  ys 
The  order  of  the  first  determinant  mav  be  raised  to  that  of 


the  second  by  writing  it 


0&!    &!    Ci 

&2    "2    ^2 

0    0    1 


and  the  product  can  then 
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be  found  in  the  usual  way.  If  we  wish  the  product  to  contain 
only  the  elements  found  in  the  two  factors,  how  should  the  first 
determinant  be  written? 

From  this  example  it  is  evident  that  the  product  of  any  num- 
ber of  determinants  of  different  degrees  can  be  expressed  as  a 
determinant  of  the  nth  degree,  n  being  the  highest  degree  among 
the  factors. 

9.  Employing  the  notation  i  =  V—  1,  show  that  the  product  of 

a-\-ib     c+id\  and  I     al—ibl     c1  —  id1 
|  —  cx— id-L     «!+  ibx 

B-iA 
D  +  iC 

C  =  abx  —  aj)  +  cdx  —  c^d 
D  =  aa1  +  ?>&!  +  cci  +  dd1 ; 
and  thence  show  that  the  product  of  two  sums,  each  of  four 
squares,  is  itself  the  sum  of  four  squares.     (Euler's  Theorem.) 

10.  Show  (1)  that  the  product  of  j  «i  &2 c3  ]  an^  I.Pi&'sl  maJ 
be  expressed  as  a  determinant  of  the  fourth  order  by  writing 


\  —  c 

-f  id 

a  —  ib 

may  be  written 

I      D~ 

-iC 

1-5- 

-iA 

in  which 

A  = 

s  bcx- 

-bYc 

+  adi  - 

-axd 

Bb 

ECOi- 

-c^a 

+  6di- 

■  b±d 

a1  &x  ca  0 

and  — 

a2  b2  c2  0 

«8   &3  c3   0 

0    0    0   1 

the  two  factors 


(2)  By  writing  the  two  factors 
a1  &! 
<h  b2 
as  b3 
0  0 
0    0 


Pi  Qi  0 

Pi  ft  0 

Pi  qs  o 

0  0  1 


respectively. 


cx  0  0 

and 

c2  0  0 

c3  0  0 

0   10 

0   0  1 

Pi  0  0  qx  rj 
p2  0  0  q2  r2 

ftOOft  r3 
0  10  0  0 
0    0  10    0 


show  that  the  product  is  a  determinant  of  the  fifth  order. 
(3)  By  writing  the  two  factors 


&!  <h  0  0  0 

and 

&2  Cj  0  0  0 

&3  c3  0  0  0 

0   0   10  0 

0   0   0  10 

0    0   0  0  1 

10  0  0    0    0 

0  10  0    0    0 

0  0  10    0    0 

o  o  o  Pl  qi  n 

0  0  0  p2  q2  r2 

0  0  0  p3  qs  r3 

56  THEORY  OF   DETERMINANTS. 

show  that  the  product  is  a  determinant  of  the  sixth  order. 
This  example,  and  the  theorems  of  51  and  53,  show  that  the 
product  of  two  determinants  of  the  nth  order  can  be  expressed  as 
a  determinant  of  each  of  the  following  orders:  nth,  (n  +  l)th, 
(n+2)th  ...  (2ft  —  l)th,  2nth. 

55.  Theorem.  —  Any  determinant  A  may  be  expanded  as  a 
sum  of  products  of  pairs  of  minors.  The  first  factor  of  each 
product  is  a  minor  of  the  rth  degree,  formed  from  a  set  of  r 
chosen  rows,  and  the  other  factor  is  the  complementary  minor  of 
the  first  factor.  The  sign  of  a  product  is  +  or  —,  according  as 
the  product  of  the  principal  terms  of  the  factors  regarded  as  a 
term  of  A  is  +  or  —  .* 

Every  term  of  A  contains  r  elements  from  the  columns  of  a 
set  of  r  columns  found  in  the  n  columns  and  first  r  rows  of  A. 
That  is  to  say,  from  every  minor  of  the  rth  degree  formed  from 
the  first  r  rows,  r !  partial  terms  of  A  can  be  formed.  Now, 
the  remaining  (ft— r)  elements  of  every  such  partial  term  will 
be  found  in  the  remaining  rows  and  columns  after  removing 
one  of  these  minors  of  the  ?-th  degree.  Or,  in  other  words, 
(«—?•)  !  partial  terms  of  A  corresponding  to  the  r !  other  par- 
tial terms  are  found  in  every  minor  complementary  to  one  of 

ft ' 

the  first  set.     — - — '- minors  of  the  rth  degree  can  be  formed 

r !  (ri— r)  ! 

from  the  first  r  rows.  Now,  the  product  of  two  such  comple- 
mentary minors  gives  r !  (w— r) !  terms  of  A  ;  consequently,  the 
sum  of  all  the  products  gives  n !  terms,  i.e.,  the  full  number  of 
terms  in  A. 

To  fix  the  sign  of  any  product  in  this  expansion,  we  have 
only  to  remember  that  its  sign  must  be  the  same  as  the  sign  of 
the  product  of  the  principal  terms  of  the  two  minors.  This 
latter  product  being  a  term  of  A,  the  sign  of  the  product  of  the 
two  minors  must  be  the  sign  of  the  product  of  their  principal 
terms,  regarded  as  a  term  of  A. 

If  the  selected  rows  are  not  the  first  r  rows,  we  can  easily 
make  them  so  ;  then,  after  giving  A  the  proper  sign  factor,  the 
demonstration  applies  as  given. 

*  This  expansion  is  know?1  »*  Laplace's  Theorem. 
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Illustrations : 

Selecting  the  first  two  rows  in  Ic^  b2  c3  d4| ,  we  have 
\<h  b2  c3  d4!  =  \ax  b2\  |c3  d4l  —  Ic^  c2l  l&3 d4|  +  l«i  d2|  |&3c4l 
-f- 1  bx  c2\  la3d4l  —  I6X  da  I  la3  c4l  + 1  Cx  d2|  |a364| . 
Let  the  student  select  the  first  two  columns  of  |a162c3d4|,  and 
expand,  obtaining 

la^l  lc3d4|  —  I ax 63 1  |c2d4|  +  la^l  |c2d3|  +  la2&3l  l^dj 
—  Ia264|  Icidgl  H-la354I  Ic^l. 

Show  that 

|a162c3d4e5l  =  — la2&4l  I cx d3 e5 1  + 1 a2c4|  l^dg^l  —  |a2d4|  I6xc3e5| 
+  la2e4|  I6ic3d5|  — |&2c4|  Ic^d^l  +  |&2d4|  la^gl 

—  |62e4|  la^dsl  +  lcsjej  la^ds!  +  lc2e4|  la^djl 

—  |d2e4|  laj&acj. 

What  is  the  relation  of  41  to  the  present  theorem  ? 

56.  It  will  be  interesting  to  note  what  results,  if,  instead  of 
multiplying  the  minors  of  the  rth  degree  formed  from  r  chosen 
lines  by  their  complementaries,  as  in  the  last  article,  we  mul- 
tiply every  such  minor  by  the  complementary  of  a  corresponding 
minor  formed  from  r  lines  different  from  those  first  chosen. 
By  the  preceding  article 
|a162c3d4e5| 

=  l«i&2l  lc3d4e5|  —  I otx &3 1  \c2d4e5\  +  lai&J  lc2d3e5|  —  I <xx &s I  |c2d3e4| 

+  \a2bz\\cldie5\  —  \a2bi\\c1dae5\  +  \a2b5\\c1dzei\  +  \a5bi\\c1d2e6\ 

—  \a3b5\  \cxd2eA\  -fla4&5l  l^d^l. 

Now,  if  in  the  above  we  write  c  for  6,  it  is  evident  that  the 
determinant  on  the  left  vanishes,  and  hence  the  second  mem- 
ber vanishes ;  but  by  this  substitution  we  multiply  the  minors 
formed  from  the  first  and  third  columns  of  |ai&2c3d4e5|  by  the 
complementaries  of  the  corresponding  minors  formed  from  the 
first  and  second  columns.  It  is  obvious  that  the  truth  here 
exemplified  holds  in  general.  Moreover,  it  includes  the  special 
case  of  45. 
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In  symbols,  the  expansion  of  a  determinant  by  55  is  expressed 
by  writing  A  =  2  |  ap  bq  I  A^,  bq, 

where  the  chosen  columns  are  two  in  number,  or 

A=  2  I  ap  bq  Cr  I  &ap,bq,Cr, 

where  the  chosen  columns  are  three  in  number ;  and  so  on. 

Employing  the  notation  of  double  subscripts,  we  have,  in 
general, 

A  =  I  d\n  I  ==  2  I  ttpj^ttpjjj   •••    dPrqr  I  Aop]?11  Opjjjj,  ...  Oprqr. 

57.  Theorem.  —  The  product  of  a  determinant  A  =  |  aln| ,  and 
any  one  of  its  minors  M,  of  order  m,  is  a  determinant  A'  of 
order  n  +  m.  A'  is  expressible  as  the  sum  of  products  of  pairs 
of  minors  of  A.;  the  first  factor  of  each  product  is  a  minor  of  A, 
formed  from  r  chosen  rows  containing  M,  and  the  second  factor 
is  that  minor  of  A  containing  the  complementary  of  the  first 
factor  and  the  minor  M.  The  sign  of  each  product  is  determined 
as  in  55. 

Let  the  chosen   rows  referred   to   in  the  statement  of  the 
theorem  be  the  first  r ;  then,  by  51,  we  have  at  once 
A'^ 

0   ...     0        0 


al\      a12     •••al*-l 
Ct21      «22     •••Ct2*-1 

akl    a^    ..-akk_i 

ak+U  ak+l2'  "ak+lk- 


«1* 


.alr_i 
.a2r_i 


alr 


akk      •'•akr-\       akr 
ak+Vf  "ak+lr-l  ak+lr 

ar-Vt' '  »ar-l  r-\  ar-lr 

ark   ...arr_i    a„ 


ar-llar-W'ar-lk-l  a'r-W  •  ,Ctr-lr-l  ar-lr  ar-lH-l"-ar-ln      ^ 

a,i    aA    ...ark^i     ark   ...arr_i    a„     arr+x    •-•arn       0 

ar+ll  Qy+12«  "ar+\k-l  ftr+U'  •  'ttr+l  r-lttr+lr  a'r+\  r+1'  •  •^z+ln  ar+Vf  '  •  ar+l r- 1  rtr+lr 


akr. 


...a, 


..a, 


0        0 


a»i 

a«2 

"ank-\ 

«»t 

••a„r-i 

«»r 

«nr 

0 

0 

..        0 

0 

..     0 

0 

0 

0 

0 

..        0 

0 

..     0 

0 

0 

0 

0 

...  .e 

0 

..     0 

0 

0 

0 

0 

..     0 

0 

..     0 

0 

0 

•«n»      <■ 
.      0 
.      0 


•«L 


OL 


akk      •••a*r-l       akr 
ak+lk'  •  'ak+lr-lak+lr 


ar_i4...ar_ll._1ar_1, 
ari    ...arr_i    a„. 
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where  the  minor  by  which  A  is  multiplied  is  enclosed.  Further, 
observe  that  the  n  —  r  rows  of  A  not  included  in  the  chosen 
rows  are  prolonged  in  A'  with  the  elements  of  these  same  rows 
repeated  in  order  of  the  columns  beginning  with  the  kth.  Now 
add  the  kth  row  of  A'  to  the  (n  +  l)th,  the  (fc  +  l)th  row  to 
the  (n  -(-  2)th,  and  so  on,  finally  adding  the  rth  row  to  the  last. 
Afterward  subtract  the  (w-f-l)th  column  of  A' from  the  kth, 
the  (n  +  2)th  column  from  the  (&+l)th,  and  so  on,  finally 
subtracting  the  last  column  from  the  rth.     Then 


A' 


an    a12    . 

•  •dllc-i 

«u     • 

••alr-l 

«lr 

&21       ^22 

'•a2k-l        a2k 

•  •Cto  r_j 

*hr 

akl       C(k2       • 

••akk-\ 

akk       • 

•akr-\ 

<ht 

ak+llak+12- 

•ak+\k-\ 

ak+Vc- 

■Oiflr- 

-1  C,k+\r 

G>r-Uar-12' 

'•ar-\k-\ 

<Xr_ik. 

.ar_lr. 

l«,_l, 

ttrl       drf       . 

•«rt-l 

ark     . 

,.arr_, 

arr 

llr+l 


...ax 
...a. 


akr+l      •'•Ok 

ak+lr+l'"a'k 

arr+1    ...a 


V+llUv+12- 


M      0 


0        «r-flr+l"-ar+l»   ar+Vc 


an\       an2      •••a»i-l  0 

atl     Cltf     ...a44_1  0 

ak+llak+12-"ak+lk-l  0 

ar-llar-12'"ar-l*-l  ^ 

Ctrl       ®f2      •••<^r*-l  V 


0     an 
0     a 


*r+l 


"        ai-f  1  r+1  •  •  •  aA+l» 


0         0     ar_lr+v..ar_ln 
0         0     a,r+1   ...am 


0    . 

. 

0 

0 

0    . 

0 

0 

0    . 

0 

0 

0    . 

• 

0 

0 

0    . 

0 

0 

0    . 

. 

0 

0 

ar+lk' 

•ar+lr- 

1  ar+lr 

ank      • 

•a» 

,— 1 

anr 

akk      • 

•a* 

r-1 

a* 

ak+lk' 

•aA+lr- 

Iat+]r 

ttr-1*- 

•ar. 

-lr- 

1  ar-l>- 

arlc   . 

•arr-l 

arr 

By  55  A'  can  be  decomposed  into  products  of  pairs  of  minors, 
viz.,  the  minors  of  the  rth  order  formed  from  the  first  r  rows 
and  their  complementaries.  Since  the  elements  in  the  columns 
of  A'  directly  below  M  are  zeros,  all  the  minors  of  the  rth 
order,  formed  from  the  first  r  rows,  will  have  complementaries 
that  vanish  unless  the  said  minors  contain  the  given  minor  M. 
Hence  the  first  factors  of  the  products  in  the  expansion  of  A' 
will  all  be  minors  of  A,  of  the  rth  order,  that  contain  the  given 
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=  |a162c3l  \die6b2c3\ 

—  l^xCadgl  |a4e562C3l 

—  1 6i  c2  e3 1 1  a4  cZ5  62  c.3|  ; 


minor.     Further,  each  complementary  of  such  a  factor  is  made 

up  of  the  n  —  r  rows  of  A  not  found  in  the  first  factor  and  the 

r  —  k  + 1    rows   in  which  M   is   found.      Which    proves   the 

theorem. 

ax  &x  Cj  dx  ex  0    0 

\a1b2c3die5\\b2c&\  =  «2  h  c2  d2  e2  0   0 

a3  63  c3  d3  e3  0   0 

a4  64  c4  di  e4  64  c4 

«s  h  c5  d5  e5  65  c5 

0    0   0  0    0  b2  Cjj 

0    0    0  0    0   b3  c3 

\alb2czdie5\  |&2Cgd4|  =  la162c3d4|  |e562c3d4|  +|61c2d3e4|  |a5&2Cgd4|. 
The  student  may  show  (change  the  rows  into  columns  before 
applying  the  theorem) 

\a1b2c3die5\  |&3c4|  =  la].&2<%eZ4|  I63c4e5|  —  \a1b3cid5\  |63c4e2[ 

+  \a2b3cids\\b3cie1\  ; 

=  kjdjegl  1^65(^1  —  kidg^l  la3 65(^1  +  1^265!  |a364d2l 
-J- 1 Ca dg e4 1 1^65^2!  —  |c2d3e5|  \albid2\  +  \c2d4e5\  \alb3d2\, 
=  —  l^eal  lag^CfidsslH-l^es!  lajft^CsC^I  —  |d2e4|  lajftaCsdal 

+  |dse4||a1&ic4d,|, 


The  second  illustration  given  is  especially  interesting  as  it 
shows  the  form  of  the  product  when  the  minor  is  of  order  n  —  2. 
In  that  case  the  chosen  rows  are  n  —  1  in  number,  and  the 
development  consists  only  of  two  terms,  each  term  being  the 
product  of  two  determinants  of  the  (n—  l)th  order.  If  we 
change  the  order  of  rows  and  columns  in  the  result,  we  have 

I  a!  62  Cg  d4  e5 1 1 62  C3  c?4  J  =  I  a2  62  C3  cZ4 1  [62<^d4e5l  —  l&xCj^eJ  |a263c4d5| , 
or  A  Aai,  e3  =  Aes  Aa,  —  Aa5  Ae,  ; 

and,  in  general, 

A   Ana,  am  =  Aoa  Aop,  —  Ao^  A^. 

Employing  an  obvious  extension  of  the  notation  described  in 
the  latter  part  of  39,  the  last  formula  becomes 
A      (PA      _  dA   d\       dA   dA 
daa  da,,,      datt  daPJ     da^  dapk 
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Rectangular  Arrays  or  Matrices. 

58.  As  a  determinant  is  a  function  of  n2  quantities,  the 
elements  are  always  found  in  a  square  array.  It  is  often 
necessary  to  consider  the  determinant  obtained  by  applying  the 
process  of  53  to  two  rectangular  arrays  of  elements,  i.e.,  arrays 
in  which  the  number  of  rows  is  not  equal  to  the  number  of 
columns.     We  will  now  investigate  the  value  of  this  product. 

1st.  When  the  number  of  columns  exceeds  the  number  of 
rows: 

The  product  of  two  arrays  (matrices)  of  elements  in  which  the 
number  of  columns  (m)  exceeds  the  number  of  rows  (n),  is  a 
determinant  which  is  equal  to  the  sum  of  all  the  products  in  which 
the  first  factor  is  a  determinant  of  the  nth  order  formed  from  the 
first  array  (matrix) ,  and  the  second  factor  is  the  corresponding 
determinant  of  the  nth  order  formed  from  the  other  array 
(matrix) .     Let  the  two  arrays  of  elements  be 

au    an  •••   «ln   •••   alm    1  «11    a12  •••   aln   ••■   alm    1 

a2i  a^  ...  a%n  . . .  a^  I     an(j    a21  a^  ...  a^n  ...  a2m  I  . 

anl    an2  •••   ttn»«"    anm  J  «nl    an2  •••   ann  •  •  •    anm   J 

Applying  the  process  of  53,  we  have  the  determinant 

A  =  j 

<%  all  +  * " "  +a2naln+  *  *  *  +  <*2m  alm  a21  a21  +  *  *  *  +°2»a2» 

anl«ll  H h  annaln  H H  anm  aln»  «nla21  H H  0«»«2n 

H |-«lma2m    ••*    «ll«nlH Mln  «n»H 1"  <Hm  anr, 

~\ T-a2ma2m    "'    «21  OnH ha2n  <*mH H^n  ann 

H r-a„m«2m  •••  ani«niH r-a„na„n-l l-o««»» 

Now  we  may  form  from  A  a  number  of  determinants  Aj,  A2,  A3--« 
of  the  nth  order,  the  elements  of  which  are  all  polynomials  con- 
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sisting  of  n  terms  each.     The  number  of  such  determinants  is, 

„                ra(m  —  1)  (ra  —  2)  •••  (m  —  n  +  1)      T    .  ., 

of  course,  — * —^ '- * ■ — -•     Let  us  consider 

ii ! 

one  of  these  determinants  ;  take,  for  example  Ax,  whose  columns 
are  formed  from  the  first  n  terms  in  the  columns  of  A.  We 
have,  accordingly, 

Ai  =  anan-t-a12aJ2+"--\-alnaln 

a21  ail  +  a22  a12  +  •  •  •  ~T-«2n  al» 
anl  all  +  Ct„2  a12  ~\ 1"  «nnaln 

alla21  +  a12a22H \-alna2n    "'    all  anl  +  al2  an2H h«ln««« 

«21a21  +  a22a22H \~a2n<hn     '"     f(21  anl  +  a22  an2H Mai^m. 

anla21  +  0»2a22H (-a„n02„    •••     a^O^  +  a^ttnH ha„na,ln 

Now  Ax  is,  by  53,  the  product  of  two  factors,  the  first  of  which 
is  the  determinant  formed  from  the  first  n  columns  of  the  first 
array  of  elements,  and  the  second  is  the  determinant  formed 
from  the  corresponding  n  columns  of  the  second  array.  In  a 
similar  manner  we  may  show  that  each  of  the  determinants 
Ax,  A2,  A3-"  is  the  product  of  two  factors,  each  factor  being  a 
determinant  formed  from  n  corresponding  columns  of  the  two 
given  arrays.     Then  in  order  to  establish  the  proposition  it 

remains  to  be  shown  that   A  =  Ax  +  A,  +  A3  -\ .     Each  of  the 

i 
determinants  Aj,  A2,  A3--«    can  be  decomposed    into   n !    non- 
vanishing  determinants  whose  elements  are  monomials.     Ac- 
cordingly the  sum  Ax-f  A2  +  A3H will  contain 

m(m  — 1) (m  —  2)  •••  (m  —  n+  1) 
non-vanishing  determinants  whose  elements  are  monomials. 
Returning  to  A,  we  see  that  it  can  obviously  be  decomposed 
into  mn  monomial  element  determinants ;  but  those  which  do 
not  vanish  are  only  ra(ra  — 1)  (m  —  2)-. -(in  —  n  +  1)  in  number. 
Now  observing  that  each  one  of  these  monomial  element  deter- 
minants is  a  part  of  that  one  in  the  series  A1?  A2,  A3---  in  which 
its  columns  occur  as  parts  of  columns,  the  proposition  is  estab- 
lished. 
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Illustration : 

Performing  the  operation  of  53  upon 

a?  b2  Co  a.2  J  <*2  ft  y2  o2  y 
we  obtain  the  determinant 

aiai  +  &jft  +  ciyi  +  d^  axao  +  6^2+  Ciy2  +  dA  . 
«2  <*i  +  &2  ft  +  Cay!  4-  d2  8X     o2  a2  +  62  ft  +  c2  y2  +  cZ2  82 

This  determinant  the  student  can  readily  show  is  equal  to 
(«i&2)  («i  ft)  +  («i  c2)  («i  y2)  +  (oi  dz)  (ai  82) 
+  (61  c2)  (ft  y2)  +  (M2)  (ft  8,)  +  (cxd2)  (7l82) . 
2d.    TF7ie?i  the  number  of  rows  exceeds  the  number  of  columns. 
Consider  the  two  arrays. 

«i  M  ^  ft 

«2  b2  >    and  a2  ft 

«3   M  «3   ft 

Multiplying  as  before,  we  have 

A=  a^  +  ftift     a^  +  ^ft     aiaa  +  Jjft  =0. 
a2ai  +  &2ft     a2d2  +  62ft     «2  03  +  &2ft 

«3«1  +  &3  ft       «3  «2  +  &3  ft       «3  «3  +  &3  #5 

The  value  of  A  is  readily  seen  to  be  zero  when  we  notice  that 
it  can  be  obtained  by  multiplying  two  determinants  formed  from 
the  two  given  arrays  by  prefixing  a  column  of  zeros  to  each.  The 
method  of  proof  employed  in  this  special  case  is  general.  It  is 
only  necessary  to  add  to  each  array  as  many  columns  of  zeros  as 
are  necessary  to  make  each  array  square,  and  then  compare  the 
product  of  the  two  determinants  thus  formed  with  the  deter- 
minant formed  by  compounding  the  two  matrices. 

Reciprocal  Determinants.* 

59.  If  the  principal  minors  of  the  elements  of  a  determinant 
are  themselves  made   the  corresponding  elements  of  another 

*  Reciprocal  determinants  would  more  properly  be  considered  in  the 
next  chapter  since  they  are  among  the  "  special  forms,"  but  for  several 
reasons  it  is  thought  best  to  introduce  them  here. 
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determinant,  the  determinant  thus  formed  is  called  the  reciprocal 
or  adjugate  determinant.  Or,  in  other  words,  the  elements  of 
the  reciprocal  determinant  are  the  complementary  minors  of  the 
corresponding  elements  in  the  original  determinant. 


The  reciprocal  of  (a2  b2  c3)  is    ^ 


_  U,  fei    <L 


(b2cs)      -(a2c3)  \aKa\\)  * 
-(SjCg)         (axcs)     —<aM 
(&i.c2)      -  (aj  c2)  (a2  62) 

Assimilating  the  notation  of  19,  we  have 

\A1B2C3...Ln\,  \Aln\,  or  \AnA22A33...Ann\, 

for  the  determinant  adjugate  to 

[  a:  b2  cs  ...  ln  |,  I  aln  |,  or  |  au  a^  %, ...  a„„|, 

respectively. 

If  the  minus  signs  in  the  first  illustration  are  erased,  what  is 

the  effect  upon  the  determinant?     How  is  it  in  general? 

60.    Theorem.  —  The  determinant  A'  adjugate  to  any  deter- 
minant A  of  the  nth  degree,  equals  the  (n  —  l)th  power  of  A. 

"We  have,  for  example, 


A  = 

Whence 

a2  b2  c2 
a3  "3  ^a 

,  and  A'= 

A  Bx  C\ 

A2  B2  L/2 
A3  B3  C3 

AA'  = 

A  0  0 
0  A  0 
0  0  A 

=  A3. 

.'.  A'=A2 

The  process  here  exemplified  is  perfectly  general,  hence  the 
proposition. 

61.  Theorem. — Any  minor  of  the  Jcth  degree  of  the  reciprocal 
determinant  A'  is  equal  to  the  complementary  of  the  corresponding 
minor  in  the  original  determinant  A  multiplied  by  the  (Jc—  l)th 
power  of  A. 

Let  A  =  I  au  |,  and  A'=  |  Au \ . 
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Transform  A  and  Ar  so  that  the  minors  |  an  a®  au  ]  and 
|  An  Ago  Au  |  occupy  the  first  three  rows  and  columns  in  their 
respective  determinants.     Then 


A=(-ir 

an 

a12 

a14     a13 

, 

<hi 

a32 

a34       a33 

«41 

CX42 

a44        a43 

Oai 

£122 

"24        ^23 

suidA'=(-iy 

An 

A12 

Au    Am 

A3i 

An 

A&     A& 

\ 

A^ 

A*,, 

An    Aw 

A2l 

A* 

A-2i       Ax 

Then 

\ 

\An  Av  A«\=(-iy 

An 

Am 

An    -4i3 

Ai 

A* 

A&       -^33 

Aa 

A^o 

-^44        -^43 

Multiplying, 

A|-4U  A&  Au\  = 

A 

0      0 

a13 

=  a2 

0 

A     0 

CI33 

. 

0 

0      A 

«43 

0 

0      0 

Qm 

A3. 


Whence  |  An  A^,  Au  \  =  a^  A2,  which  is  the  required  value  of  a 
first  minor  of  A'. 

To  find  the  value  of  a  second  minor  of  A'  we  may  proceed  as 
follows : 


The  minor 

1-422    ^33  |=(-1)M 

-^22 

-a.03 

A21       -A.<n 

-^32 

-^33 

A3i    A^ 

0 

0 

1        0 

0 

0 

0        1 

id  the  corresponding  form  of  A  is 

(-ir 

(X90 

«23 

&21       £*24 

. 

G32 

°33 

<%       CI34 

a12 

«13 

«11        «14 

Cte 

«43 

«41        «44 
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As  before, 


A      AoO       AoQ       


—  A"  On  a*,. 


A  0  a2j  aa 

0  A  a31  ag4 

0  0  au  au 

0  0  a41  a^ 

Whence,  \A&  A3S\=  \an  au\&. 
The  student  may  put 

A  =  I  ox  b2  cs  d*4  ]  and  A'  =  \AX  B2  (73  _D4  ] , 
and  then  show  that 

\St  C3  A|=«iA2; 
Mi  A|  =  |6S  c3|A. 
The  general  theorem,  of  which  the  preceding  are  special  cases, 
is  proved  as  follows  : 

Let  A  =  I  aln  |  and  A'  =  \Aln\, 

and  let  the  minor  of  the  Mi  order  of  A'  whose  value  is  sousrht  be 


A7f= 


^PiQi   APlq2   Apiqi 


A 


PiQk 


^Pili    Ap2q2    Ap2q3    ...    Ap2q 


Apkqi  APkq2  APkq3 


■^-Pkl^ 


Now  putting 

/*=jji+pH Vpk  +  qi  +  q2  +  -~+q» 

we  may  write 

A=(-ir 

aPlqt  ...  aPlqk  aPli  ...  Op^-X  Ctp^+X  •••  Op^-l  apxq2+X 

aP&X   '"    aPlQk   aP>l   •"    aP2Ql-l    aPi<ll+^    •"    ^ffj-l   ai>292+l 

aPk1i  "•  aPk1k  ai»*l-"  aPkVr-l  aPkqx+l  •'•  ^tS'a-l  "Piffs+l 

aigi  ...  a\qk   an  •••  ai^-i  ^i^+i   •••  axq2-x  ai^+i 

a<iqy    ...  <liqk     a<t\    ...  O^-l    <^2.qx+X     •••  <^2q2-X    ^ffj+l 


lw?i 


®n1k    ^"1   •  *  *  ^wifr-l   CIji^+I    •  •  •  ^n<72— 1   fl,ng,2+l 


dp2n 
aPkn 
«2n 


*  In  this  determinant  the  suhscripts  p,,  pvp3,  ...  ?i,  ?jh  <73,  ...  of  course 
stand  for  any  integers  in  order  of  magnitude. 
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...APlqkAPli 

■  Ap%qk  APi\ 


iPkqi...APkqkAPki 

0     ...     0       1 
0     ...     0      0 


0       0 


-4pi?i-1  -4pi?x+1  ' '  •  ^W* 

^ftft- 1  -APiq1+i . . .  ^Ip^ 


-1  Al?2+1  ■ 
-1  Ap2qi+l . 


W 


*Ptn 


0  0 

0  0 


0  0 

0  0 


.A 


0 
0 

0 
0 

0 
0 

(»-*) 


We  notice  that  this  form  of  A4  is  just  the  same  as  if  it  had 
been  derived  from  A'  by  making  the  j^th,  p2th,  •••ptth  rows  of 
A'  the  1st,  2d,  •••  7ith  rows,  making  the  same  changes  in  the  places 
of  the  ^ith,  g^th,  ...  gAth  columns,  and  then  putting  1  for  each 
remaining  element  of  the  principal  diagonal,  and  0  for  every 
other  element  of  the  n  —  Jc  rows  of  which  A4  is  not  a  part. 


Multiplying,  we  have 

AAft 

A     0  . 

.  0  aPxl ...  Op^-i 

aPi<li+l  • 

'  aPiQt-l 

ttprfz+l  • 

•  ttptn 

0     A   . 

.  0   aPli...  Oprfl_i 

^231+1    * 

*  C6P2?2-1 

•  aPkQr-^ 

0^2+1    • 

•  •  «p2» 

0     0    . 

.    A  aPkl...  Opj^-i 

0     0    . 

.   0   an  ...  ai?1_i 

«l(?t+l       • 

•  »lfc-l 

«1<72+1       •• 

•  «m 

0     0    . 

.  0   a2i   ...  ci2qi-i 

•  a2g2-l 

•  Clnq2— j 

tt2<73+l     • 

.  02n 

0     0    . 

.    0     (Xni    ...  ttfiq^-i 
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Now  this  determinant  is  at  once  expressible  as  the  product 
of  two  determinate  factors,  and  we  have 

AAt  =  A*  times  the  complementary  of  the  minor  of  A  corre- 
sponding to  Ak  in  A'. 
Whence 

Ak  =  A*-1  times  the  complementary  of  the  minor  of  A  corre- 
sponding to  Ak  of  A', 
as  was  to  be  shown. 

62.    From  the  preceding  article  it  follows  at  once  that  if 
A  =  0,  then 


A\  Ai 

= 

A\  A. 
A*  A» 

= 

An  A.-& 

A§\    -^32 

i.e. 

>  in  general 

Ak     Ae 

■Apk    -Ape 

= 

o, 

whence 


Ak     Ape  —  J±pk 


A. 

A*' 


or  Aik :  At, 

That  is  to  say  : 

If  A  =  0,  the  cof actors  of  the  elements  of  any  row  are  propor- 
tional to  the  cofactors  of  the  corresponding  elements  of  any  other 
row. 

From  the  preceding  article  we  have  also 


Ak       Ae 

Apt       -Ape 

=  A  x  complementary  mino 

which  may  be  written 

dA    dA 
daik   dait 

a      d2A 

=  A ; 

daikdape 

dA     dA 

< 

aapk  actpe 

whence 

A     ( 

da 

?2A          dA    dA       dA    dA 
ikdape      daik  dape      dapk  daie 

which  is  the  formula  already  obtained  in  57. 
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1. 


also 


2. 


EXAMPLES 

Show  that 

h. 

0 

0 

0 

0 

0 

=  -z1\x1y2z3\ 

0 

z, 

0 

0 

Vi 

0 

0 

0 

z3 

2/3 

0 

x3 

0 

% 

*2 

2/2 

ft 

%2 

*3 

0 

«1 

Vi 

0 

Xi 

z2 

*1 

0 

0 

2/i 

0 

ai 

0 

0 

a4 

0 

0 

=  [a164|    \a2b5 

0 

a2 

0 

0 

a5 

0 

0 

0 

a3 

0 

0 

a6 

bx 

0 

0 

&4 

0 

0 

0 

&, 

0 

0 

&5 

0 

0 

Q 

&3 

0 

0 

h 

Show  that 

a2 

h 

c2 

0       0 

=  \A,B2  Cs 

«3 

b3 

c3 

0       0 

axz 

-i 

Mi 

cxAx 

A2    A3 

CLiE 

i 

&A 

eA 

B2    B3 

axCx 

&id 

OlCl 

C2 

03 

WW 


(«s  &e|» 


[«i&2c3l. 


3.  If  A  is  a  determinant  of  the  ?ith  order,  having  n  —  m  zero 
elements  in  the  corresponding  places  of  m  rows,  then  A  is  the 
product  of  that  minor  whose  elements  are  the  other  elements  of 
the  m  rows  and  its  complementary  ;  the  sign  of  the  product  is 
determined  as  in  55. 

4.  If  any  determinant  of  the  nth.  order  has  more  than  (n  —  m) 
zero  elements  in  the  corresponding  places  of  m  rows,  the  deter- 
minant vanishes. 


5. 


ax 

&i 

<h 

M 

JV 

= 

ax  —  M 

bx-N 

a2 

b2 

C2 

P 

Q 

a2-P 

h-Q 

a3 

h 

c3 

a3 

h 

a4 

h 

* 

a4 

b, 

a5 

h 

c5 

«5 

h 

<h 

a2 

a3 

a4 

=  \d2a3\    |64Ci| 

&i 

0 

0 

h 

<h 

0 

0 

c4 

di 

d2 

d3 

dt 

|c3a465 
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6. 


CTj  a2 

bi  62 

0  0 

0  0 

0  0 


a4    a5 

&4        h 


a6     Oj     Og 
6«     67     6« 


A  A  A 

gi  g2  g3 

hi  7i2  h3 

h  h  0 


0 
0 
0 
A 
9* 


u      c6  c7 

0      d6  d7 

0      e6  e-t 

A   A  A 

g-o   g*  g7 
h 


h- 
i, 


d8 
A 


<h 

«10 

h 

610 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

=  — K&iol  [ce^eg]  1/sgrAl  \i\k2\. 
7.   Show  that 

(a, -b.Y-  (at-62)2  (a1-63)2 

(a2-602  (a»— &)*  (a2-63)2 

(fls-M8  (a.-*,)1  («3-63)2 

(«4-&i)2  («4-&2)2  (a,-*,)1 


(«!-64)2 
(a2-64)2 

K-&<)2 
(a4-64)2 


=  0. 


This  may  be  proved  by  multiplying  the  two  arrays  : 


ai 
a? 
a42 

8.    Show  that 


n 

1 
1 
1 


and 


1 

-26, 

W 

1 

-26., 

622 

1 

-263 

V 

1 

-264 

w 

|«i»l  («i  +  ^2  +  a*  H h  a?,) 


Oai      «22 


+  ...+ 


Oil 

«21 


fl«2 
flu 


a»l*l    «n2^2 


«iA 

«2» 


flln 
<Xg„ 


a.,„av 


+ 


au     a12 


Notice  that  the  coefficient  of  xt  in  this  sum  is 

aXiAu  +  a2iA2i  -f  0^4*  H h  am-^ni  =  |«i»]- 

9.    As  an  application  of  the  preceding,  show  that 
2(x1  +  x2  +  x3) 


*1 

x2 

xs 

x2 

x3 

»1 

1 

1 

1 
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net  2    /yt  2    n.  £ 
•b\      <^2      "^3 

+ 

x>2  x3  %i 

111 

*JC\     3/9     U/q 

+ 

•V*>        WQ        »Vl 

1   1   1 

i     2  *^2*ti  •*^i'*/l 

+ 

•*/•>                •£'<}                4</1 

r  i   i 

•t/liVQ     2/OiVQ      **/Q*i/1 

1  1  1 


10.  Given  fr  (x)  —  c^ar*  +  3  bxx2  +  3  cxx  +  du 
/2(o;)  =  a2ar5+  3  b<fr-\-  3coX-\-  d2, 
/3(a;)  =  a3x*+  3  63ar>-f-  3  c,x  +  d3 ; 


show  that 

- 

/i(*)     //(*)     /i"(*) 
/*(*)     f2\x)     f2"{x) 

M*)   /.'(*)   /."(*) 

=  -18 

1      —X 

ax     bx 
a2     b2 

«3       &3 

iT2 

C3 

—  X 

dx 
d2 
d3 

The  first  determinant  is  at  once  reducible  to 

-18 

a2x  +  b2    b2x  +  c2    c2 
a3a;  +  63     68a;  +  C3    c3 

a  +  d\ 
x  +  d2 
x  +  ds 

? 

which  may  be  written 


1  0  0 

a2    a2x  +  b2    b2x-\-c2 
a3     a3x  +  bs     bAx  +  c3 


0 
cxx  +  dx 

C3  x  -j-  ci3 


Again  using  37,  the  last  determinant  becomes  the  result  above 
written.  The  student's  attention  is  called  to  the  fact  that  the 
method  of  bordering  a  determinant,  i.e.,  increasing  its  degree 
without  changing  its  value,  here  employed,  is  frequently  of  use 
in  simplifying. 

63.  The  following  examples  comprise  several  interesting 
expansions  of  determinants.  The  cases  considered  and  the 
methods  employed  are  important. 

I.  Expand  the  following  determinant  in  ascending  powers 
of  x: 


A  = 


^11    I     X  Oj2 

do\         O  22  "T"  X 

anl  an2 


d2n 


ann+x 
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A  is  evidently  a  function  of  x  of  the  nth  degree,  in  which  the 
coefficient  of  x"  is  1,  and  the  absolute  term  is  /(0)  =  |ai„|. 
To  complete  the  expansion,  we  have  to  find  the  coefficient  of  x*. 
Consider  the  product  of  two  complementary  minors  of  A,  of 
the  fcth  and  (n  —  1c)  th  degrees  respectively, 


aM  +  x 


and 


aw      a..  +  x 


This  product  contains  the  term 


x" 


app  apq 

a„„  a„„ 


an„  a„ 


=  o*Z>nHfc,  say. 


The  entire  coefficient  of  re*  is  accordingly  %Dn_k,  i.e.-,  the 
sum  of  all  the  minors  of  lojj  of  order  n— &,  whose  principal 
diagonal  lies  in  the  principal  diagonal  of  lalB|. 

.-.  A  =  \aln\  +  xlDn_1  +  x22Dn_2-{--~+xn. 

As  an  illustration,  the  student  may  show  that 

ax-\-x       bt  Ci  dx 

Oa  b2  +  x       c2  dg 

a3  b3  %  +  x       ds 

a4  64  c4  d4-\-x 

=  |a1&2C3d4l  +  [|62C3c74|+  |ax(fecf4| 

+  |aa&2  d4\  +  \a1b2c3 I]  x 
+  l\b2c3\-{-\a1d4\  +  \a1c3\ 
+  \b2di\-{-\a1b2\  +  \c3d^x3 
+  [<h  +  b2  +  c3  +  d4]  x3  +  a4. 

For  another  exercise,  let  the  student  find  the  terms  of 
A  =  laln|  that  contain  k  elements  from  the  principal  diagonal,  by 
considering  the  product  of  two  complementary  minors,  as  above. 
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II.  Expand 

ax  +  ly        cxx  -f-  nxy  bxx  +  m^y 

c&  +  n^y     bx  +  my  axx  -f-  l^y 

b.jx  -f  mgj     a^x  +  1$  ex   +  ny 
in  ascending  powers  of  x  and  y. 

Putting  first  y  =  0,  and  then  <e=0,  the  terms  involving  x3 
and  2Z3,  respectively,  are 


a" 


C,       &! 

,  and  y3 

6    ax 

a2    c 

nx 
m 


7/1  ] 
h 

n 


Putting  the  y's  in  the  two  last  columns  of  A  equal  to  zero, 
we  obtain  for  one  set  of  terms  involving  x*y 


x*y 


I 

n2 

m2 


and  the  two  other  sets  of  terms  containing  x*y  are,  similarly, 


rfy 


m 
L 


and  x*y 


<h 

mx 

b 

h 

«2 

n 

The  coefficient  of  xy2  is  found  in  a  similar  manner,  and  the 
entire  expansion  is  accordingly 

A  =  ar5 


+  xy* 


III.  Show  that  any  determinant  A  may  be  developed  in  terms 
of  the  elements  of  any  row  and  column  and  the  second  minors 
of  A  corresponding  to  the  product  of  these  elements. 

Let  A'=|a„  aM  aJ, 


a 

Ci    &i 

+  x*y 

I    ca 

h 

+ 

a    % 

\ 

+  \a 

cx  mx 

c2  b  ax 

n2  b  ax 

c2  m  ax\     l^    b    lx 

b2  «2  c 

- 

m2  Oa  c 

&2     Z2     C    J        |&2    °>2    n 

- 

a  nx  mx 
c2  m  lx 

+ 

1      Cx    mx 

n2   b    lx 

+ 

l    nx  bx 
w2  m   ctj 

+  y* 

I  nx  mx 
n2  m   lx 

b2  l2 

n 

m2 

a2  n 

ra, 

!     '2       C 

m2  l2 

n. 

and  border  it  as  indicated  below  ;  calling  the  result  A,  we  may 
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expand  A  in  terms  of  the  bordering  elements  and  first  minors 
of  Af,  i.e., 

=  am  A  —  J  a10  o&oi  -"ii~l~  aio  °o2  -"12 

-{-  a10  a^  -4j3+a2o   £%  .<4.21+a20   a^  ^.22 

~r  ^20     a03    -"23~ra30     ^01     -"81    I"  a30      a02     -"32 
T"  a30     ^03    -"33  )  » 

in  which  Aa  is,  as  usual,  a  first  minor  (with  its  proper  sign) 
of  A'. 


aoo 

<x01 

002 

«03 

«10 

Oil 

a12 

a13 

a20 

«21 

a22 

&23 

a30 

«31 

«32 

a33 

In  general,  if  A'=  I  a^a^- 


I ,  we  have 


A  = 


aoo  Ooi 

Oo2  .. 

•    a0n 

"10  On 

Ou  . 

•    ai» 

0»  An 

a^  . 

•    a2n 

=  a00A'—  SaaOM^    (i',fc  =  l,2,3...n), 


anQ  anl   an2  ' '  •    an.. 

in -which,  as  before,  Aik  is  a  minor  of  A'. 

For  the  terms  of  A  containing  a^  are  obviously  a^A'.     Now 
let  Cbe  the  complementary  minor  of 

Ooo  «o*   in  A  ; 
atV  aik 

then  aoo  aik  C  contains  all  the  terms  of  A  involving  a^a^;  hence 
aik  C  contains  all  the  terms  of  A'  involving  aik,  and  consequently 

C  =  Aik, 

and  —  c^a^A^  is  the  expression  for  the  terms  of  A  containing 
the  bordering  elements  am  a0k. 

This  expansion,  known  as  Cauchy's  Theorem,  is  frequently 
written 

A  =  a,.,  Ars—2  arkaupik.  (a) 

Here  A  is  a  determinant  of  the  nth  order.  Ars  is,  as  usual,  the 
complementary  minor  of  ar,  in  A  ;  i  has  all  integral  values  from 
1  to  n,  except  r  ;  Jc  has  all  integral  values  from  1  to  n,  except  s  ; 
and  (3ik  is  the  -complementary  minor  of  aik  in  A,.,.  (a)  is, 
accordingly,  the  expansion  of  A  in  terms  of  the  elements  of  the 
?lh  row  and  the  sth  column. 
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The  student  may  show  that 


a     f    g     h 

=  abed  — 

ffxcd  —  ggxbd  —  hh 

fx     b     0     0 

ifr.    0    c    0 

h±    0     0     d 

Ct\  "J"  *C\     0/2            Cf-g          Ct^ 

= 

ciy-j-Xi  a2     a3     a4 

— ^    a;2       0       0 

—  x1     x2     0      0 

0     —  x2    x3      0 

—  icx     0      x3     0 

0       0- 

a?3    a;^ 

—  a?!     0      0      x4 

^  JjX  ^  "'S          •''4  J 


TV.   If  A  = 


#1    a2    a3   • 

•    an 

Ctj     i&J      OLg     • 

•  «» 

ax  a2  a;3  . 

.  a„ 

«1    «2    a3   • 

•   Xn 

and  if  we  put 


f(x)  =  (ajj—  ttl)  (a?2—  as)  •••  (x„—  an) , 


and 


/'0*)  = 


we  find 
For 
A  = 


=  (x1  —  a1).--(xil—ai_1)(xi+1ai+1)  —  (xn—an), 
A=/(a0  +  W(O. 


1 

0    0    0. 

..   0 

1 

Xi  a2  03 

. .    a„ 

1 

ax  a,'2  a3     . 

••      an 

1 

ax  a2  a;3    . 

..    an 

1 

<*i  <*2   a3     • 

•  •    x,i 

1     — aj       — a2      — a3 

lx,-fll     0  "       0 
1      0     a-2-a2     0 

10           0       X3  —  a3 

...      —  a, 
...         0 
...         0 

...       0 

10         0          0 

...    Xn  —  i 

whence  (if,  as  in  III.,  we  let  A'  represent  the  complementaiy 
minor  of  the  first  element)  A'=/(#),  and,  since  every  first 
minor  of  A'  vanishes  except  the  minors  of  the  diagonal  elements, 
we  have  the  required  value  of  A  on  applying  the  theorem 

A  =  aw\'—'$aiOa0kAik. 
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V.    Show  that 


A  = 


a.!  X  X  X 
X  oto  X  X 
X     X     (Xo    X 


=  f{x)-xf(x), 


X     X     X     X    ...     (!„ 

in  which      f(x)  =  (x  —  ax)  (x  —  a^){x  —  cu,)  •••  (x  —  a„) , 
and  f\x)=-^^-  =  (x-a2)  (x  —  a3)  .••(«  —  a.) 

+  (•—  ai)  (*  —  as)  •••  (»  —  «.) 

_| |_(a;_ai)   (CC-02)  •••(£  — O^). 


A  = 


1 

0    0    0. 

.  0 

1 

at  X    X   .. 

.  a; 

1 

X     aq  X    .. 

.  a; 

1 

X    X    a3  .. 

.  a; 

1 

*   a:   a?  .. 

.    O* 

1      —X      —X      —X 

lai- a;  0  0 
1  0  ojj-a;  0 
10        0    og-a; 


0 
0 
0 

a*  —  X 


0        0        0 
Then,  as  in  the  preceding  example, 

A  =/(*)- */'(*)• 

64.   To  the  expansions  of  the  preceding  article  we  append  the 
solutions  of  the  following  determinant  equations. 

I.    Solve  the  equation 


A  = 


X 

«i 

a-i 

«1 

<*1 

X 

«i 

"1 

<*i 

a-i 

X 

<*i 

<*i 

«i 

<*1 

it' 

=  0. 


We  find  by  easy  reductions 


A=(a-a1)!! 


X     ax     ax     ax 

-110  0 
-10  10 
-10     0     1 


=  (»-a1)3(a;  +  3a1)  =  0. 


Whence, 


X  =  a1?   On   al5    — 3ai» 
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II.   Find  the  values  of  x  in  the  equation 


A  = 


A  = 


X 

Clt 

h 

<H 

«1 

X 

Ci 

by 

bi 

<h 

X 

«1 

Cl 

bx 

<h 

X 

=  0. 


^+«i+^i+cx  ax  bx  cx 

X  +  Cti  +  ftl  +  Cj    a;      q     &! 


(a  +  aj+ftx+Ci) 


1 

«1 

&, 

fi 

1 

X 

Ci 

&i 

1 

Ci 

X 

Oj 

1 

&1 

a, 

a; 

=  (a  +  aj  +  6i+  Cj)  (a;  -  Oa+  fix—  q) 


0-11    -1 

i  x   Ci  hi 

\       Cx      X       Oi 

1     &!    ax    a; 

Put  the  two  polynomial  factors  =A  and  Z?  respectively  ;  then 
the  last  expression 

0  0-10 

1  a.-4-Ci  q  &!+C! 
1  tf  +  Cj  a;  c^+a; 
1    &1  +  CE!     %     c^+a; 

0  0 
A.B.    1  0 

1  0 
1  &!  +  ax—  a;  —  cx 


A.B. 


x 


0 

fci+Cx—  c^—  a; 
0 
0 


Whence 


(a;  +  ct!+  &!+  Cj)  (x  —  a!—  Cx+  b{)  (6X+  a:— x  —  d) 

(Ol+X  —  &!—  Cj)  =  0. 

.*•*  =  —  («i+6i+  Ci),   (ai-ftj+Cj),   (^-Cj+Oi), 
(&i— c^+c^. 

III.    Find  the  roots  of  the  equation 


A  = 


a3  b3  c3 

(a  +  A)3        (6  +  A)3        (c  +  A)3 

(2a  +  A)3     (2&+A)3     (2c+A)3 


=  0. 


From  the  third  row  of  A  subtract  the  first  row  multiplied  bjr  8, 


78 


THEORY   OF   DETERMINANTS. 


and  from  the  second  row  subtract  the  first  row.     Then  subtract 
the  second  row  from  the  third,  and  we  have 


A  =  3A2 


a?  b3  c3 

3a2  +  3aA  +  A2    362  +  3&A  +  A2     3<?  +  3c\  +  \, 

3a2  +  aA  3&2  +  &A  3c?  +  c\ 


Now  subtract  the  third  row  from  the  second,  and 


A  =  3A3 


a3  b3  c3 

2a +A      2&+A      2c+A 
3a2+aA     3b2+bk    3c?+ck 


0. 


From  this  equation  it  is  obvious  that  three  values  of  A  are  zero ; 
the  other  two  roots  can  be  found  by  equating  to  zero  the  quad- 
ratic factor  of  the  first  number,  and  solving  for  A. 

A  ma}r,  however,  be  further  simplified  as  follows :    subtract 
the  first  column  from  each  of  the  other  two  ;  then 


A  =  3A3(c-a)(&-a) 


a3         &2+a&-fa2     tf+ac+a? 
2a  +A  2  2 

3a2+aA    3&+3a+A     3c+3a+A 


Now  subtract  the  second  column  from  the  third,  and 


A=3A3(&-a)  (c-a)  (c-b) 


a3  a2+  ab+b2     a  +  b  +  c 

2a+A  2  0 

3a2+aA     3a  +  3&-f-A  3 


Finally,  add  the  second  column  multiplied  by  —a  and  the  third 
multiplied  by  ab  to  the  first,  and  afterward  subtract  the  third 
multiplied  by  a  +  b  from  the  second ;  then 


A=3A3(&-a)  (c-a)  (c-b) 


abc  —bc  —  ca  —  ab  a-\-b  +  c 
A  2  0 

0  A  3 


=  0. 


Whence  three  values  of  A  are  seen  to  be  zero,  and  the  other 
two  roots  are  readily  found  from  the  quadratic 


(a  +  b  +  c)  A2+  3 (be  +  ac  +  ab)  A  +  6  abc  =  0. 
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65.  Theorem.  —  The  total  differential  of  a  determinant  A 
is  a  sum  of  n  determinants,  each  of  which  is  obtained  from  A  by 
substituting  the  differentials  of  the  elements  of  a  row  for  the 
elements  themselves. 


Let 


A=  \xly&  —  tn\. 


Developing  in  terms  of  the  elements  of  the  tth  row, 
A=    X.X.+   yiTt+   ziZi+-.+   UTt. 
.:  dt A  =  dxt Xt+  dyt F<+  dzt Zt-\ (-  dtt  Tt. 

There  must  be  n  such  expressions  for  the  total  differential,  each 
of  which  is  obviously  A,  after  changing  the  elements  of  the  ith 
row  into  their  differentials. 

.-.  [dA]*  = 


+  •••  + 


dxx 

dyi 

dzx  . 

..dtx 

+ 

a?, 

.Vi 

«1    • 

..  tx 

x2 

Vi 

z2   • 

..    h 

dx2 

dy2 

dz2   . 

..dt2 

*n 

yn 

z»   • 

..   tn 

*» 

yn 

zn    . 

..  tn 

Xy 

Vi 

zx    . 

..   *, 

. 

X2 

y2 

z2    . 

•  •   k 

dxn  dyn  dzn 


dL 


From  the  differentials,  partial  or  total,  we,  of  course,  pass 
to  the  corresponding  derivatives  in  the  usual  way. 


Illustrations. 

v  =  —  ;  N2dv 

N 


dM  M 

dN  N 


dM  M 

dN  N 


d?M  M 

d?N  N 


Let         \aqia22a33au\  =  A  = 


dA-A  +A    - 
—  —  ~a.xx-tjn22  — 

da 


a  2b 

c    0 

0    a 

26  c 

b  2c 

k    0 

0    b 

2c  k 

a 

26 

c 

2  c 

k 

0 

b 

2c 

k 

-{-k\a   c 
6    k 


*  The  [  ]  denote  the  total  differential. 
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^  =  2A^+2A^+Aai+A42=Ab\b    I 
db  \c    k 


-4& 


a   b 
b   c 


4 


26 
a 
b 


c 

26 
2c 


•••» 


T"  — A^-^-A^-^  2^32+  2^43 1 
dc 

dA  _  A     ,   A 

— ^33-1-^44—   •••. 

dk 

66.    Theorem.  —  If  the  elements  of  A  are  all  functions  of  the 

same  variable  x,  —  equals  the  sum  of  n  determinants,  each  of 
dx 

which  is  obtained  from  A  by  substituting  the  derivatives  of  the 
elements  of  a  row  for  the  elements  themselves. 

The  truth  of  this  proposition  is  evident  from  the  preceding. 

Thus,  if 


A  = 


dA 
dx 


If 


/n(a)  fn(x)  ...  fln(x) 
/21(a)  /22(a)  ...  fn{x) 

/»i(a)  /n2(a)  ...  fnn(x) 

fn'(m)  /»»(•).  ../*/(*) 

/21(a)   f^x)  ...f2n(x) 

/*(*)  /*(*)  ..•/„„  (a) 


+ 


+ 


A  = 


1 

Xxo; 

0      0 

1 

1 

A2a     0 

0 

1 

1     \& 

0 

0 

1       1 

/ii(«)    /12(a) 
/n'(«)  /«'(*) 

/»i(a)    Mx) 

/11(a)   /12(a) 
/21(a)   /22(a) 

/„i'(a)  /l2'(a) 
=  AJA2A.3 


/m(a) 
A'(a) 

/«n(a) 

/i»(a) 
/2«(a) 

/»n'(a) 

0     0 


+ 


-     —     x     0 
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the  student  may  show  that 


ax 


-     x     0 
X, 

0     -     x 

*3 

0     1     1 


+ 


x, 


x     0 


0     —    x 
A3 

0     0     1 


+ 


1 

X 

0 

*i 

1 

1 



— 

X 

A, 

A2 

0 

0 

1 

CHAPTER  III. 

APPLICATIONS   AND   SPECIAL   FORMS. 

67.  We  have  now  discussed  the  origin  and  some  of  the 
properties  of  determinants  ;  it  remains  to  show  how  useful  these 
functions  are  in  application,  and  to  examine  some  of  the  Special 
Forms  that  are  of  frequent  occurrence.  Within  the  limits  of  an 
elementary  work  like  this  it  will  be  possible  to  select  only  a 
very  few  of  the  many  important  applications,  and  to  touch 
somewhat  briefly  upon  the  special  forms.  Enough  will  be  given, 
however,  to  enable  the  student  to  pursue  his  further  investiga- 
tions with  pleasure  and  profit.  We  now  return  to  the  problem 
with  which  we  commenced  the  presentation  of  determinants,  and 
proceed  to  the 

Solution  of  Linear  Equations,  and  Elimination. 

68.  Consider  the  set  of  three  simultaneous  linear  equations  : 

aiX  +  biy  +  cxz  =  mx  ~\  Oj    bx    cx 

cup;  +  bgj  4-  c.jZ  =  m2  >  ,    and  A  =   a2    b2    c2 

Os35  +  b£J  +  CgZ  =  ™3  )  <h      &3      c3 

Multiply  these  equations  by  Ax,  A2,  and  A3  respectively,  and 
add  by  columns,  obtaining : 

((hA+  a2A2+ OsA^x  -f  (b^+b^+bsA^y 
+  (cxAx+c2A2  +c3A3)z 
=  mlA1+m2A2+'m3Az. 

By  45  the  coefficients  of  y  and  z  vanish  ;  the  coefficient  of  x 
is  A  =  \axb2c3\,  and  the  absolute  term  is  \mlb2cz\. 

Whence  \mx  b2  c3l_ 

\ax  b2  c3| 
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If  we  had  multiplied  the  given  equations  by  Bu  B2,  B3,  we 
should  have  caused  the  coefficients  of  x  and  z  to  disappear  in 
the  resulting  equation,  and  would  have  found 


y  = 


kj  m2  cj 


l«i  b2  c3\ 
Using  Ci,  C2,  Cs  as  multipliers,  we  should  find,  similarly, 

z_  \ax  b2m3\ 

69.    To  generalize  the  solution  of  the  preceding  article  is  now 
an  easy  step.     Given 

anx^  +  a^2  H f-  alrxr  -\ \-  alnxn  =  mx  ^ 

^21*^1     I     <^22^a  "T"  " ' "  "I     &Zf&r  "I     " " "  "I     ®2n%n  =  ^2 


a^  +  ar2»2  + 


+  a„#r  + 
+  anrxr  + 


+  amxn  =  mr 

~T~  Q>nnXn  ~  Wl„  ,, 


L  L, 


and 


au 

a12    . 

.    alr    . 

.    aln 

«21 

«22     • 

•      «2r      • 

•      «2« 

arl 

Clr2 

.    a,T    . 

•      «rn 

«»i 

fl„2      • 

•      Unr     ' 

•      GnB 

Ar, 


Here  A  is,  as  before,  the  determinant  formed  from  the  n2  co- 
efficients in  the  first  members  of  equations  I.,  and  is  called  the 
determinant  of  the  system. 

Multiplying  equations  I.  in  order  by  Alr,  A2r,  ...  Arr, 
and  adding  by  columns,  we  find 

(anAlr  +  a2lA2r  + 

+  

+  arrArr+ 


+  (alrAlr  +  a^rA^  + 
+      

+  (aln^llr  +  a2n^2r  + 
=  m1Alr  +  m2A2r  + 


+  a^Arr  + 

+  a^A„  + 


+  amA„+ 
+  mrATr  + 


+  anlAnr)xl 
-f-  an2Anr)x2 


+  ClnrAnr)xr 

+  annAnr)xn 


M) 
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In  equation  (-4)  the  coefficient  of  all  the  unknowns  except  the 
coefficient  of  xr  vanish,  and  the  coefficient  of  xr  is  obviously  A. 
The  second  member  of  (A)  is  evidently  what  A  becomes  when 
m„  m2,  ...m„  are  put  for  the  corresponding  elements  of  the  rth 
column.     Hence 


xr  = 


an 

«12     • 

.   rrii   . 

•    <h» 

(hi 

«22     •• 

.    ra2    . 

•      a2n 

arl 

a^   .. 

.    mr    . 

.    an 

«„i 

««2  •• 

.    mn   . 

•     ann 

«11 

«12 

..    alr    .. 

«i» 

«21 

«22 

..    a2,    .. 

&&, 

«rl 

«V2 

..    a„   .. 

a™ 

«„1 

«na 

..    anr   .. 

a»» 

Translating  this  formula,  we  have  : 

The  value  of  each  of  n  unknowns  in  a  set  of  n  linear  simul- 
taneous equations  is  the  quotient  of  two  determinants;  the  divisor 
{denominator)  is  the  same  for  all  the  unknowns  and  is  the  deter- 
minant A  of  the  nth  degree  formed  by  writing  the  coefficients  of 
the  unknoicns  in  order  {i.e.,  the  determinant  of  the  system) ;  the 
numerator  of  the  value  of  any  unknown  as  xr  is  obtained  from  A 
by  substituting  for  the  elements  of  its  rth  column  the  second  mem- 
bers oftlie  given  equations  in  order.* 

70.  The  following  modification  of  the  solution  already  given 
of  equations  I.  will  be  interesting.  Employing  the  same  notation 
as  in  69,  we  have 


xr 

A  = 

au 

«]2 

..   a\rxr   . 

..    alB 

<ha 

$22 

..    a2rxr    . 

.    a2„ 

«rl 

a* 

..    a„xr   . 

.    am 

which,  by  37, 

anl 

an2      - 

..    anrxr  . 

•   a»» 

*  This  is  the  rule  for  the  solution  of  simultaneous  linear  equations  first 
obtained  by  Leibnitz,  and  subsequently  rediscovered  by  Cramer.  (See 
opening  paragraph  of  Chapter  I.) 
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«11 

«12     • 

•     alr-l 

a11z1+a12a;2+ 

a» 

<h»    . 

•      a2r-l 

^21"^1"T"  &22"^2T" 

arl 

ar2   . 

.      0>rr-l 

arl  "*i  T"  ar2  ■**  ~T" 

«„i 

an2  • 

•      ttnr-l 

&»1  **a    1    &nS  *^2  T 

+  Ct2„  #n        P^2r+1 
~T  ^rn  Xn        0.-„+\ 


•  t  tl2r-ia'r-i"r  tt2ra;r-|- 

•  +  a.nr_1  xr_i~\-  anrxr-\- 

a2n 
Urn 


Now  substitute  in  the   last  determinant  the  values  of  the 
elements  of  the  rth  column,  and 

x  A  =  a  m, 

m2 


ttji       Clj2 
CSjl        &22 


«lr-l 
ft2r-l 


C6r2       Ctr2     •  ••     CLrt — i      Hftr 


I  aua22 . . .  mr 


m„ 


I  0tjj(X22  •  •  •  t^rr  •  "  •  ^»n  I 

as  before. 

A  simple  example  of  the  methods  of  69  and  70  is  the  solution 
of  the  following  equations  : 


5x  +  3y  +  3z  =  48 
2x  +  6y  —  3z=18 
8x-3y  +  2z  =  21 

48  3  3 
18  6-3 
21-3     2 


Here  A  = 


5     3     3 
2     6-3 

8-3     2 


=  -231, 


=  3;  y  = 


5  48  3 
2  18-3 
8     21     2 


=  5  ;  z= 


5  3  48 
2  6  18 
8-3     21 


-231  '  "  -231  -231 

As  another  example,  we  may  solve  the  equations : 


=  6. 


y+z +u=a 
z  +u +x  =  b 
u  +  x  -\-y  =  c 
x+y +z =d 


Here  A 


0 

1 

1 

1 

1 

0 

1 

1 

1 

1 

0 

1 

1 

1 

1 

0 

=  -3. 
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The  student  may  show  that 

x  =  $(b+c+d-2a);    y  =  £(c  +d  +  a-26)  ; 
z  =l(d  +  a  +  b  —  2c)  ;     u  =  i(a  +  b  +  c  —  2d). 

71.  We  have  hitherto  tacitly  assumed  that  neither  A  nor  mt 
(i  =  1,  2,  ...  n)  should  vanish.  If  A  vanishes  and  mt  does  not, 
the  value  of  each  unknown  becomes  infinite.  If  mt  vanishes 
while  A  does  not,  the  values  of  the  unknowns  are  severally  zero  ; 
but  when  mt  vanishes,  the  system  consists  of  homogeneous 
equations,  and  their  solution  is  given  later.  If  m;  does  not  van- 
ish, but  A  and  the  numerators  of  the  unknowns  do  vanish,  then 
we  have  the  following:  theorem. 


72.   If  the  equations  of  a  set  are  not  independant,  i.e.,  if  any 
one  (or  more)  is  a  consequence  of  the  others,  the  value  of  each 

unknown  takes  the  form  — 
J         0 
Since  the  equations  are  all  linear,  any  one  can  be  derived  from 

the  others  only  by  the  addition  of  two  or  more  of  them  after 

each  has  been  multiplied  by  some  constant  factor.     But  this 

gives  rise  in  the  determinant  numerator  and  denominator  of  the 

value  of  any  unknown  to  two  or  more  identical  rows,  and  hence 

numerator  and  denominator  vanish. 

For  an  example,  take 


alxx-\-blx2    +  cxx3    =mx 
a^  +  b2x,2     +C2Z3     =»ia 
ai2aji  +  ai  &1  X2+  ai  ci  ^3=  ai  Wl 
We  find 
mx  bx  cx 


ax  bi  Cj 

A  =  Oj 

a2  b2  <% 

ax  &j  Ci 

=  0. 


m2  b2  Co 

Wlj  &!  c 


0 .   _  _  a  loim,^!      0         _     iCTj&amxl      0 

—    •       &a  —   til    ^=  —    *       *&\  —   til    — — — -  ^=    — • 

0  A  0 


A  0'      *        *        A 

For  a  second  example,  the  student  may  show  that  the  values 

of  the  unknowns  in  the  following  equations  take  the  form  -■ 

3  x  -f-  2  w  —  hz  =     4 
6x  —  3y+4z 

'y-2z  = 


22  [•. 
-2J 
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73.    If  mx  =  w2=  •••  =  mn_1  =  0,  and  one  m  as  mn  does  not, 

we  evidently  get 

mnAnl  mnA„<,  m„Ann 


Whence 


«?1 

Anl 


A 
x2 


X2  — 

"aZ 


mn 

A~ 


74.  If  m1  =  m2  =  •••  =  vnn  =  0,  i.e.,  if  equations  I.  become 
homogeneous,  then,  unless  x±,  x2,  •••xn  are  severally  zero,  A  must 
vanish. 

In  that  case,  equations  I.  become 


i  ■=.  OrftXi-\-  a^2x2-\- 

2  =  &21 *1  "I     ^22  *2  ~T~ 
-  arl  *1  "T  ar2  *2    \ 

„  =  ct„i#i+  an2x2-\- 
Since   xr  A  =  I  an  a^  <% 


+  alrxr+ 
+  a2rxr+ 

+  arrxr+ 

+  anrxr+ 


+  auajn=0 

+  O2n^„=0 


+  arnxn=Q 

+  annxH  =  0 
=  0  imr  being  zero),  the 


II. 


mr-"  a„ 
truth  of  the  assertion  is  obvious. 

An  example  is  furnished  by  the  homogeneous  equations  : 

011*1  +  «12*2  +  «13*3  =  0  "] 

02\Xl  +  022*2  +  «23*3=0     >.  (E) 

C,31  *1     I*  °32 *2  "T"  a33 #3  =  0   J 

Multiplying  equations  (E)  by  -4U,  A21,  A31,  respectively,  and 
adding  by  columns,  we  have 

(anAn  +  a2lA2l  +  a^A^x^ 
+  (a12^n  +  f'22-"2i  +  ^-"si)3^ 
+  (a^An  +  Osa^a  +  or^si)  xz  =  0- 

The  coefficients  of  x2  and  #3  are  zero,  and  we  have 

a^A  =  0,  .-.  A  =  0. 

As  a  further  illustration,  the  student  may  show  that  if 
nx^x+vytf+ioz^+u^yZi+yiz)  +v1(zx1+z1x)  +w1(xy1+xly) 
is  zero  for  all  values  of  x,  y,  and  z,  then 

uvw  —  uiii—  Wi~  wu\2+  2  tt1v1ic1=  0. 
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Observe  that  by  the  given  conditions  the  coefficients  of  x, 
y,  z  must  severally  vanish. 

75.  With  the  help  of  74  we  obtain  an  interesting  proof  of 
the  multiplication  theorem  of  53.  Consider  the  simultaneous 
equations 

(a1  —  X)xl-\-       bxx2      +      cxx3      =0  ) 
Ct^Xy       +  (b2  —  \)x2-\-       c2x3       =  0 
o^i       +       o3x2      +  (c3  — A)x3=0 


I. 


By  the  preceding  article  we  must  have 


A  = 


Cbl  —  A       bx  ct 

a2        b2  —  A      Ca 

On  On         Ca  —  A 


=  0, 


(a) 


y3  «-3 

or  \3-M\2  +  N\-P=0; 

where  we  notice  especially  that 

P  =  I  <*!  b2  c3\. 

Let  the  roots  of  (a)  be  Ax,  A2,  A3 ;  then,  evidently, 

z*  ss  —  Ai  Ag  A3. 

Now,  from  I.  we  obtain  three  new  equations  as  follows : 
Multiply  equations  I.  by  a1}  a*,,  a3  respectively,  and  add  them 
together ;  also  multipty  equations  I.  by  &,  (32,  /?3  respectively, 
and  add ;  finally,  multiply  equations  I.  by  yx,  y2,  y3  respec- 
tively, and  add.  We  now  have  three  new  equations  where  the 
determinant  of  the  system  is 

A'=  alai-{-aia2  -\-a3a3  —  ajA  bidi -\- b202  +  b^  —  aaA 
<hPi+  (*tfo+  «3/83-  ftX  6,)3i+  b*P»+  &s&-  ft* 
«iyi  4-  «2y2  +  °3y3  —  yi  A     bt  y1  +  &2y2  +  b3yz  —  72  A 


Cia-i  +  C202  +  C3a3  —  03  A 
C1P1+  C2/32  +  c3/33—  &A 
Ciyi  +  C2y2  +  C3y3  —  y3A 


=  0, 


Q\s  -  JfxA2  +  Nx\  -  Pi  =  0, 


<») 
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where  we  observe  that  Px  is  what  A'  becomes  when  we  put 
A.  =  0,  and  that 

Q  =  \ax  fi2  y3|. 
Further,  since 


it  follows  that 


—  =  —  Ax  A2  A3  =  P, 

Px  =  PQ  =  I  %  b2  C3  I  X  I  aj  ft  y3  I . 


But  P2  is  exactly  the  determinant  obtained  by  53,  and  this 
was  to  be  shown. 


76.  The  condition  A  =  0  being  fulfilled,  the  equations  no 
longer  determine  the  actual  values  of  the  unknowns  ;  they  deter- 
mine only  the  ratios  of  these  values.  For,  if  #/,  x2,  •••»„' 
satisfy  equations  II.,  so  will  fcu/,  kx2)...  7cxn',  k  being  any  factor. 
Any  n  —  1  of  the  given  equations  will  suffice  in  general  to  de- 
termine the  ratios  of  n  —  1  of  the  unknowns  to  the  remaining 
one.  An  example  will  make  this  clear.  "We  employ  for  brevity 
only  three  equations : 


ciiX  +  biy  +  ctz  =  0 
a2x  +  b2y  +  c2z  =  0 
03*  +  hV  +  <%z  =  0 
Write  these  equations 

x  ■      z  ■, 

y       y 

X  z 

<hy+C2y==~b2 


(a). 


x         z 
a3  — (-  Co  -  =  —  bo 

y     zy        3 


(6). 


) 


From  any  two  of  equations  (b)  we  may  find  the  values  of 


-,   -  ;   thus  from  the  first  two 

y   y 


l&i  c2\ 
l«i  c2\ 


l«i  &2I 
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Again,  equations  (b)  are   to  be  simultaneous ;  hence  these 
lues  of  -  an< 

y 

Substituting, 


values  of  -  and  -  must  satisfy  the  third  equation. 


Ogl&x  C2I  —  63!^  c2\-\-c3\a1b2\  =  0; 
or  A  =  0. 

Since  from  the  preceding  equations  -  also  equals 

y 

l&!     C3I  _  1 62     C3I 

we  have  x  _  Ax  _  A2  _  A3 

In  the  same  way, 

Z  Oj  C/2  C/3 

y~B~B~Bz 

and  hence 

£C         -"-1  -^2         *^-3 

I      Ci       C2       C3 
or, 

a; :  y :  z  =  ^ :  Bx :  Ci 

=  A2  '.  X>2  ■  ^2 

=  As :  J53 :  Cs. 

That  is  to  say,  Tlie  ratio  of  any  twb  unknowns  in  a  set  of 
homogeneous  eqtiations  is  equal  to  the  ratio  of  the  cofactors  in  A 
of  the  coefficients  of  these  unknowns  in  any  of  the  given  equations. 

The  general  proof  of  the  proposition  just  stated  may  be  given 
as  follows.     We  have  to  show  (equations  II.)  that 

Xi-.Xi'.Xs:  ..-:xr:  ••• :  xn=Au:  An:  A1S:  •••:  A-:  •••:  A. 
=  A21 :  A22  '  A23  :  •••  :  A2r :  •••  :  A^ 

=A„i  '-An2  'Anz  :  •••  '.An,  :  ••• :  A„„. 
If  these  proportions  are  true,  we  must  have  the  equations 
xr=\Apr  (\  =  constant ;  p=  1,2,  •••  n).  (i?,) 
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The  equation 

arlApl  +  0^4p2  ~\ +  arAPr  H H  <*mA>n  =  °  (^2) 

is  always  true,  whatever  the  value  of  p,  since  A  is  itself  zero. 
Substituting  in  (E2)  the  values  of 

Apn    -Ap2,  ■••  Apn, 
/ 

as  obtained  from  (i2j) ,  and  multiplying  by  A,  there  results 

This  last  being  a  true  equation,  the  proportions  from  which  it  is 
derived  must  hold.* 

77.  From  the  last  article,  or  the  two  preceding  articles, 
we  deduce  the  important  conclusion.  In  order  that  n  linear 
homogeneous  equations  may  be  simultaneous,  it  is  necessary  and 
sufficient  that  the  determinant  of  the  system  vanishes.  In  that 
case  any  one  of  the  equations  is  expressible  linearly  in  terms  of 
all  the  others,  provided  the  first  minors  Aik  do  not  all  vanish. 
For  we  have  in  general,  A  being  zero,  and  Za,  Z2,  ...ln  repre- 
senting the  linear  functions  of  equations  II., 

'1^1*  +  '2^2*  +  • "  +  lnAnk  =  0  ; 

hence,  if  one  at  least  of  the  first  minors  Au,  A2k, . . .  Ank  is  not  zero, 
as  for  example  Alk,  lx  must  be  expressible  linearly  in  terms  of 
/2,  /3,  ...ln,  and  hence  Zx  =  0  is  superfluous.  If  all  the  first 
minors  vanish,  and  one  at  least  of  the  second  minors  does  not, 
then,  similarly,  it  may  be  shown  that  tivo  equations  are  super- 
fluous, the  system  being  doubly  indeterminate,  and  so  on. 

78.  Among  the  proportions  of  article  76  consider  the 
following : 

x1 :  x2  :  x3  :  •••  xn  =Anl :  An2  :  An3  :  •••  A,m.  (^P) 

*  This  demonstration  applies  of  course  so  long  as  the  first  minors  of  A 
do  not  all  vanish. 
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■^■nll   -^-n2l   ■"« 


Ann   are,  none  of   them,   functions  of   the 


coefficients  of  the  last  equation  of  set  II.  in  74, 

anvh  +  'a»2*2  -f-  a„sx3  -\ (-  annxn  =  0. 

Hence,    proportions    (P)  give  the   ratios  of  the  unknowns 
xn  x2i  x&->  •••  xni  that  satisfy  the  n— 1  equations 

aux1    +  a12x2    H h«iA    =  0  "1 

o^Xi    +022^2    H ha*.*»     =0    I  HI., 

ttn-U^  +  «n-12^ H h  «n _ln#n=  0      J 

if  we  denote  by  Anl  the  determinant  formed  from  the  co- 
efficients in  equations  III.  after  suppressing  the  first  column  of 
terms,  by  A^2  the  determinant  formed  from  the  coefficients  of 
equations  III.  after  suppressing  the  second  column  of  terms, 
and  so  on.  Hence  having  given  n  homogeneous  equations  con- 
taining n  -f- 1  unknowns 

anX!  +  anx2  -j \-  aln+1a;n+1  =  0 

^21  Xl  "T  &22  X2  *T"  "  *  *   "T~  &2n4-1  2^14-1   =  0 


~ha2n+l**+l 

dn\xx+  an2»2  H r-  a„»+i»»+i  =  0 

we  find  the  ratios  of  the  unknowns  as  follows 


IV., 


put 


A^(-l)-1 


<xu    a12 
a2l    (% 


(hi-i    au+i 

a2i-l      ^Si+l 


%. 


anl      an2 

Then  from  what  precedes 

Xi :  a^ :  xs  :  •  •  •  :  x„_|_i  =  At :  A2  :  A3 


a 


ni+l 


Oln+1 
^211+1 

ann+l 


^ 


79.    Consider   the   following  n  equations   containing  n  —  1 
unknowns. 


^21*^1       T  &22X2        ~T 

anlXi    +  an2x2     + 


+  ai„-i^i        +i?!    =0 

+  02»-l«»-l      +^2      =  0 


V. 


a»-i»-i»»-i+i>»-i=  0    I 
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Equations  V.  may  be  made  homogeneous  by  multiplying  them 
by  u,  and  regarding  x^u,  x2u,  ...xnu,  u,  as  the  unknowns,  u 
being  any  arbitrary  quantit}\  Whence,  if  these  equations  are 
simultaneous,  we  have  by  77 

au      an    ...    aln_!        Pi       =o. 

<^21  &22        •  •  •       ^2n-l  _P2 

an-U     an-12"*      an-ln-l       Pn-1 
anl  a»2       •••      ann-l  Pn 

This  result  may  be  expressed  as  follows :  n  equations  (not 
homogeneous)  containing  n  —  1  unknowns  are  simultaneous  if  the 
determinant  of  the  nth  degree  formed  from  all  the  coefficients 
{the  second  members  of  the  equations  being  included  among  these 
coefficients)  vanishes. 

This  condition  could  also  be  derived  from  equations  II.,  Art. 
74,  by  putting  xn  =  l.  Those  equations,  n  in  number,  then 
contain  n  —  1  unknowns  ;  and  if  the  equations  are  simultaneous, 
we  see  that  \aln\  must  vanish. 

80.  With  the  help  of  the  preceding  article  another  solution 
of  a  set  of  linear  equations  may  be  obtained.  For  brevity  we 
employ  only  three  equations  : 

(1)  a1xl  +  b1x2-\-c1x3=7n1- 

(2)  a2 xx  +  b2 x2  +  c2xz  =  m2 

(3)  a3x1  +  b3x2-\-c3x3  =  m3. 

Take  with  these  equations  another, 

(4)  aix1  +  bix2  +  cix3  =  mi, 

which  we  suppose  consistent  with  the  first  three,  and  in  which 
aii  ha  c4,  w4  are  undetermined.     By  79 

\ax  b2  c3  mi\  =  0  ; 

or,  a4At -\-biBi  +  c^04  +  mAM4  =  0 ;  (5) 

where,  as  usual, 

Ai  =  —  \b1c2m3\;    Bi  =  \a1c2m3\  \ 
Ci  =  —  \a1b2m3\;    Mi=\a1b2c3\  =  A. 
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Now  if  we  eliminate  m4  from  equations  (4)  and  (5),  we  get 
atU+M  +  btU  +  ^  +  Jxz  +  ^^O.  (6) 

Since  equation  (6)  must  be  true  whatever  the  values  of  a4,  54,c4, 
the  coefficients  of  a4,  Z>4,  c4  severally  vanish. 


A 


C4 


or, 


8, 


_  \ml  b2  Ct]  .        _  \ai  m,  c3|  .        _  1%  52  w8l 


81.  Let  us  now  return  to  equations  I.  Art.  69.  Considering 
mx,  m2,  m3,  ...  mn  as  linear  functions  of  the  x's,  we  can  express 
any  new  linear  function 

c^  +  c2z2  H f-  c„a;n  =  y 

in  terms  of  the  m's. 
Thus,  if  we  have  given 


or 


cix1 

T  C2X2    + 

•••    +cn 

xn  =y    - 

1 

aU  Xl  T  ttI2  ^2  ~T" 

•  ••    +  #!„£„  =mx 

21     1  ~~ i     ^29     2  "T" 

...      -\-  CL2n  Xn  =  Wl2 

YL, 

'79, 

#nl  ^1 

A' 53 

Cl      C2 

#11    #12     •  •  • 

an  #22    ••« 

#«1    #;i2    " ' ' 

...    +an 
«i»  m\ 

#2»    ^2 
#nn    ^n 

n®n  —  Win    ' 

=  0. 

1 

Now  if  A 

|au|,  we  readily 
A'±yA 

obtain 

=  ±2/A; 

» 

± 

yA  = 

Cj        C2         •  •  • 
#11     #12       •*• 

#21    #22       "  •  • 

#nl    #»2     ••• 

cn    0 
aln  rax 

#2*    Wl2 
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82.  We  have  seen  that  if  n  homogeneous  equations  are  to  be 
consistent  with  each  other  (simultaneous),  the  determinant  of 
the  system  must  vanish.     The  equation 

A  =  0 

then  is  an  equation  of  relation  between  the  coefficients,  and  is 
really  the  result  of  eliminating  the  unknowns  from  the  given 
equations.  We  shall  soon  investigate  this  resulting  equation  of 
condition  or  resultant  in  detail.  We  here  deduce  a  general 
form  by  which  the  result  of  eliminating  n  unknowns  from  p 
given  linear  equations,  supposed  simultaneous,  may  be  ex- 
pressed, p  being  greater  than  n. 


Given 


^TA=^ 


(hi  ®\  ~r  <^i2  *^2  ~r 

•  •  +  aIn  xn 

=  0 

&21  «"l  ~T~  ^22 *^2  "i 

"  "T  tt2n^„ 

=  0 

anl%l  ~T"  Ctn2*C2  "t" 

' '  ~T~  O'nn  Xu 

=  0 

aplx1+ap2x2  + 

"  ~T  Upn-Vn 

=  0 

V  VII. 


If  these  equations  are  to  be  satisfied  for  other  than  zero  val- 
ues of  the  variables,  the  determinant  of  the  system  for  any  n 
of  them  must  vanish  by  77.  The  equation  expressing  this  con- 
dition is  obtained  by  writing 


A- 


^21       ^22 
apl       ap2 


«2» 


=  0. 


(Jf) 


Equation  (M )  is  accordingly  interpreted  to  mean  that  every 
determinant  of  the  nth  order  formed  from  any  n  rows  of  the 
matrix  on  the  left  must  vanish.  For  an  example  the  student 
may  eliminate  the  two  ratios  x1:x2:  xs  from  the  five  equations 

aix1  +  bix2  +  cix3  =  0   (i=sl,  2, ...5), 
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obtaining  the  equation  A' 

=  0,  or 


^3)    A- 


ax  6X  ct 

Q>%  t>2  C2 

<^3  "3  ^3 

a4  bt  c4 

as  h  cfi 


ax    02    a3    a4    as 

6i     62     b3     64     65 

Ci       C2       C3      C4       C5 


=0. 


&*f) 


83.    Suppose  we  have  given 


axXx  +  bxx2  +  c^g  +  dyX^  ==  0, 
a^  +  b&2  +  C2.T3  +  d&i  =  0, 

^3^1  t  u&i  H-  fyPH  t  %^i ==  0  ; 
then,  by  78, 

^  :  a2 :  x3 :  xi=\b1  c2  d3|  :  —  \ax  c2  d,|  :  |a2  62  ^3!  :  —  Ify  62  Cg| . 

Substituting  the  values  of 


X1 

au2 

«, 

5 

JC3 

— ? 
se3 

Z; 

we  get  the  relations 

ax  I  &!  c2  d3 1  —  &!  I  Ox  c2  d3 1  +  cx  |  aa  62  &> 1  —  dx  I  Oj  52  03 1  =  0, 
a2 1  &!  c2  c?8 1  —  62 1  ax  c2  d3 1  +  c2 1  c^  b2  d3  I  A-  d2 1  ax  &2  C3 1  =  0, 
a3\b1c2d3\—b3\a1c2d3\+c3\alb2d3\—d3\a1bsc3\==0, 

which  are  all  expressed  by  the  matrix 


°i    &i    Ci    di 

Ct2      02      C2      u2 
tto      Oo      Co      Ct« 


To  generalize  this,  we  return  to  art.  78. 
From  equations  IV.  we  found 


Xi  '.  x2  •  x3 


=  Ax :  A2  :  A3 


*»+!• 


Substituting  in  equations  IV.  the  values  of 


Xi       x2 
Xr'        Xr 


Xr 
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OuAx  +  a12A2  + 

021^1   +  «22^2   + 

arlAj  +  ar2A2  -f- 
a^Ai  +  aIl2A2  + 


+  alrAr-f 
+  a2rAr  + 

+  arrAr  + 
+  a„rAr  + 


+  o1„+iAn+1*=0    " 

+  «2»+l^n+l  =  0 

+  arn+1A„+1  =  0 
+  an»+iA„+i  =  0 


(R) 


These  n  relations  are  expressed  by  the  matrix 


au  a12 

Qa.  O22 

Oyl  Oy2 

0>,l  Omo 


a,. 


<ln       "ln+1 


"in       ®rn+l 


•■nn      un»H-l 


=  Jf. 


"We  have  accordingly,  in  general,  from  a  matrix  of  the  form 
M,  the  following  relations  : 


012     Of  13 
022     023 

a>rt  Oy3 

a«2    0-„3 

•••  olr   • 
••  a2r  • 

*•          Up,.           • 

••  anr  • 

"    0ln    «in+i 

•  *    (hn    02n+1 

" '    0/m    0,^.1 

•  •  ann  ann+1 

an 

Ol3   • 

'     «lr     ' 

•■  oJn 

Oln-fl 

a21 

023  • 

•     «2r     ' 

■'     02„ 

O^ii+l 

arl 

0,3  • 

*     0,-r    * 

•  am 

Orn-fl 

a„i 

0-«3    " 

•    «„n 

On,.+l 

+ +(-l)"Om+l 


au     012    •••    alr    •••    aln     =  0, 
arl     a,2 


a»l       «n2 

in  which  r  has  successively  all  values  from  1  to  n  inclusive. 


•    olr     • 

••     «!» 

•      0^T      • 

'•      <hn 

•      &„ 

••      Om 

'      Onr      ' 

'•       «nn 
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84-    We  will   now  select  a  few  examples  to  illustrate  the 
foregoing  processes  from  the  vast  field  of  application. 

I.  To  find  the  condition  that  three  right  lines  shall   pass 
through  the  same  point. 

Let  a^x  +  b$  +  cx  =  0 ") 

<¥»  +  b$  +  c2  =  0  >  (A) 

a<fc  +  bgj  +  c3  =  0  ) 

be  the  equations  of  the  lines  in  cartesian  co-ordinates,  and  let 
xii  2/i  he  the  given  point.  Equations  (A)  must  be  satisfied  fol- 
ic =  a?!,  y  =  yi',  hence 

<*&i  +  &#i  +  Ci  =  0  -\ 

a&i  +  &22/1  +  c2  =  0  Y  '  (B) 

a&i  +  &a2/i  +  c3  =  0  ) 

But  in  that  case,  by  79, 

\axb2c3\  =  0, 
which  expresses  the  required  condition. 

II.  To  find  the  condition  that  three  points  shall  lie  on  the 
same  right  line. 

Let  («u  y,) ,   (x2,  y2) ,   (xs,  y&) 

be  the  given  points,  and 

axx  +  b1y  +  c1  =  0 

the  equation  of  the  line.     Then 

ai^i  +  &#i  +  Ci  =  0, 
a^2  +  b$2  -f  c2  =  0, 
a&s  +  b<&3  +  Cs=0. 

Whence  the  required  condition  is 

=  0. 


xl 

2/i 

1 

x2 

2/2 

1 

x3 

2/3 

1 
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As  an  application  of  the  present  example,  we  show  that  the 
middle  points  of  the  three  diagonals  of  a  complete  quadrilateral 
lie  on  the  same  straight  line. 


The  three  diagonals  being  0(7,  BA,  BXAX,  and  their  middle 
points  F,  D,  E,  we  have  to  show  that  F,  D,  E  are  on  the  same 
right  line. 

Take  the  vertex  0  as  origin,  and  the  sides  0AU  0Bl  as  axes 
of  reference. 

Put  ax  =  OA,   aa  =  OA1,   bx  =  OB,  b2  =  OBx. 

The  co-ordinates  of  D  are  — ,  — ,  and  the  co-ordinates  of  E 

2     2 

are    — ,   —  •      The  abscissa  of  F  is  half  the  abscissa  of  (7,  and 
2      2 

the  ordinate  of  F  is  half  the  ordinate  of  C.  Hence  we  have 
to  find  the  co-ordinates  of  C.  The  equations  of  ABX  and  Ax  B 
are  respectively 

-+£  =  1,     or     b&+a1y  =  a1ba; 
ax     o2 

— |-^  =  l,     or     bxx  +  a^y  =  a2bx. 
a2     e>! 

Whence  the  co-ordinates  of  C  are 


x  = 


axb2 

ax 

b2 

axb2 

a2bx 

a2 

&i 

a^bx 

j  y  — 

i>, 

ax 

b2 

ax 

h 

a2 

lh 

a2 
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and  the  co-ordinates  of  F  are 

"l  «-■>  (&2  —  &l)  &i62(«2  —  «l) 

2  (62a2—  tiOa)'      2  (&2«2—  &i«i) 

Now,  by  equation  (JB)  above, 

A  = 

1 

1 


«1 

2 

2 

a, 
2 

&2 

2 

ajCta^- 

-60 

616. 

(as  —  aj) 

0, 


2(b2a2  —  b1a1)      2(b2a2—b1a1) 
if  the  three  points  are  on  the  same  straight  line. 


4(62a2  —  b^) 


a. 2 


b. 


di(h{^2  —  &i)    bib2{d2  —  aj)    62«2  —  ^i<h 


Now  add  the  third  column  of  this  determinant  multiplied  by 
—  ofi  to  the  first  column ;  also  add  the  third  column  multiplied 
by  —  &!  to  the  second  column.     Then 

.10  0  1 

A  = 

4  (62Oj  —  ft^)        03  —  ax  &2  —  6j  1 

a161(a1  —  a2)    «i&i(&i  —  b2)    &2«2  —  61  «i 

which  is  obviously  zero.  Hence  F,  D,  E  are  on  the  same  right 
line. 

III.  To  obtain  the  equation  of  a  circle  passing  through  three 
given  points. 

The  general  equation  of  the  circle  is 

(a2  +  tf)  +  2ax  +  2by  +c  =  0. 

If    (Zn2/i)>    («2,  y2),   (a%,  2/3)    are  the  given  points, 

to2  +  yi2)  +  2  a^  +  2  bVl  +  c  =  0, 
(*22  +  y22)  +  2  ax*  +  2  &y2  +  c  =  0, 
(«32  +  2/32)  +  20x3  +  26?/3  +  c=  0. 
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These  four  equations  are  simultaneous  for  the   parameters 
a,  6,  c ;  hence,  by  79, 


x2  +f 

2x      2y 

1 

*i2  +  2/i2 

2xx     2yx 

1 

x£  +  y£ 

zx2    Ay^ 

1 

a32  +  y£ 

2x3     ly3 

1 

=  0, 


(C) 


which  is  the  equation  sought. 

That  equation  C  is  the  required  equation  of  the  circle  deter- 
mined by  (x^,  yj),  (x2,  y2),  (a*j,  y3),  is  obvious  from  the  form  of 
the  first  member.  The  determinant  when  expanded  obviously 
gives  a  function  of  the  second  degree,  and  having  the  charac- 
teristics which  distinguish  the  equation  of  the  circle.  Moreover, 
this  equation  is  satisfied  for  x  =  xu  y  =  yx,  since  in  that  case 
the  determinant  vanishes.  The  same  is  true  if  x  =  x.2,  y  =  y2, 
or  x  =  x3,  y  =  y3. 

IV.  To  find  the  relation  connecting  the  mutual  distances  of 
four  points  on  the  circle. 

"We  must  have,  if  the  points  are  (a^,  y2),  (x2,  y2)»  (a%5  2/3), 
(z4,  ?/4),  a  determinant  equation  just  like  the  last  one  above, 
except  that  the  first  row  of  the  determinant  will  have  the  sub- 
scripts 1,  the  second  row  the  subscripts  2?  and  so  on,  the  last 
row  having  the  subscripts  4. 

Accordingly,  multiplying  together 


tf  +  yi2 

—  2xx 

-2y,    1 

X 

1     xx 

2/1 

*i+yi 

tf  +  y* 

-2x2 

-2y2     1 

1     x2 

2/2 

x?+y£ 

x£  +  yf 

—  2x3 

-2y3     1 

1     x3 

y3 

*32  +  y£ 

x?  +  y* 

-2xA 

-2y4     1 

1     x4 

2/4 

n*  +  2// 

which  are  two  different  forms  of  the  first  member  of  equation 
(C7)  above,  we  obtain  the  required  relation 


0  (12)2  (13)2  (14)2 

(12)2        0  (23)2  (24)2 

(13)2  (23)2        0  (34)2 

(14)2  (24)2  (34)2  0 


=  0, 
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in  which 

(12)2 = (*,  -  x2y + (&  - y2y,  (i3)2  =  (& -  x,y + (*  - y3)2, 

and,  in  general,   (ik)2  is  the  square  of  the  distance  between 
the  ith  and  kth  points. 

Expanding  this  determinant  by  63,  III.,    and   adding  and 
subtracting  4(12)2(13)2(24)2(34)2,  we  obtain 

[(12)2  (34)2  +  (13)2  (24)2  -  (14)2  (23)2]2 
-  4 (12)2 (13)2 (24)2 (34)2  =  0. 

Whence 

|[(12)(34)-(13)(24)-(14)(23)] 

[(12)(34)-(13)(24)+(14)(23)]| 

x|[(12)(84)  +  (13)(24)-(14)(23)] 

[(12)  (34) +  (13)  (24) +  (14)  (23)]  J  =  0, 

or  (12)  (34)  ±(13)  (24)  ±(14)  (23)  =  0, 

which  expresses  the  condition  sought  in  its  simplest  form. 

V.    To  find  the  condition  that  two  given  straight  lines  in  space 
may  intersect. 

(a)  Let  x  —  a       y  —  ft  _  z  —  y 


Oj  bx  cx 

x—Oj    y  — ft     z-yi 


(l) 
(2) 


a.%  02  c2 

be  the  equations  of  the  lines.     If  these  lines  intersect,   the 

Plane  px  +  qy  +  rz  =  d 

may  be  passed  through  them,  and  we  must  have  for  the  first  line 

pa   +qP+ry=d\  (3) 

pax  +  qbx  +  r<h  =  0  )  '  (4) 

and  for  the  second  line  , 

pa1  +  q(31+ry1  =  d)  (5) 

pag  +  g&2  +  rc2  =  0  j  (6) 
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From  (3)  and  (5) 

p(*-*i)  +  q(P-Pi)  +  r(y-yi)  =  0.         (7) 
(4),  (6),  (7)  being  simultaneous,  the  required  condition  is 


ax  bx  c2 

0%  "2  ^2 

a  —  <n    ft  —  pi    y  —  yi 


=  0. 


(b)  If  the  straight  lines  are  given  by  the  equations 

a1x  +  bly  +  clz  =  d1  j 
c.2z  =  do  )  ' 


a2a+&2y-f-c2j 


3} 
J' 


(1) 
(2) 


these  four  equations  are  simultaneous  for  the  point  of  inter- 
section (x,  y,  z) ,  and  the  condition  of  intersection  is 

aib2c3di\  =  0. 

VI.    To  find  the  equation  of  a  plane  passing  through  three 
given  points  (a^,  yx,  zx),  (x2,  y2,  z2),  (a*,,  y3,  z3). 
Let  the  plane  be 

«i»  -f  bxy  +  cxz  —  d\.  (1) 

We  must  have 


ai<^i  +  o1y1  +  c1z1  =  dl 
a1x2  +  b1yi  +  c1z2  =  d1 
aix3  +  b1y3  +  c1z3=d\ 


(D) 


Equations   (D)  and   (1)   being  simultaneous  for  the  para- 
meters a15  6i,  c15  dj,  we  have  for  the.equation  sought 


x  y  z  1 

«i  2/i  h.  1 

x2  y2  z2  1 

x,  y»  »t  1 


=  0. 
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VII.  An  interesting  application  of  determinants  is  afforded 
by  the  following  problems. 

(a)  To  extend  a  recurring  series  of  the  rth  order  without 
knowing  the  scale  of  relation. 

As  is  well  known,  a  series  of  the  form 

Wo  +  v^x  +  uzx1! f-  %n_rxn-rH \-unx*  +  ~. 

is  a  recurring  series  if  the  relation  of  any  r+1  consecutive  co- 
efficients w„,  un_x,  •••  un_r  can  be  expressed  by  a  linear  equation 
(the  scale  of  relation).  Under  these  conditions  the  series  is 
called  a  recurring  series  of  the  rth  order.  Every  such  series  is 
accordingly  determined  when  2r  of  its  consecutive  terms  are 
known.  If  all  the  coefficients,  with  the  exception  of  the  2  rth, 
are  known,  this  last  is  easily  found.  By  the  conditions  of  a 
recurring  series 


ur     +p1ur_1  +p2uT_2  +psur_s  + 

Ur+1  +pxUr       +p2Ur_1  +p3Ur-2  + 

^2r-l  +  Pl»2r-2  +  P2  W2r-3  +  Pi^.r-i  + 
W2r      +j3lW2r-l  +  P2«2r-2  +  P3W2r-3  + 

Now,  by  79, 


+  J>r-l«l     +Prih     =0 

+Pr-lU2      +Pr«l      =0 

+  Pr-lUr      +PrUr-l=0 
+  Pr-lUr+1+prUr      =  0    j 


(F) 


Ur         Ur_!     Ur_2     Mr_3 

ur+i   ur       wr_x    ur_a 

Ur+2      Wr+1      Ur  Ur_x 


W2r-1    U2r-2    u2r-3    U2r-i 
U2r         Xt2r-\    U2r-2    W2r-S 


ux 

Wo 

u2 

U! 

V, 

u2 

ur 

Ur-! 

«r+l 

Uf 

=  0, 


whence  u^  is  found  by  expanding  the  determinant  and  solving 
the  equation. 

To  find  W2r+1  we  have  only  to  increase  each  subscript  by  unity. 

Apptying  the  above  process  to  extend  the  series 


1+  x  +  5^+ 13^  +  .-., 
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we  find 

5  1 

13  5 

uA  13 


=  0; 


13 

5 

1 

w4 

13 

5 

Uk 

u. 

13 

=  0; 


UA 

13 

5 

u5 

UA 

13 

UR 

u* 

M4 

=  0; 


whence  m4  =  41,  ?<5=121,  wg  =  365.     The  series  is  accordingly 
1  +  x  _(.  5^  +  13a3  +  41  x4  +  121  x5  +  365 x6  +  •  ••. 

(6)  To  jfmeZ  £/te  generating  function  for  any  given  recurring 
series. 

Since  a  recurring  series  is  always  the  quotient  of  two  integral 
functions,  of  which  the  divisor  is  of  a  degree  higher  by  1  than 
the  dividend,  we  may  find  the  required  generating  function  by 
indeterminate  coefficients,  as  follows  : 

Assume  the  given  series 

ao+ajZ+a^H \-ar_1xr~1 


w0-f  w^+w^H \-urxr= 


(T) 


l+PiX+p<p?-\ \-pX 

(after  both  terms  of  the  fraction  have  been  divided  by  the  first 
term  of  the  denominator) . 

From  the  first  r  of  equations  (F)  of  the  preceding  example 
we  can  determine  the  constants  px,  p2...pr.  "We  may  therefore 
find  the  scale  of  relation.  We  have  from  equations  (F),  after 
obvious  interchanges  of  columns, 


Pr 


—  ur 

ux  • 

'     Ur-2 

Ur-l 

-  «r+l 

u2  • 

•    Wr_j 

Ur 

Ur+2 

ua  • 

•    Ur 

Ur+1 

U2r- 1 

ur  • 

'     U2r-3 

U2r-2 

U0 

ui  ' 

•     «r- 2 

«r-l 

ux 

u2  • 

•    "r-1 

Ur 

u2 

«3    ' 

•    Ur 

Ur+1 

ur_x 

Ur    • 

'     lhr-3 

U2r-2 

Having  determined  the  constants  Pi,P2---pr,  we  need  only 
clear  equation  (T)  of  fractions;   and  then,  equating  the  co- 
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efficients  of  like  powers  of  x,  obtain  the  usual  linear  equations 
from  which  or0,  a1}  a2 ...  ar_x  are  found. 

For  an  example,  let  us  find  the  generating  function  of  the 
series  we  extended  in  the  last  example. 

Put 

1  +  a,  +  5^ +  13^  +  41  &+...  =  -   .^t?^  ^  =/(»)■      (?i) 


Here 


tto=l,  «i=  1,  w2  =  5,  ••-. 

Pi  =  -2,  p2=-3. 


5+i>i   +p2=0) 
13  +  5jj1+i)»=0J 


Substituting  in  the  second  member  of  ( 2^),  clearing  of  fractions, 
and  finding  the  values  of  Oq  and  a1(  we  find 


/(*)  = 


1  —  x 


l  —  2x  —  Ba? 


85.  The  coefficients  of  the  quotient  Q  of  two  polynomials 
P1  and  P2,  and  the  coefficients  of  the  remainder  R,  can  always 
be  expressed  as  determinants  in  terms  of  the  coefficients  of 
Pi  and  P2. 

The  method  employed  in  the  following  example  is  applicable 
in  general. 

Pj  =  a0ar5  +  arx*  +  a2a?  -j-  o^ic2  +  «4^  +  «5  5 

P2  =  box*  +  b1x2+b2x  +  &3 ; 

Q  =5-0^  +  9!  x  +  q2; 

R^TqX2  +  rxx  +r2. 


Let 


Now 

P2Q  +  P  =  Pi; 

hence 

'  a0=b0q0, 

0>) 

(h  =  f>2q0  +  b1q1  +  b0q2, 

<h  =  hq0  +  b2ql  +  bxq2  +  r„, 

«4=             frj^i  +  ftift  +  r!, 

t  a5  =                        63g2  +  r2. 
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From  the  first  three  of  equations  (p)  we  can  find  g0,  g1}  q2,  and 
then  taking  the  first  three  with  each  of  the  others  in  succession, 
we  obtain  r0,  rl9  r2.     For  example, 

Wq2  = 


6o 

0 

a0 

;  V»o= 

bo 

0 

0 

a0 

&, 

b0 

«i 

&1 

&0 

0 

«i 

h. 

61 

«2 

62 

6: 

bo 

a2 

&3 

&2 

&i 

a3 

Let  the  student  find  the  remaining  coefficients. 

86.  The  coefficients  of  any  equation  can  be  expressed  in 
terms  of  the  roots  as  the  quotient  of  two  determinants,  as  fol- 
lows. The  method  employed  is  applicable  in  general.  By 
reference  to  examples  6  and  7,  page  37,  it  is  readily  seen  that  if 

f(x)  =  Xs  —  ax7?  +  a2x  —  a3  =  (x  —  a)(x  —  /?)  (cc  —  y) , 

we  have 

-  (0-y)  (y-a)  (a-/?)  (x-a)  (x-(3)  (x-y)  . 


1  1        1 

X  a  /8 

0*  a2  yS2 

Z3  a3  yS3 


Expanding  the  first  member, 


P  y 
F  y2 
/3s  y3 


+* 


1     1    1 

a2     £2     y2 


-Z2 


1    1 

4-cc3 

ill 

0   y 

«    0    y 

Z?3  y3 

a2     /52    y2 

1    1    1 

a      0      y 
a2     /32     y2 


(a?3  —  ajX2  +  02^  —  ^3)  ■ 


From  this  identity  the  required  expressions  in  determinant  form 
are  at  once  obtained  by  equating  the  coefficients  of  like  powers 
of  x. 

87.    With  the  aid  of  determinants  we  readily  find  the  sum  of 
the  like  powers  of  the  roots  of  any  equation,  as  follows : 
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Let  Sfe  s2,  s3...sn  denote  as  usual  the  sum  of  the  first,  sec- 
ond, ...  nth  powers  of  the  roots  of 


a"  +pxaf-1  +p2af»-2  H \-pm-iX  +pm  =  0. 

Then  from  the  theory  of  equations  we  have 

Pi         +  Si  =  0 

2.p2        +P1S1   +  s2  =  0 

3p&        +P2S1   +  P1S2  +    s3  =0 

(n-l)Pn-l  +  Pn-2Sl  +  Pn-3S2  +  l>n-iS3-\ (-  «„-l  =  0 

npn  +P„-lSl  +  pn-2S2+Pn-3S3-\ \~  PlSn-l  +  sH=  0 

From  equations  (S)  we  obtain  at  once 


(1) 


(S) 


Pi 

1 

0         • 

-    0 

0 

2ps 

Pi 

1         • 

•  •    0 

0 

3j>s 

Pi 

Pi        ' 

•  •    0 

0 

(^-l)P»-i 

Pn-2 

Pn-3     ' 

••  Pi 

1 

nPn 

Pn-1 

Pn-2     ' 

-    P2 

Pi 

If  in  (1)  the  coefficient  of  #"  had  been  p0,  we  should,  of  course, 

have  to  write  in  the  value  of  sn  just  obtained,  [— — )    instead 

\PoJ 
of  (  —  1)",  and  p0  instead  of  1,  for  each  element  of  the  minor 
diagonal  of  the  determinant.     If  n  =  3,  and  w=4,  the  above 
formula  gives 


s,=  — 


Pi     1      0 
2p2    px     1 

3p3    Pa    Pi 


,  and  s4  = 


respectively. 


2>x  1  0  0 

2p2  Pl  1  0 

3p3  P2  Pi  1 

4i?4  Pa  P2  Pi 


88.  Equations  (S)  can  also  be  employed  to  give  the  value 
of  the  coefficients  in  terms  of  s„  s2,  s3...  sn,  by  solving  these 
equations  for  the  coefficients.     "We  find 
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f>, 


_(-!)' 


s2         s1 

Sn-1       Sn- 


3n-$       °n-4 


Sn-1       Sn_2       S»-3 


0 

0 

0 

0 

0 

0 

Si 

n-1 

s. 

«1 

If,  as  before,  the  coefficient  of  xn  in  equation  (1)  had  been  p0, 
we  would  write  in  this  value  of  pn, 
If  n  =  3,  and  n  =  4, 


instead  of   ' 


1 

p3  =  —6 


f,     1     0 

«2       «1       1 
s3       S2      Sl 


P*  = 


21 


*l 

1 

0 

0 

s2 

«1 

2 

0 

* 

8, 

Si 

3 

«l 

«3 

s2 

«1 

89.    Any  differential  equation  of  the  form 
y3  -f  Xxy2  +X2yx  +X3y  =  0, 


(1) 


in  which  y,  yx,  y2,  y3  denote  a  function  of  x  and  its  successive 
derivatives  respectively,  and  Xu  X2,  X3  are  also  functions  of  x, 
can  be  reduced  to  an  equation  of  the  next  lower  order,  provided 
a  particular  solution  of  (1)  is  known. 
Let  y  =  z  satisfy  equation  (1).     Then 


Put 


z3  +  Xxz2  +  X2zx  +  X3z  =  0. 


u  =  y1  —  -y,     v  =  zu. 


(2) 


Then,  as  above,  denoting  derivatives  by  subscripts,  we  have 

—  v  +zyl  —  z1y  =  Q. 
-vx  +  zy2  -  z2y  =  0. 

—  va  +  zy3  +  zxy2  —  z2yx  —  z3y  =  0. 


These  three  equations  and  (1)  are  simultaneous  ;  hence 
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■    1  X,    X2         X,y 

0  0       z  —v  —zxy 

0  z      0  —V!—z2y 
z  zx    —z2  —v2—zzy 

Now  multiply  the  fourth  column  of  A  by  - ,  then  add  to  the 

fourth  column  the  first  multiplied  by  z3,  the  second  multiplied 
bj"  z2,  and  the  third  multiplied  by  zl5  and  we  have 

1  X,     X2        0     =0; 

0     0        z       —  v 
0    z        0       —  v, 

or  ^z  +  ^Zi— X1z)  +  'u(02  +  X22)  =  O, 

which  is  a  differential  equation  of  the  second  order. 


Resultants,  or  Eliminants. 

90.  If  we  have  given  a  system  of  n  homogeneous  equations 
containing  n  variables,  or,  what  amounts  to  the  same  thing, 
n  non-homogeneous  equations  containing  n  —  1  variables,  it  is 
always  possible  >to  combine  these  equations  in  such  a  way  as  to 
eliminate  the  variables  and  obtain  an  equation  of  relation  be- 
tween the  coefficients  of  the  form 


R  =  0. 


(1) 


i?,  when  expressed  in  a  rational  integral  form,  is  called  the 
Resultant  or  Eliminant  of  the  system.  In  77  and  79  we 
pointed  out  the  fact  that  the  equation  R  =  0  must  hold  be- 
tween the  coefficients  of  a  system  of  equations  if  they  are 
consistent  with  each  other  (simultaneous).  In  the  examples 
of  84  we  repeatedly  found  the  resultant  of  given  systems  of 
equations.  Among  the  most  important  problems  of  elimination 
is  the  following :  to  find  the  resultant  of  two  given  equations, 
containing  a  single  variable. 
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We  consider  first 

Eider's  Method  of  Elimination. 

91.    I.  Given 

f{x)=p^-\-p1x->rp2  =  0,  (1) 

and  4 (x)  =  qoX2  -\-q1x  +  g2.  (2) 

If  these  equations  have  a  common  root,  we  must  have 

f(x)  4,(x) 

■£—^=(a1x  +  a2),     — -  =(M  +  62), 

in  which  a1?  a2,  6X,  62  are  undetermined,  since  r  is  unknown. 
Then 

(M  +  &2)  (i>o^+i>i«>i52)  ■  (ai«  +  a2)  (^0^+  ft*  +  %)  • 

Whence  the  equations 

&1P0+    0    —  axg0+    0    =0. 

Mi  +  &2P0  —  «i5i  —  «2^0  =  0. 

&1.P2  +  &2P1  -  a,  g2  -  «2?i  =  0. 

0    +&2P2+    0    —  a2g2  =  0. 

Hence,  hy  77,  the  resultant  is 


R  = 


=  0. 


i?o     0      q0     0 
Pi    JPo     gi     ?o 

j?2     i>l      ^2      ?i 

0      p2     Q     q2 
II.    In  general,  let 

f(x)=p0ar+p1af*-l+paaft-'-\ \-pm-\X+pm=  0.     (1) 

«£(x)  =  g0zn  +  g^"-1  +  q2xn~2  -\ h  qn_xx  +  gn  =  0.     (2) 

Let  r  be  a  common  root  of  (1)  and  (2),  and  put 
ftx\ 
— —  =  axaJ"-1  +  a2xm-2  H (-  «„_!»  +  am  =^(»)  ■ 


<K«) 


r- 


^=  &ia--i  +  &2af'-2  +  -  +  &,_ia>  +  6n  =  ^(x), 


x—r 
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in  which  the  coefficients  o^,  a2,  •••» 
termined.     Then 


6n  &2,  ..•  6n  are  unde- 


(I.) 


From  the  identity  (I.),  by  the  theory  of  indeterminate  co- 
efficients, we  must  have  m  +  n  homogeneous  equations  between 
the  m  +  n  coefficients  ax,  a2  •••«„,,  61}  b2"-bn.  Hence  the  de- 
terminant of  the  system  of  these  m  +  n  equations  must  vanish 
if  (1)  and  (2)  have  a  common  root,  and  the  resultant  sought  is 
accordingly  this  determinant. 

As  an  application  of  Euler's  method,  take  the  following 
example.     To  find  the  conditions  that  must  be  fulfilled  when 


f(x)  =p0a?  +PiOt?  +p2x  +p3  =  0, 
<f>(x)  =  q0a?  +  qxX2  +  q2x  +  q3=Q, 


(1) 

(2) 


have  two  common  roots. 

If  (1)  and  (2)  have  two  common  roots,  two  factors  of  f(x) 
must  be  the  same  as  two  factors  of  cj>(x).     Hence 

(ax+b)  (p^  +plx2  +p&  +p3)  =  (ex  +  d)(q<p?  +  q^+q^+qs)  i 

where  a,  b,  c,  d  are  indeterminate  coefficients.     Whence 

ap0  +  0  —  cq0  +  0  =0. 
apx  +  bp0  —  cqx  —  dq0  =  0. 
ap2  +  bpy  —  cq2  —  dqx  =  0. 

«i>3  +  1>P2  —  CQs  ~  dq2  =  0. 
0  +  bp3  +  0  -dqs  =  0. 

From  every  four  of  these  five  homogeneous  equations  we  obtain 
a  determinant  of  the  fourth  order  whose  vanishing  expresses 
one  of  the  required  conditions.  Hence  the  conditions  sought 
are  expressed  by  the  matrical  equation 


Po  Pi  Pi  P3  0 

0  p0  P  P2  Pz 

Qo  ft  Q*  Qs  0 

o  q0  qi  q%  qs 


=  0. 
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Sylvester's  Dialytic  Method  of  Elimination. 
92.   I.  Given 

Pot*?  +P1X2  +P&  +  Pa  =  0, 
q0a?  +  qiX  +  q2  =0. 


(1) 

(2) 


Multiply  (1)  successively  by  x2,  x,  and  (2)  by  x3,  cc2,  x.     Then 
we  have  the  following  system  of  equations  : 

Potf+p^+pstf+psX2  =  0. 

Pox4  +P1X3  +p2x*+pzx  =  0. 
QoX*  +  QiX4  +  q2x*  =  0. 

qoX4  +  q^x3  +  q2x*  =  0. 

qox3  +  q1x2  +  q2x  =  0. 

We  may  consider  these  equations  linear  and  homogeneous  with 
respect  to  x5,  x*,  x3,  x2,  x,  considered  as  separate  variables. 
Hence 


B  = 


P0  Pi  P2  P&  0 

0  i>0  Pi  P2  Ps 

q0  qx  q2  0  0 

0  q0  qx  q2  0 

0  0  q0  qx  q2 


=  0. 


II.   In  general,  let 

<t>{x)  =  qQxn  +q1xn~1  + 


+  Pm-lX+Pm  =  0, 

+  qn-iX  +  qn  =  0. 


(1) 
(2) 


If  we  multiply  (1)  successively  by  x,  ^•••cc",  and  (2)  succes- 
sively by  x,  x2---xm,  we  obtain  a  system  of  m  +  n  equations, 
linear  and  homogeneous,  with  respect  to  x,  x2,  x3,  •  ■•xm+n  con- 
sidered as  separate  variables.  From  these  equations  we  elimi- 
nate the  variables  by  77  and  obtain  the  resultant  in  the  form  of 
a  determinant  of  order  m  +  n. 
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3        PQ  Pi  Ih    ■-   Pn  Pn+l  Pn+2    —     =  0. 

0  p0  px  •••  pn^  pn  pn+1 

0  0  p0  ...  pn^2  pn_x  pn 

q0  qx  q2  •••  qn  0  0 

0  Qo  Qi  "•  9»-i  ?»  0 

0  0  q0  ...  g„_2  g„_!  gn 


It  is  evident  from  the  form  of  R  that  the  coefficients  of  (1) 
enter  R  in  the  degree  of  (2),  and  that  the  coefficients  of  (2) 
enter  R  in  the  degree  of  (1). 


CaucJiy's  Modification  of  Bezoufs  Method  of  Elimination. 

93.    I.  Given 

PoZ?+PiZ?+P2X+Ps=0,  (1) 

and  q0a?  +  qxx&  +  q2x  +  qs  =  0.  (2) 

Transposing  and  dividing  (1)  by  (2),  we  obtain  successively 


P* 

PoX  +Pi 
QoX+q! 

p0x2+plx+p2 


Pi^-hp2x+p3 
q^  +  qsX  +  qJ 

q,x  +  q3y 
Qs 


qoa?+qiZ  +  q2 
Clearing  these  equations  of  fractions,  we  have 
(PoQi  —  QoPi)^  +  (PoQ2  —  QoPi)x  +  (p0q3  —  QoPs) 


=  0, 


(2>oq2-QoP2)zr+  [(PoQa-QoPs)  +  (PiQ2-QiP2)^+  (Piqs-qiPs)=o, 

(Poq3-  qoPs) *?  +  (Piqs-  qiPs) »  +  0>2  &  -  &ft)  =  o. 

Eliminating   x1  and  a;,  regarded  as  distinct  variables,  from 
these  equations  by  79,  we  find 


APPLICATIONS   AND   SPECIAL   FORMS. 


115 


R  = 


IPo  ftl               IPo  ftl 

Ipoftl 

IPoftl      IPoftl  +  IPiftl 

\pi  ftl 

lp0  ftl          \pi  ftl 

\Pa  ftl 

=  0. 


The  resultant  is  found  by  this  method  in  the  form  of  an  axisym- 
metric  determinant,*  whose  elements  are  easily  written,  as  we 
shall  show  by  another  example.     I^et  the  given  equations  be 


and 


p0x*  +PX&  +p2x*  -hpsx  +  Pi  =  0, 
q0x*  +  qxv?  +  q2x*  +  qsx  +  qt  =  0. 


(1) 
(2) 


We  have,  as  before, 

Po 
Qo 

PoX  +Pl 

q0z  +  qi 

Po^+Pl^+Pa 

q0x*  +  qxx  +  q2 

PoX*  +px  x2  4-  p2x  +j)3 

q0^  +  ft  a2  +  q-i*  +  ft 


p1xi  +  p.,x2  +  p:i  x  +  pt 
qlxi  +  q.^  +  q3x  +  g4 

P2^±P^+Pi 

q2a?  +  q3x  +  qt 
:P*v+P* 

'  ft*  +  ft 
ft 


(E) 


Clearing  equations  (E)  of  fractions,  we  have 

\p0  Silz3  +  \Po  q-ilrf  +  \Po  ftl*  +  \po  ftl  =o, 

\po  ftl*3  +  [\po  ftl  +  \pi  ?al]»*  +  Upo  q*\  +  Ijpi  ftl]*  +  Ipi  ftl =o, 

I  Po  ftl*3  +  [lp0  ft  I  +  I  .Pi  ft']*2  +  [I  Pi  ft'  +  I  Pa  ftl]*  +  I  Pa  ft  I  =0, 
Ipoftl^  +  IPiftl^  +  IPaftla'  +  IPsftl  =0. 


Hence,  as  before,  the  resultant  is 


B  = 


IPo  ftl 
IPo  ftl 
IPo  ftl 
IPo  ftl 


IPo  ftl 
IPoftl  +  IPiftl 
IPoftl  +  IPiftl 

I  Pi  ftl 


IPoftl 
IPoftl  +  IPiftl 
IPiftl  +  lPaftl 

I  Pa  ftl 


IPo  ftl 
IPi  ftl 
I  Pa  ftl 
IPs  ftl 


=  0. 


*  For  symmetrical  determinants,  see  107. 
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To  form  this  resultant  directly  from  the  equations 
two  symmetrical  determinants 

write  the 

iPoftl      IPoftl      IPoftl      IPoftl 

IPoftl    IpoftI    IpoftI    Ipiftl 

IPoftl      IPoftl      Ipiftl      Lftftl 

IpoftI    Ipiftl    lp2ftl    lp3ftl 

,  and 

\Pi  ftl 
fpi  ftl 

\Pi  ftl 

\p*  ftl 

» 

formed  from  the  coefficients  of  (1)  and  (2)  in  an  obvious  and 
easy  way.  It  is  then  evident  that  R  is  formed  from  these  two 
determinants  by  adding  the  elements  of  the  second  to  the  four 
inner  elements  of  the  first.  If  the  equations  are  of  the  fifth 
degree,  the  student  will  form  the  resultant  in  the  same  way 
from  the  three  determinants 


IPoftl  IPoftl  IPoftl 

IPoftl  IPoftl  IPoftl 

IPoftl  IPoftl  IPoftl 

iPoftl  IpoftI  I  Pi  ftl 

IPoftl  Ipiftl  lp2ftl 


IPoftl  IPoftl 

IPoftl  I  Pi  ft  I 

I  Pi  ft  I  lp2ftl 

lp2ftl  lp3ftl 

lp3ftl  IP<ftl 


I  Pi  ft  I    I  Pi  ftl  I  Pi  ftl 

I  Pi  ftl    I  Pi  ftl  lp2ftl 

I  Pi  ft  I    lp2ftl  IPsftl 

lp2ftl, 


by  adding  the  third  to  the  middle  element  of  the  second,  and 
then  adding  the  elements  of  the  second  to  the  nine  inner  ele- 
ments of  the  first.     This  process  is,  of  course,  general. 

From  the  preceding  examples  we  see  that  by  Bezout's  method, 
the  resultant  of  two  equations,  each  of  the  nth  degree,  is  a  sym- 
metrical determinant  of  the  same  degree  whose  elements  are  either 
determinants  of  the  second  order  or  the  sum  of  such  determinants. 

II.  If  the  two  equations  are  not  of  the  same  degree,  suppose 
we  have  given 

p0x*+p1xz-\-p2xl+p3x+pi  =  0,  (1) 

ft^  +  ftz  +g2  =0.  (2) 

Multiply  (2)  by  x2 ;  the  equations  are  then 

Po^+Pi^-hP2^+Psx-\-]^  =  0,  (10 

fta4  +  g1ar,  +  g2x2  =0.  (2j) 
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From  (lx)  and  (2j), 

Po  _pixs  +  lh<»?  +PsX  +P* 

PoV+Pl 


Patf  +  PsX+Pi 


Qo^  +  Qi  92^ 

Clearing  these  equations  of  fractions,  we  have 

\poQi\^  +  \Po(l2]^  —  qoPs®  —  QoPt  =0, 

\p0  q2\^  +  \  \pi  q*]  -  q0p>\  «*  -  (q<>p*  +  ViPs)*  —  QiP*  =  o. 

With  these  equations  consider  (2)  multiplied  by  x,  and  (2), 

q0^  +  qiX2-\-q2x  =  0, 

qo^  +  qi®  +Qi    =°- 
From  these  four  equations  eliminate  ar1,  x2,  x,  and  we  have 


R  = 


\PoQi\ 

\poq2\ 

Qo 
0 


\PoQa\  QoPs  QoPi 

\PiQ2\  —  qoP3     QoPi  +  qiPs     9iP* 


-92 


0 


■r 


=  o. 


III.    In  general,  let 
f(x)=p0xm  +i>Iaf1"1  +p2xm~2  + 
<f>(x)  =  q0xn  +  q^-1  +  q2xn~2  + 

in  which  m  is  greater  than  n 
(2)  becomes 

q0ar  +  q^x™-1  +  q^'2  +  • 

From  (1)  and  (2^, 


+pm-ix+pm  =  0,     (1) 

+  g»-i  ^  +  g„  =  o,   (2) 

Multiply   (2)   by  af " ;  then 
+  9n  -ixm-n+l  +  qnxm-n.        (2j) 


ft 
ft 


p^-1  +  p2xr~2 -\ bpm-ix+p„ 


+  qn-i  xn  n+1  +  qnxr 
+  Pm\X+pm 


qox  +  <Zi       q2xm~2  -\-  q3xm's  +  •••  +  qn_xx  +  qnx™-n 


PdXn~'l+p,xn-2-{ h/),-2a?+p»-i  _p»aT— ,+J>»+ia^"*"1+  —  +/>» 
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Clear  these  equations  of  fractions,  and  consider  with  them 
the  following  m  —  n  equations  obtained  from  (2)  bj*  multiply- 
ing it  in  order  by  1,  x,  x2,  •••icmn-1, 

g0an,~1  +  giaf1"2  +  q2xm~s-] h  qn-ixm~n+  gnaf~n_1  =0, 

qQxm-*  +  q1xm-s+  -  +qn^xm-n+qn_1xn-»-lqnxm»  2=0, 

?oan     +Q'i»n_1H Vqn-iX      +qn  =0. 

From  these  m  equations  the  resultant  is  obtained  by  elimina- 
ting the  ra  —  1  successive  powers  of  x  regarded  as  separate 
variables. 

The  Resultant  in  Terms  of  the  Roots. 

94.   Given 

f  =  p0xm+p1afl-1+  —  +pm_1x+pm=:0,  (a) 

<£  =  q0xn  +  q^-1  +  •••  +  qn.xx  +qn  =  0.  (6) 

If  an  a.,,  ...a»  are  the  roots  of  (a),  and  /31?  (32,  ...y3„  are  the 
roots  of  (6) ,  we  have,  of  course, 

f  =  Po(x-al)  (x  —  a2)  •••  (x  —  aM),  (o^) 

Now,    if    in    q0xn  +  q^x"1 -\ \-qn\^  +  qn    we   substitute 

successively  a15  aj,  ...  (v,  <£  takes  the  ra  corresponding  values, 
4>{o-\)t  ^>(a2)  ...  <£(am).  With  these  m  values  as  roots  we  can 
form  an  equation  of  the  mth  degree  in  <f>.  This  equation  may 
be  found  as  follows.     Forming  the  resultant  of 

p0xm+p1xm-1-\ \-pm  xx+pm    /  =  0,  (1) 

q0xn  +  q^'1  +  —  +g„_ia;+gn-«/)  =  0,  (2) 

by  92,  we  have 
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i?i  = 


Po  Pi  P2 

0  Po  Pi 

0  0  p0 

Qo  01  ?2 

o  g0  gi 

0  0  q0 


Pn  Pn+1  Pn+2 

Pn-1         Pn  Pn+1 

Pn-2        Pn-1         Pn 

qn-<t>     0  0 

qn~i    qn— </>    o 
g»-2    g»-i     g»— <£ 


=  o. 


This  is  obviously  an  equation  of  the  mth  degree  in  <£,  whose 
roots  are  ^(aj),  </>(a2),  <£(a3),  •••  <£(am).  The  absolute  term  T 
of  this  equation  is  the  product  of  its  m  roots  multiplied  by  a 
factor. 

But  from  the  determinant  Ru 

T=  (-l)mi>0" <K«i)  +W  -4M- 

Again,  since  Rx  becomes  identical  with  (  —  l)mR  of  92,  II., 
when  we  have  made  <£  vanish,  we  see  that 

R=Pon<f>  (a0  cf>(a2)  •  •  •  <f,  (am) . 

In  just  the  same  way  we  can  show  that 

T'  =  (-i)"g<r /(&)/(&)  •••/(&) ; 

and  hence,  after  suitable  interchanges  of  lines, 

R  =  (-ir-qo-fWXfr)  -/ft). 

95.  These  forms  of  the  resultant  R  may  be  obtained  by 
symmetric  functions,  as  follows  : 

f(x)==p0xm  +  plxm~1+p2xm-2  +  •••  +pm-1x+pm  =  0,     (a) 
<f>(x)  =  q0xn  +q1xn~1  +q2xn~2  +  ...  +  9»i» +.&  «0.      (6) 

Then  al5  a2,  •••am  being  the  roots  of  (a),  and  /S^  /?2,  •••/?„ 
the  roots  of  (6), 
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/(*)=#>(*  — <*i)  0-«2)  •"  (*  —  O, 

*(a>)s&(»-ft)  (»--&)•••  (*-&)• 

Now,  if  (a)  and  (6)  have  a  common  root,  the  product 

/<ft)/(ft)-/(ft)eP 

must  vanish,  since  in  that  case  some  one  of  the  factors  vanishes. 
The  same  statement  applies  to  the  product 

But  /(ft)  =  p0  (ft  -  Ql)  (ft  -  a2)  •  •  •  (ft  -  0  , 

/(ft)=J%(ft-«l)(ft-«»)-(ft-«»)» 

/(ft)  =  Po(ft  -  «i)  (ft  -  02)  -  (ft-  O  ; 
also  <£  (ai)  =  q0  (a!  -  ft)  (ax  —  ft)  . . .  (a,  -  ft) , 

<jt  (02)  =  Q-o  (a,  —  ft)  (a,  —  ft)  —  (aj  —  ft)  , 

<KO  =  90  (a»—  ft)  (am-  ft)  •••  («m-  ft)  • 

P  is  accordingly  made  up  of  ran  factors  of  the  form  ft  —  a,. 
We  may  therefore  write 

P=p0"II(ft-a.), 

where  r  has  all  integral  values  from  1  to  n,  and  s  has  all 
integral  values  from  1  to  m.  P  is  moreover  a  symmetric  func- 
tion of  the  roots  of  cf>  (x)  =  0,  and  can  therefore  always  be 
expressed  as  a  rational  integral  function  of  the  coefficients ; 
and  since  it  vanishes  when  f(x)  =  0  and  <£(#)  =  0  have  a 
common  root,  and  not  otherwise,  when  P  is  expressed  in  terms 
of  the  coefficients,  P  is  the  resultant  of  (a)  and  (b).  In  the 
same  way 

p1  =  5omn(as-ft)  =  (-ir«g0'»n(ft-a,), 

where  s  and  r  have  the  same  values  as  before.  Hence  we  may 
write  the  resultant 

P  =  (-l)-g0'»/(ft)/(ft)-/(ft)=i>o^(«i)^(a2)-^(0>(^) 
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for  both  these  expressions  are  rational  integral  functions  of  the 
coefficients  of  f(x)  and  <j>(x),  which  vanish  when  /(x)=0 
and  <f>(x)  =  0  have  a  common  root,  and  not  otherwise,  and 
which  become  identical  when  expressed  in  terms  of  the  co- 
efficients.    The  value  of  R  can  accordingly  be  written 

±B  =  p0nq0mn(/3-a,).  (B) 


Properties  of  the  Resultant. 

96.  I.  By  reference  to  the  forms  (A) ,  we  observe  that  the 
coefficients  p0,  2h'"Pm  of  equation  (a)  enter  the  resultant  in 
the  ?ith  degree,  and  the  coefficients  g0,  q\---qn  of  (b)  enter  the 
resultant  in  the  rath  degree  ;  moreover,  we  readily  see  that 
(  —  l)mnqumpmn  is  a  term  from  the  first  form  of  the  resultant,  and 
p0n  qnm  is  a  term  from  the  second  form  ;  hence,  given  two  equa- 
tions of  degree  m  and  n  respectively,  the  order  of  the  resultant  R 
in  the  coefficients  is  m-\-n ;  the  coefficients  of  the  first  equation 
are  found  in  R  in  the  degree  of  the  second,  and  the  coefficients  of 
the  second  equation  enter  R  in  the  degree  of  the  first. 

II.  If  the  roots  of  (a)  and  (6)  are  multiplied  by  k,  R  is 
multiplied  by  k™".     Since  each  of  the  ran  binomial  factors  of 

±R=p0nq0mU(l3r-a,) 

is  in  this  case  multiplied  by  k,  the  truth  of  the  statement  is 
obvious.  This  result  is  frequently  expressed  by  saying  the 
weight  of  the  resultant  is  mn.* 

III.  If  the  roots  of  (a)  and  (b)  are  increased  by  h,  the  resul- 
tant of  the  transformed  equations  is  the  same  as  the  resultant  of 
the  original  equations.  This,  too,  is  obvious,  for  none  of  the 
factors  of  R  is  changed  when  both  roots  are  increased  or 
diminished  by  the  same  number. 

*  By  the  weight  of  any  term  is  meant  the  degree  in  all  the  quantities 
that  enter  it.    The  weight  of  alPcs  is  6. 
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IV.  If  the  roots  of  (a)  and  (b)  are  changed  into  their  recip- 
rocals, the  resultant  Rx  of  the  transformed  equation  is  (  —  \)mnR. 

Putting  y  =  -,    (a)  and  (b)  become  respectively 
x 

f(y)=pmym+pm-iym~1+pm-2ym~2-) \-Piy+p0  =  o,    (ax) 

<t>(y)  =  qnyn+qn-iyn-1  +  gn-2yn-2  +  -  +qiy  +  q0=o.    (60 


Whence 


But 


H-fc  P.   U^r        ttJ         (a1«2...am)»(^l/S2-/3„)"» 


r„  „       -  \—(-~1)mP».  to  a       ox-C-1)"?" 
(ajOj  —  am)  =  ,    (PiP.,--- pn)  = 


Po  Qo 

.'.R1=Ponq<r(-l)mnn((3r-as)  =  (-l)™R', 

hence  the  resultant  of  the  transformed  equations  is  identical  with 
the  resultant  of  the  original  equations,  or  differs  from  it  only  in 
sign,  according  as  mn  is  even  or  odd. 

97.  Of  all  the  methods  of  elimination  given,  the  dialytic 
method  is  the  most  direct.  Another  advantage  of  this  method 
is  that  it  may  obviously  be  employed  to  eliminate  one  of  two 
unknowns  from  a  pair  of  equations,  as  in  the  following  example. 

Given 

PO*?  +Pl3?y  +P2Wf  +p3  f  =  o, 
q^  +  q^y   +q2f    +  q3      —  0. 

To  eliminate  x  we  form  the  following  equations  : 

Po^+Pi^y+P2^2y2-\-Ps^y!i  =  o, 

pQx?    +p1x2y  +  p2™f -\- Pztf        =0, 
q0^-hqi^y  +  (q2y2  +%)z2  =0, 

qoX*    +  qix*y+{q«y2  +  q^x         =0, 
q0x?    +  ?i  xy  +  q2if  +  qs=0. 
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Whence 


Po 

PiV 

Pit 

Psf 

0 

0 

Po 

PiP 

p2y2 

Psf 

9o 

QiV 

q2y2  +  % 

0 

0 

0 

Qo 

QiV 

q2f  +  Qs 

0 

0 

0 

Qo 

QiV 

q2y2  +  qs 

=  0, 


an  equation  containing  only  y. 

98.  The  same  method  is  also  frequently  applicable  to  the 
elimination  of  n  —  1  unknowns  from  a  set  of  n  equations,  so  as 
to  obtain  a  final  equation  with  but  one  unknown.  It  will  afford 
the  student  a  good  exercise  to  find  from  the  three  equations 

a^y  +  cizxz  +  as    =  0,  (1) 

yz  —  a4x  =  0,  (2) 

a5xy  +a6x  +a7    =0,  (3) 

a  final  equation  in  y,  as  follows  :  First,  eliminate  x  from  (1)  and 
(3),  and  also  from  (1)  and  (2),  obtaining  two  new  equations 
in  y  and  z.     From  these  equations  eliminate  z,  and  obtain 


a{y2+a2a4y 


0 


— {a^y-\-a6)a2aT    a52a3y-+(a1aJ2+2a3a5a6)y+a3a62      0 

0  —  (««y +<h)arfh     ajia$2+(a1a72+2asa5a6)y+a3al 

an  equation  in  y  of  the  sixth  degree.  —    ' 

99.  A  further  interesting  application  is  found  in  the  follow- 
ing examples,  in  which  three  variables  are  eliminated  from  as 
many  equations.     Given 

*C^  ~j"  ^2  ~T~  *^3  "~"~  '-')  **'i    ~~ ■  CG}  SpB   *"""""  ^}  tl    ■"  ^* 

Multiplying  the  first  equation  successively  by 

/>.  />.  />.  /y*    />•    />• 

•*1,     -^2?     ^J     •*'l*t'2,*'31 

and  substituting  from  the  last  three,  we  get 

6  -f-  xxx2  +   x2xs  =  0, 

ca^  -+-  bxx  x3  +  asc.^  =  0. 
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Eliminating  a^a^,  a^Xg,  a?2ar3, 


a 

1 

1 

0 

b 

1 

0 

1 

c 

0 

1 

1 

0 

c 

& 

a 

=  0. 


Had  we  multiplied  the  first  equation  successively  by 
1,     a^Xg,     S'l^'si     a^a^j 
we  should  find  by  eliminating     a^a^ajg,   a^,   a^,     a%, 

=  0. 


0 

1 

1 

1 

1 

0 

c 

5 

1 

c 

0 

a 

1 

6 

a 

0 

If  the  original  equations 

are 

■VI  ~f~  CC2  "y"  •&}  ■ — -    L 

, 

xf* 

=  a, 

%%  —  O)     ajg  —  Cy 

one  form  of  the  resultant  is  obtained  by  multiplying  the  first 
equation  successively  by 

•Gj,   X2,    .C3,  ^  X3  ,  ^1^3,  Xj   X2  ,         .Cj   X9.C3,         .Cj.U  .^35  •il'«^2«t^  » 

and  substituting  from  the  last  three.     Then  by  eliminating 

«l     mI     m  I  y    y  rr  w  ip  if  i*  ip  * ir  *  ir  *  ir  ir*  *  >>•     T*  *  i- 

*1  )  •''Z  )  "^  )         •°2"C31         •cl»c3»         •cl«t'2»         •el,c2  ••is  »         *•!  **'2,t3  J  *i  *a  *s» 


we  find 


10  0  0  110  0  0 
010101000 
001110000 
0C&000100 
cOaOOOOlO 
6a0000001 
OOOaOOOll 
000060101 
OOOOOcllO 


=  0. 
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100.    For  a  final  application  of  the  dialytic  method  we  select 
the  following. 


Given  V«0a;  +  «i      +      y/b0x  +  b1  +  c0  =  0, 

to  free  the  equation  from  radicals,  we  may  proceed  as  follows. 


Put  Va0  x  +  ax  =  yu     V&o  *  +  &i  =  2/2- 

Then  we  get  at  once 

yi  +  y2   +  c  =  o, 

y12  —  a()x  —  a1  =  0, 
y22  —  b0x  —  b1  =  0. 


From  (1)  and  (3), 


1         0         —  b0x  —  bx 
1     Vi  +  c0  0 

0         1  Vi  +  Co 


=  0. 


(1) 
(2) 
(3) 


(*) 


Eliminating  yx  from  (2)  and  (4) ,  we  have 


1  2cq  c02  —  b0x — bx  0 

0  1               2cq  c^  —  boX  —  bi 

1  0          —  or0—  ax  0 

0  1                0  —a,x—ax 


=  0, 


which  is  the  equation  sought. 
In  general,  given 

Pi^M  +PtVM*)  +P&J&)  +  .»  +PnrVMx)  =  i2, 

in  which  rXi  r2---rn  are  integers,  and  f(x),  fz(x)  •••/„(£)  are 
rational  integral  functions  of  x,  we  may  rationalize  the  expres- 
sion as  follows.     Put 


/iO)  =  2/irS      /20')  =  2/2ri,  -fn(x)  =  ynr». 
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Then  we  have  a  system  of  n  equations,  from  which,  together 
with 

PiVi+P-2y2-\ r-i>By„  =  -R, 

we  eliminate  the  n  variables  yx,  y2,  ...yn,  and  obtain  a  resulting 
equation  in  x  without  radicals. 


Discriminant  of  an  Equation. 
101.    I.  Given 

f(x)  =p0x»+Plxn-l+p2x»-*+  ...  +pn-lx+pn  =  0,         (1) 
and  the  first  derivatives  of  f(x) ,  or 
f\x)  =  npspr-1+(n-l)plxn-2+{n-2)p#?-*+-..+pn_x.     (2) 

Then  the  resultant  R  of  f(x)  =  0  and  f'(x)  =  0  is  called  the 
discriminant  of  /(<c)  =  0,  since,  if  R  vanishes,  f(x)=0  and 
/'(&•)  =  ()  have  a  common  root,  and  hence  f(x)  =  0  has  equal 
roots. 

Forming  the  resultant  of  (1)  and  (2)  by  92,  we  have 

R  = 

Pn-2        Pn-1  Pn  0         0       0 

Pn-S         Pn-2         Pn-1        Pn        0        0 
Pn-4         Pn-3         Pn-2      Pn-1    Pn     0 

2p„-2        Pn-1  0  0         0       0 

3pn-S      2pn-2      Pn-1  0        0       0 

4p„_4    3pB_3  2pn_2  pH_x    0     0 

in  which  the  first  {n—  1)  rows  are  formed  from  the  coefficients 
of  (1),  and  the  last  n  rows  from  the  coefficients  of  (2). 

Now  multiply  the  first  row  of  R  by  n,  and  subtract  it  from 
the  nth  row  ;  the  nth.  row  becomes 


Po            Pi 

2h       — 

0     Po 

Pi 

0     0 

Po       — 

np0  (7i—l)p1 

0-2)2>2- 

0     npQ 

0-i)iv- 

0     0 

np0      — 

0 


■Pi    -2i>2 


(n— 2)pn_2    _(n— l)2)._x    —npn     0  •••  0. 
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Hence  R  is  at  once  reducible  to  a  determinant  of  order  2n— 2 
multiplied  by  p0 ;  calling  this  determinant  A,  we  have 

R  =  pQ<\. 

Now        R  =p0-1/' (ai)f  (oj)/' (a,)  ••./'(*.)  ;    (94  or  95,  A) 

and  since    /  (x)  = -\ —  +  •••  H > 

^  v  7      a;— a2      a;— oj      a;— a3  aj-a,, 


/'(ai)       =Po(ai  —  a2)  («i  —  a3)         •••  (<*!  —  a^)  (ai  — a„) 
/*  (a2)       =  p0  (a2  —  ai)  (a2  —  a3)         •  •  •  («2  —  a„_i)  (c^  —  an) 

/'(an-i)  =i>o(a„_i  — aj)  (a„_j  — a2)  •■•  (<!„_!  —  aB_2)  (<*„_!  —  a„) 
/'("")       =Po(a»  — ai)(«»— 02)  •»•  («»— ««-2)  («»  —  «»-! ) 


.(S) 


If  we  multiply  equations  (E)  together,  we  see  that  the  second 
member  of  the  result  will  contain  the  product  of  the  squares  of 
the  differences  of  the  roots  al7  a2,  ...a„  of  (1).  Employing  the 
usual  notation  for  this  product,  viz.,  £(ax,  a2,  a3, •••a„),  we  have 

/'0i)/'(«2)  -/'(O  =  (-^^""^((a,  a,,  a,,  -  aj  ; 
.-.   A  =  (-l)^-1^"-^^,  «2,  a3,  .-  a„). 

II.  The  discriminant  of  an  equation  can  also  be  obtained  as 
follows  : 

/(»)  =  <),   (1)  and  /'(*)  =  0;  (2) 

being  simultaneous  equations  when  f{x)  =  0  has  equal  roots, 
the  equation 

nf(x)-  xf'(x)  =  0  (3) 

is  also  consistent  with  (1)  and  (2).  Now  (3)  is  an  equation 
of  the  (n—  l)th  degree ;.  and  finding  the  resultant  of  (3)  and 
/'(a?)  =  0,  which  is  also  of  the  (n  —  l)th  degree,  we  obtain  the 
discriminant  A  as  a  determinant  of  order  In  —  2.  For  an 
example,  we  shall  find  the  discriminant  of  the  cubic 
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We  have  to  find  the  resultant  A  of  the  equations 

pxv?  +  2p2x  +  Sp3  =  0, 
SpoX2  +  2pxx  +    p2  =  0. 


A  = 


Pi  2_p2  3j93      0 

0  jh  2p2  Sps 

3p0  2pi  p2       0 

0  3p0  2px  p2 


=  0. 


\ 


By  the  same  process  we  find  the  discriminant  of  the  biquad- 
ratic 


to  be 


P  =  i>0x*  +  -Ipjic3  +  6p2x*  +  4p3x  +pt  =  0  * 


i    i?0  Bpx  Sp2  p3  0  0 

0  ft  3^  3p2  i>3  0 

0  0  p0  3px  Sp2  p3 

Pi  3p2  3p3  pt  0  0 

0  px  3p2  3^  j>4  0 

0  0  jh  3p2  3p3  ^ 

This  is  accordingly  the  same  as  J3  —  27  J2  =  0,    where 

I  ■  Poi>4  -  4pii93  +  3_p22, 

J=PoP2Pi  +  2j>lP2P3  —PoPz—PiP*  —Pi- 

102.  "We  may  show  that  .7=0  is  one  of  the  necessary  con- 
ditions when  the  biquadratic  P  =  0  of  the  preceding  article  has 
three  equal  roots.     Since 

P  =  p0z4  + 4^ +  6^3* +  4^+^  =  0  (1) 


*  In  many  processes  it  is  found  more  convenient  to  write  a  given  func- 
tion in  the  form  of  this  equation,  i.e., 

p0x«+nPlxn-i+  ^(n-1)  p2x"-*+  ^{n-1)  (n-2)psx»-a  +  ... 

+  ^.(«  —  1)  Pn-2*2  +  npn-ix  +  pn, 

in  which  each  term  is  multiplied  by  the  corresponding  coefficient  in  the 
expansion  of  (x+l)n.  Any  given  polynomial  can,  of  course,  be  at  once 
reduced  to  this  form. 
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has  three  equal  roots,  two  of  these  will  be  roots  of 

pLx9^-3p1x2  +  3p2x+p3  =  0,  (2) 

and  one  of  them  is  a  root  of 

p0x2  +  2p1x+p2=0.  (3) 

From  (2)  and  (3)  this  root  is  also  found  in 

p1x2  +  2p2x+p3  =  0.  (4) 

Multiplying  (3)  by  x2,   (4)  by  2x,  and  adding,  we  obtain 
^{pox2  +  2Plx  +i>2)  +  2x(p1x2  +  2p2x  +p3)  =  0.  (5) 

Now  adding  p2x*  +  2p3x  -{-pi  to  the  first  member  of  (5),  we 
have,  since  P  =  0, 

x2(p(pt?+2p1x+p2)  +2x(p1x2+2p2x+p3)  +p2tf+  2p&+P*=  0. 

Hence,  if  (1)  has  three  equal  roots, 


p0x2  +  2p1x+p2=0, 
plx2  +  2p2x-\-p3  =  Q, 
p2x2  +  2p3x+pi=Q. 

or  J  =  0. 


Po  Pi  P2 
Pi  P*  Pa 
Pi     Ps     Pi 


=  0, 


The  other  condition  for  three  equal  roots  of  (1)  is  accordingly 
7=0. 

103.  The  resultant  of  a  system  of  n  homogeneous  equations, 
one  of  which  is  of  the  second  degree,  and  the  remaining  n—  1 
are  linear,  may  be  obtained  as  follows.     Given 

P  =  pQ2i?+ply2+p2z2  +  2q()xy  +  2q1xz-\-2q2yz  =  0,     (1) 
Pl=alx+bly+clz  =  0,  (2) 

P2=  a2x  +  b2y  +  c2z  =  0.  (3) 

Differentiating  (1)  with  respect  to  x,  y,  z  in  succession,  and 
remembering  Euler's  theorem  on  homogeneous  functions,  we 
obtain 

P  =  x(2)0x  +  q0y  +  qlz)-\-y  (q0x  +pxy  +  q2z) 

+  z(q1x  +  q2y+p2z)  =  0.  (4) 
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Equations  (2)  and  (3)  and  (4)  are  simultaneous  homoge- 
neous equations ;  hence,  by  77,  (4)  must  be  expressible  linearly 
in  terms  of  (2)  and  (3),  and 


hP1  +  02P2  =  0 


(5) 


is  an  equation  identical  with  (4) .     Equating  the  coefficients  of 
(4)  and  (5) ,  we  have  the  following  system  of  equations : 


Po%  +  qay  +  <hz  —  Mi  —  62a2  =  0, 

q^  +ihy  +  q2z  —  0i&i  —  o2b,  =  o, 
q^  +  q^y+p^  —  0i  ci  —  o2c2  =  o. 


(E) 


Now,  taking  equations  (2)  and  (3)  with  equations  (E),  we 
have  a  system  of  five  homogeneous  equations.  Eliminating 
#>  Vi  *">  #n  #2>  the  resultant  of  (1),  (2),  (3)  is 

R  =    pQ    g0    ql    ax    a2 

q0  Pi   q2   &i    h 
<?i   q*  P2   Ci    c2 

ax     bx     «j|     0      0 

On    b2    c2     0      0 

In  general,  let  the  system  of  equations  be 

f(x)=p1xi2    +p2x22    +p3xs2  +  ...  +  pnxn2  +  2q1x1x2 
+  2g2*i^ \-2q,,jjXn-iXn  =0, 

Px     =0!<Pi     +  M2     +^^3     H Hi#»     =0 

P2     =  a2xx     +b2x2     +c2x3     +  ...  +l2xn     =  0 

-t  „_1  =   Q>n    l3'!  T  ^n-1^2  T  ^-1^3  "f"   " ' "    ~f"  'n-l^n  =   0     J 


(«) 


We  have,  as  before,  if  fx!  denote  the  differential  coefficient 
of  f{x)  with  respect  to  x{, 


•^ijx1  ~r  ^2/^2     •    X3JX3     1    *  *  *  T  xnjxn  —  *J  \x)   —  0- 


(6) 


Since    (a)    and    (b)    constitute   a   system   of    simultaneous 
homogeneous  equations,   (&)  considered  linear  with  respect  to 
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the    variables,    must   be  expressible    linearly  in   terms  of   the 
w  —  1  linear  equations  of  (a) .     Hence  (&)  is  identical  with 

ej\  +  0apa  +  08p8  + ...  +  en^pn_x  =  o.  (c) 

Equating  the  coefficients  of  (&)    and   (c),  we  obtain  the  n 
homogeneous  equations 

+  &*-i0-i, 
+  <U^i, 


ftai+gvej+jvM- 


+  g»-l  «*=»  01^1  +  0^2  +  08^8  + 
+  ft»-lS»  =  Ml +6  A  +  &3#3  + 

+  g3H-3^3  =  cA+c-A+  c3o3  +  ■ 


ft.  -l»l+ft»-l3s+ftn-S%H f-i>»^„=  ^l  +  ?A  +  ^aH h^n-A-l- 

These  equations,  together  with  the  n  —  1  linear  equations  of 
(a),  form  a  system  of  In—  1  equations  between  ajj,  se2,  •••  xn, 
6i,  $-2i  •••  6n-i-     Hence  the  resultant  of  the  given  system  is 


Ih 

ft 

°2 

••  ft. 1 

O] 

a2 

ft 

J»s 

?. 

•'      ft-„-l 

&I 

62 

ft 

?• 

ft 

"      Q»)i-  3 

Cl 

c2 

Qn     1 

92»-l 

gs»-8 

■••       A. 

*, 

4 

ax 

&1 

^1 

...         ?, 

0 

0 

o2 

6, 

c2 

...         /., 

0 

0 

a»-i 

&«-i 

C„-i 

-       k-l 

0 

0 

o„-i 
c. 


1 

n-1 
0 

0 


Special  Solutions  of  Simultaneous  Quadratics. 

104.  By  the  help  of  a  special  expedient  we  may  often  solve 
a  pair  of  simultaneous  quadratics  much  more  rapidly  and  ele- 
gantly with  determinants  than  by  the  ordinary  methods.  The 
following  examples  will  serve  to  exemplify  the  method  em- 
ployed, and  are,  moreover,  such  forms  as  occur  frequently. 
A.    Find  x  and  y  in 

axx  +  bxy  _  mt  \ 

a2x-t-b2y      m2\  .  (1) 

x2  -+-  y2  =  r2    ) 
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Let  /  be  such  a  factor  that 


From  (2) 


a1x  +  b1y=fmxy^ 
a2x  +  b2y  —fm2  J  * 


(2) 


/ 


m-i  bx 
mx  b2 


fD 

A 


/ 


ax  mx\ 
a2  m2\ 


Substituting  in  the  second  equation  of  (1) 


/2i>2+/2i)i2  =  r2A2. 

„  =  rD 

B.    Solve  the  equations 


P 


rA 


±Vz>2+A2 


axx  +  bxy  —  mxxy 
a2x  +  622/  =  Wj*8f 


(1) 


Divide  these  equations  member  by  member ;  then,  as  before, 
put 

a2x  +  b2y  =  fm2$  ' 


(2) 


/|m,   62 


y  = 


/  I    «1     ^2   I 

I  ax    62  I 


|  a2    &2  I 
From  the  first  equation  of  (1) 

[ax  I  mx  62  |  +  &i  I  a,  ra2l]    I  c^  62  I 


/  = 


mx  I  ?na  62  1 1  a:  m,  | 


a2  m2 1 


y  = 


mx  b2  I 


A  shorter  solution  is  obtained  by  dividing  each  equation  of 

(1)  bv  xy,  and  solving  for  -  and  -. 

x  y 
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O.   Solve  the  equations 


axx  +  bxy  =  mx 
a2x*  +  b2y2  —  m2 


Write  these  equations 


axx   +  bxy      =mi) 
a2x-x  +  b2y-y  =  m2) 


(1) 


(2) 


Then    x  = 
We  have 

Hence 

From  which 
Again, 


mx  bx 
m2  b2y 


ax     mx 
a2x  m2 


ax     bx 
a2x  b2y 


#A  —m1b2y  =  —  m2  bx, 
,mxa2x-\-  Ay  =  ctim2, 
a2bxx  —  axb2y  =  —  A. 


A      —m^      m2bi 
rcixO^        A        —aim2 
a2bx     — ax&2         A 


=  0. 


A  =  ±  ^Ja2b2m2  +  b12a2m2  —  mi2a2b2. 

axx  +  bxy   =Wj, 
a2bxx  —  axb2y  =  —  A. 


Wlx       6x 

ar     mt  1 

— 

A    ai&2 

a<>&i  —A  1          / 

A  — 

a2bi 

&i 
—  Oj&a 

A, 

5     y  — 

^      i  - 

D.    Solve  the  equations 

a2x  -f  fc2y  -f  c2xy  =  ra2  j" 

/ 

( 

These  ( 

jquations 

we  write 

ttjaj  +  fti?/        =mx 


(a2  +  c2y)a;  +  &2 


y  =  m2  j 


(2) 
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I  mi  b2\ 


A 

As  before, 

Whence 


3/  = 


a2  +  c2y   m2 


A  = 


;l-) 


(&  +  m1c2)y  —  a1m2  +     mxa2    =  0, 
—  &iC2?/      +  ax  b2  —  a26i  —  A  =  0. 


A  +  m!C2       r(ix<i.2  —  a17ti2 
—  dxCa       <Xi&2  —  02&!—  A 


=  0, 


a  quadratic  from  which  A  is  found. 


I  mx   b2 


y  = 


I  oti  m2  I 

A  +7H.JC2 


Example  B  above  can  also  be  solved  by  the  method  of  this 
example. 


E.    Solve  the  equations 

ax2  +  bxy  -j-  cy2 
ex2  +  /a#  +  gy 


2  =  d  | 
2  =  /i  J 


Equations  (1)  may  be  written 

cc2  +  2afa;y  +  b2y2  =  m2  ] 


(1) 


(2) 


by  easy  reductions.  We  introduce  the  factor  2  for  convenience 
in  calculation,  A  solution  analogous  to  D  could  be  given. 
Whatever  the  coefficient  of  xy,  it  can,  of  course,  be  at  once 
reduced  to  the  form  2ax.     We  write  equations  (2) 


x  (x  +  a^y)  +  y  {^x  +  bxy)  =  mx  \ 
x(x  +  a2y)  +  y  (a2x  +  b,y)  =  ra2  j 


(3) 


Then 


a;  = 


m2     o^a  +  b2y 


V  = 


rc  +  fljy     m,| 
x-\-a2y    ms\ 
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where 


We  have 


Whence 


A  = 


x  +  axy    a^x  +  b-^y 
x  +  a2y    a2x  +  b2y 


[A  +  I  a1m2\~]x  +  |  b^Uo,  \y  =  0, 
[_m2  —  m{\x  +  [|a1m2|  — A]y  =  0. 


A.+  l  carnal  I6im2l 

m2  —  mx         I  ajWial  —A 


=  0. 


Solving  this  quadratic, 

A  =  ±  VI  carnal2—  I  b1m2 1  (m1—m2) . 
I  mi68 1  y 


Now 


A  +  I  %  m2 1 


Substitute  this  value  of  x  in  the  first  of  equations  (2),  and 
we  have 

1  ra^l2?/2        .    2a1\m1b2\  y2 


(A+|axW2l)2         A+lojW^ 


+  b1y*=  m15 


a  pure  quadratic,   from  which  the  value  of  y  can  be  found 
at  once. 

105.  To  the  solutions  of  the  last  article  we  add  the  follow- 
ing, in  which  one  equation  is  a  quadratic  and  the  other  is  a 
cubic. 

Find  the  values  of  x  and  y  in 


x2  -f-  xy  +  y2  _  m,  \ 

aP  +  y3,       =  a3  ) 

From  the  first  of  equations  (1) 

x(x  +  y)  +  y-y  =  \mx 
x(x-y)  +  y-y  =  \m2 


(1) 


(2) 
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X 

m,   y 

X 

x  +  y  m, 

m2  y 

x  —  ym2 

•   (- 

x  +  y  y 
x  —  y  y 

A         ■     y~ 

A 

-w) 


"We  have 


<cA  —  X  (mi  —  m2)  y  =  0 

A&  (mx  —  ra2)  -|-  [A  —  A  (mi  +  m2)]  y 


=  0} 


(3) 


Whence 


A  X  (mx  —  w2) 

A  (mi  —  m2)     A  —  X  (mx  +  m2) 


=  0. 


From  this  equation 

A  =  -  [wa  +  m2  ±  VlO  mx  m2  —  3  rax2  —  3  m22] . 

Now,  since  A  =  2y2, 

we   have   to   find   the  value  of    X    in   order   to   complete   the 
solution. 

From  equations  (2),  and  the  second  of  equations  (1), 


x  +  y  = 


Am, 


xy  =  -(ml-  m2) 


(4) 


From  equations  (4),  and  the  first  of  equations  (2),  we  get 
a2 


X  = 


V  £  (3  mx  ra22  —  m23) 


and  hence 


/ — ■ 

y  =  ±  -     1  (wj  +  m2)  ±  Vl0ra,ra2—  3m,2-  3m,* 
\  \/^(3?»1wi22-»»s3) 

x  may  be  found  from  the  second  of  equations  (1),  or  from 
the  first  of  equations  (3) . 
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Solution  of  the  Cubic. 
106.    The  general  cubic  equation 

Po*?  +Pi^  +PiX  +p3  =  0 
is  always  reducible  to  the  form 

X*  +  q1X  +  qa  =  0. 

We  are  therefore  only  concerned  with  the  solution  of  (2). 
The  determinant  equation 


(1) 
(2) 


A  = 


X 

0] 

a2 

a2 

X 

0, 

CLx 

a2 

X 

=  0 


is  identical  with 
"We  have 


ar3  —  3  a!  a2  x  +  a*  -f-  a23  =  0. 


A  =   x  +  ax  +  a2     ax     a2 

X  +  «1  +  «2        *        «1 

x  +  al  +  a2     a2     x 


(3) 


hence   x-\-ax-\-a2   is  a  factor  of  A. 

Again,  let  a  be  one  of  the  imaginary  cube  roots  of  unity ; 
then  the  other  is  a2.  Substitute  axa,  a2a2  for  ax  and  a2  re- 
spectively in  A,  obtaining 


ar5  —  3  axa2(£x  +  a23a6  +  a^a8  =  A, 


cc 

Oja 

d2a' 

a2a2 

05 

G^a 

a,  a 

a2a2 

X 

since  a3  =  a6  =  1 .     Whence 
A  = 


33  +  a1a  +  a2a2 
»  +  axa.  -f-  «2a2 
aj  +  ^a  +  ttaa2     a2a2 


aja     a2a 
X        a,  a 
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and  hence  A  is  divisible  by  x  +  a^a  +  a2a? .  By  substituting 
c^a2  and  a2a  for  ax  and  a2  respectively  in  A,  we  obtain  a 
determinant  A",  which  is  shown  equal  to  A  in  the  same  way 
as  before. 

Hence   a2a2  +  a2a  +  x  is  also  a  factor  of  A. 

Accordingly, 

A  =  h  (x  -+-  ax  -}-  a2)  {x  -f-  (ha  +  a2a2)  (x  -+-  axa?  +  «2«) >      (4) 

where  A;  is  a  numerical  factor.  Comparing  the  term  Xs  of  A 
with  the  term  Xs  in  the  second  member  of  (4) ,  we  see  that  7c  =  1. 

.*.  x3  —  Saxa2x-\-  cti  +a2=(x-\-a1-\-  a2)  (x  +  o^a  +  a2a2) 
(sc-f-  axa2  +  a2a)-  (5) 

From  (5)  we  have  at  once 

a?  = —  Otj  —  a2,        — CL\a  —  Ct2a2,        — O^a2 —  a2a. 

Now  applying  this  result  to  the  solution  of  (2),  we  put 

q1  =  —  Sa1a2,      q2  =  af  +  a2s ; 
whence 


M       >4r27  N2\4    r2< 

Hence,  finall}-,  the  roots  of  (2)  are 


3 

27' 


^~2~\T  +  27  +>J~2+\T  +  27' 


ilZfi |g22  ,  gl'V-8-l    ,    Ij     q2  ,  Jg,'  ,  gl»V-8  +  l 

>      2       \T  +  27 2 +>_2-  +  \T+27 2 ' 


4.1-g-' -Jg»'  ,  gi'V^  +  l    ,   |1     ?2  ,  Jqj  ,  gi3V-3-l 
\      2        \T  +  27 2  +>      2+\T  +  27 2 
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Symmetrical  Determinants. 

107.  When  we  regard  the  square  of  elements  that  make 
tip  a  determinant,  it  is  natural  to  inquire  what  special  proper- 
ties, if  any,  the  determinant  possesses  when  we  suppose  the 
elements  not  all  independent ;  in  other  words,  what  sjyecial 
forms  arise  when  we  suppose  certain  relationships  to  exist 
between  the  elements,  and  what  are  their  most  important  prop- 
erties. Among  the  special  forms  very  frequently  met  with, 
especially  in  Geometry,  are  the  Symmetrical  determinants.  The 
symmetry  here  referred  to  is  first,  symmetry  with  respect  to 
the  diagonals,  and  second,  symmetry  with  respect  to  the  inter- 
section of  the  diagonals,  i.e.,  the  centre  of  the  square.  Two 
elements,  so  situated  that  the  row  and  column  numbers  of  the 
one  are  the  column  and  row  numbers  of  the  other,  are  called 
conjugate  elements.  Evidently  the  line  joining  two  conjugate 
elements  ars  and  asr  is  bisected  at  right  angles  by  the  principal 
diagonal.  If  in  a  determinant  ars  =  a8r,  then  the  determinant 
is  axisymmetric,  or  simply  symmetrical.  The  definition  of  a 
symmetrical  determinant  is  extended  so  as  to  mean  sj'mmetry 
with  respect  to  the  secondary  diagonal  also,  so  that  a  deter- 
minant is  symmetrical  if  for  each  element  there  is  an  equal 
element  so  situated  with  respect  to  its  equal  that  the  line 
joining  the  two  is  bisected  at  right  angles  by  one  of  the  diago- 
nals.    The  following  are  symmetrical  determinants  : 

Ox     6j      cx     d1 

0<l       02        ^2        ^1 

as     b3     b2     &! 
a4    as    a2    ax 

108.  We  have  already  had  a  number  of  problems  which 
gave  rise  to  symmetrical  determinants.  The  student  may  refer 
to  the  last  determinant  in  example  IV.,  84,  to  the  first  deter- 
minant of  84,  VII.,  to  the  form  of  the  resultant  obtained  by 
Bezout's  method  of  elimination,  93,  (I.),  and  to  the  value  of 


<h 

bx 

Ci 

d, 

1 

On 

a12 

0i 

b2 

c2 

d2 

«12 

ttI3 

Ci 

c2 

C3 

ch 

Ol3 

«14 

d, 

d2 

d3 

d< 

«M 

a2i 

(X13 

<hi 

1 

«14 

Oh 

«24 

«34 

«84 

au 
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J,   102,    for   illustrations   of    how   symmetrical    determinants 
occur  in  practice.     Again,  we  have 

I  Ctjj    CI22    0^33 1    =: 

Cl-n  +&12  +Ct13  Ctna21~^~(:,'\2Q'22~\~al3a2S       Cfll0[31~r"(lt]2Ct32~l""ai3Ct33 

^21^11'~r  ^22^12    I    ^23^13  ^21  "1^22     I    ^23  ^21^31  "4"  ^22^32  ~\~  ^23^33 

a3lall"l"a32a12  4-C*33al3       G^l^l  ~f~  tt32a22  ~T" a  33^23  a31  +  tt32~  ~l~  tt33~ 

which  is  obviously  symmetrical.     It  is  easy  to  show  that  the 
square  of  any  determinant  is  a  symmetrical  determinant.     Let 


then  we  have  to  show  that   br,  =  bsr. 

brs  =  arl  aA  +  a,.2as9_  +  arSas3  + 
6,r  =  a8l  arl  +  a,2  a/2  +  a^  arS  + 


1     arn&«nl 


whence  the  proposition.     An  obvious  corollaiy  is  that  any  even 
power  of  a  determinant  is  a  symmetrical  determinant. 

109.  It  is  evident  that  conjugate  lines  (a  row  and  a  column 
having  the  same  number)  in  a  symmetrical  determinant  are 
composed  of  the  same  elements  in  the  same  order.  Consider 
now  two  minors  M  and  2i\  of  any  determinant  such  that  the 
rows  and  columns  erased  to  obtain  M  are  the  columns  and 
rows  erased  to  obtain  Mx.     Then 


M  = 


<yh 


,    and   Mx  = 

a9f 

a99 

av 

^hg 

<v 

«.v 

Now,  if  the  determinant  is  symmetrical,  so  that  ar,  =  aa,., 
we  have  M  =  M^  and,  in  particular,  Ara  =  A„ ;  or,  in  a  sym- 
metrical determinant,  conjugate  minors  are  equal.  From  this  it 
follows  at  once  that  the  reciprocal  determinant  is  symmetrical. 
Further,  it  is  evident  that  minors  whose  diagonal  lies  in  the 
principal  diagonal  of  a  s}Tmmetrical  determinant  {coaxial  minors) 
are  themselves  symmetrical. 
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110.  We  may  show  that  the  product  of  a  symmetric  deter- 
minant by  the  square  of  any  determinant  is  a  symmetric  determi- 
nant, as  follows : 

Let  |  aln  |  be  a  symmetrical  determinant,  and  put 


l<*ul  X  |aln|  =  IcJ,     and     \aln\  x  \aln\2=  \bln\, 


Then 


ba  =  aaCkl  +  ai2C,,2  -f  aaC^  +  •••  -f  ainC,. 


0) 


In  (1)  substitute  the  values  of  ca,  c^, 

&ti  =   (aU  akl  +  «12  a*2  +  «13ai3  + 
+  («21a*l  +  0«aak2  +  a23a*3  + 

+ 

+  (a-nla*l  +  a„2a*2  +  ttn3a*3  + 

=   (anaa  +  «21«,2  +  a31ai3  + 
+  (ai2a<l  +  «22«i2  +  «32ai3  + 

+ 

+   («!««<!  +a-2n<*a  +  <hnaQ  + 


cftn,  aud  we  have 

-\-ainakn)aa 
+  Chnakn)ai2 

+  a„2atn)at2 


Since  aft  =  aki,  this  sum  becomes 

a*lCU  "+"  a*2Ct2  +   "'    4"  aknCin  =  °ki' 

Whence   \bln\   is  symmetrical. 

From  this  and  108  we  see  that  any  power  of  a  symmetrical 
determinant  is  a  symmetrical  determinant. 

111.  Cauchy's  theorem  for  the  expansion  of  a  determinant, 
example  III.,  63,  assumes  a  somewhat  different  form  when 
the  determinant  is  symmetrical.     Thus,  instead  of 

A   =  ttooA'—  Sa^Oa^a, 
we  have,  when  A  is  symmetrical, 

A  =  aooA'—  2.aa*Au  —  22ai0ak0Aik, 
in  which,  as  before,  i  has  all  integral  values  from  1  to  n,  and 
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for   ik   we   write   the   different  combinations  of   the   numbers 
1,  2,  •••  «,  taken  two  at  a  time. 
For  example, 


a  h  g 
h  b  f 
9    f   « 


=  abc  -  af2  -bg2-  ch2  +  2fgh. 


0  a  b  c 

a  0  h  g 

b  h  0  / 

c  9  f  0 


=  a2/2  +  &y  +  c2h2  -  2  abfg  -  2  ac//i  -  2  fccgrft 
=  (a/+ty-c&)2-4a&#. 


112.    Consider  the  determinant 


A  =    ax  bi  Ci  d\  ex 

bx  b2  c%  d2  e2 

Ci  c2  c3  o3  e3 

di  d2  d3  dA  e4 

<?2  e2  e3  e4  e^ 

and  suppose  that 

ai+fci+Ci+di+ex  =  b1+b2+c2+d2-\-e2  =  c1+c2+c3+d3+e3 
=  ^+^2+^3+^4+64  =  e1+e2-j-e3+e4+e5  =  0. 

Then,  first,  A  =  0;  since,  if  we  add  the  elements  of  the 
other  rows  to  the  corresponding  elements  of  the  first  row,  the 
elements  of  this  row  all  vanish ;  and,  secondly,  we  can  show 
that  all  the  first  minors  of  A  are  equal. 


B,  =  - 


bx  Ci  dx  ex 

C2  C3  "8  63 

o\  d3  dA  et 

e2  es  64  es 


and    C.?  = 


ai  ci  dx  ex 

bi  c2  c?2  e2 

dx  dj  d4  e4 

ei  es  e4  es 


The  first,  third,  and  fourth  columns  of  Bx  are  identical  with 
the  second,  third,  and  fourth  rows  of  C2.     By  hypothesis  the 


APPLICATIONS   AND   SPECIAL  FORMS. 


143 


elements  of  the  first  row  of  C2  are  respectively  —  cl5  — c3,  —  ds, 
— e3;  whence 


£,= 


Cj     c3     u3 


=  £, 


0\      c%      &2      &2 

d\    ds    dt    e4 

ex    e3     e4    e5 

as  was  to  be  shown. 

In  general,  if  in  a  symmetrical  determinant  the  sum  of  the 
elements  in  each  row  is  zero,  the  determinant  vanishes,  and  all 
the  first  minors  are  equal. 

Let 

A  =  I  OooOnaaa  •••  ann\ ,     with    a„  =  «„., 

and  a<o  +  a,i  +  «i2  H r-ato  =  0. 

That  A  vanishes  is  obvious.     Again, 

•Aw  = 


«11 

«12 

'      al*-l 

au 

alk+l 

"     «ln 

<% 

G&22 

"      a2k-l 

a<m 

a2k+i 

•    a^n 

a»-n 

«<-12      ' ' 

ai-\k-\ 

dik 

ai-lk-\-l      ' 

'  «i-l» 

aa 

al2 

aik-l 

aik 

aik+l 

•     «ta 

«<+u 

&V+12      ** 

ai+lk-l 

ai+lk 

ai+lk+l     ' 

•     a»+ln 

«»1 

«„2 

ank-l 

ank 

ank+l 

"     a»» 

To  the  ith  row  of  A&  add  the  remaining  rows ;  the  ith  row 
becomes 

0t01  a^    •••  &0ft-l  <Xo&  ^Oi+l    "•*     — a0n- 

Then  to  the  fcth  column  of  A^  add  the  remaining  columns ; 
the  kth  column  becomes 


—  a10    — ^20    **•     — ai-10    ^00     — ®i+10    '"     — an0' 

Now,  making  the  ith  row  the  first  row,  and  the  kth  column 
the  first  column,  we  have 
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■^oo  — 

1 

(_!)<+* 

G^oo          ®0\ 

G&02 

'  *     a0k-l 

UOk+l 

ttjo          ^11 

au 

' '     alk-l 

alk+l 

ai-10       ai-U 

<^i-12 

"     ai-lk-l 

ai-lk+l 

ai+10       ai+ll 

tti+12 

' '     ai+lk-l 

ai+lk+l 

an0           an\ 

tt„2 

"      ank-\ 

ank+l 

which  pre 

ves  the  theoi 

em. 

<hn 


H+ln 


—  Aikl 


113.  If  x  be  subtracted  from  each  element  of  the  principal 
diagonal  of  a  symmetrical  determinant,  we  have  a  function  of 
x  which,  equated  to  zero,  gives  an  important  equation.  The 
roots  of  this  equation  are  all  real,  which  may  be  proved  as 
follows.     We  have 


/(*)  = 


Then 


d\\  —  X  (Xi2  CI23 

Q21  ^22  —  ■"  ^23 

^31  tt32  tt33  —  X 


au  +  x        an  a13 

a21         a^  +  x        cins 


=  0. 


«1» 

«2» 
a3n 


a„„  —  cc    a„  =  a 


a3n 


(1) 


ann  +  x 


(2) 


Multiplying  (1)  and  (2), 

/(*)/(-*) 

= 

Pn—x2       pa 

Pu      ••■ 

Pm 

Pn         P22-3? 

P23     '■' 

2hn 

Psi             Pss 

P33     S'    " 

Psn 

=  0, 


(3) 


Pnl 


Pu2 


Pn3 


Pnn-V 


Pr.  =i>. 
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where  pa  =  «,i akl  +  ai2ai2-\-  •••  +  ain a^. 

Expanding  the  determinant  of  (3)  by  63,  I., 

\pln\-xiSDn_1  +  x*ZDn_2-x*SDn_3+  -  +  (-%*)»=  0.       (4) 

Now  Dn  i,  Dn  2,  Z>„_3,  •-.,  being  coaxial  minors  of  |pln|, 
are  all  sums  of  squares  of  minors  of  I  aln\  ;  for  consider  one 
of  these  minors 


D„ 


Pff       P/9      —     P/r 

Pgf    Pgg    '"    Par 


Prf      Prg 


Pr 


P#=Ptq- 


Dn_2  may  De  obtained  by  squaring  the  array 


*/i     "ys 


lflX 


in  which  there  are  n  columns  and  n  — 2  rows.  By  58,  1st, 
Dn_2  must  be  the  sum  of  products  of  pairs  of  determinants 
which  in  this  case  are  equal ;  hence  Dn_2  is  the  sum  of  squares 
of  minors  of  I  aln\  of  order  n  —  2.  Hence  XDn_i,  2D„_2? 
SZ)n_3,  •-.,  are  all  positive.  The  signs  of  the  terms  of  (4)  are 
therefore  alternately  positive  and  negative,  and,  by  Descartes' 
Rule  of  Signs  (4) ,  can  have  no  negative  roots.  Accordingly, 
/(aj)  =  0,  or  (1),  cannot  have  a  root  of  the  form  a V  —  1 ,  for 
then  ic2  would  be  negative,  which  we  have  shown  is  impossible. 
Nor  can  (4)  have  a  root  of  the  form  /3-f-aV—  1 ;  for  if  we 
write  au  —  (3  =  a'n,  a^  —  (3  =  a'22,  etc.,  the  proof  just  given 
is  applicable. 

The  student  will  find  it  interesting  to  apply  the  preceding 
proof  to  the  particular  case  where  f(x)  is  of  the  third  degree, 
i.e., 


/(*)  = 


Ou  —  X 

«12 

<ha 

«12 

an-\-x 

«23 

«13 

a23 

ttgg  +  X 

o, 
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actually  multiplying  f(x)  by  /(—  x),  and  expanding  the  result 
to  obtain  the  equation  in  x2,  whose  terms  are  alternately  posi- 
tive and  negative. 


114.    Symmetrical  determinants  of  the  form 

and       an      a^      a9         •    a„_i 
an 
a„ 


al 

b2 

c3 

dt 

e5 

A 

«i 

h 

Ci 

d< 

9r 

/. 

dx 

b2 

c3 

h8 

9i 

A 

a,! 

&2 

h 

h 

9r 

A 

ai 

a0 

«i 

«2 

<h 

Oj 

a3 

a2 

«3 

a4 

a. 

a4 

a5 

*>»+! 


a 


n+2 


=   -*     (ai  tt2  '  '  "  a2n-2)  5 

are  called  orthosymmetric  or  per  symmetric.  That  is  to  say, 
when  each  line  perpendicular  to  either  of  the  diagonals  has  all 
its  elements  alike,  the  determinant  is  persymmetric.  Such  a 
determinant  can  contain  at  most  2n  —  1  distinct  elements. 
Examples  of  the  occurrence  of  orthosymmetric  determinants 
in  practice  are  found  in  84,  VII. 

115.  The  most  important  property  of  orthosymmetric  deter- 
minants is  that  the  determinant  remains  unchanged  when  the 
first  terms  of  the  successive  orders  of  differences  of  its  2  n  —  1 
elements  are  substituted  for  the  elements  themselves.  Consider 
the  following  series  of  numbers,  and  form  the  1st,  2d,  3d, 
•  ••  (2 7i  —  l)th  orders  of  differences  by  subtracting  ah_i  ivova.  ak 
throughout.     Then  adopting  the  usual  notation,  we  have 


a0 


al 

a2 

as 

a4 

a5     • 

••      &2)>-2 

*1 

An 

Al2 

A13 

A14    • 

'  *    A:  2n_s 

A2 

A2i 

A22 

A23    • 

"      A22n-4 

A3 

A31 

A32    • 

••    A32„_5 

A* 

A«    • 

• '    A4  2n_6 
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We  now  show  tbat 


A  = 


o0    Oi  a2    a3 

ax     a2  a3     a4 

@2        0t3  ^(4        (Xq 

a»-l  an  CTn+l  an+2 


an 


Oq 

Ai 

A2 

A3 

Ax 

A2 

A3 

A4 

A2 

A3 

A4 

A5 

A„    A. 


+1    ^»+2 


-  An_x 

.-  An 

"•  An+1 

•  • '  A2n_2 

If  in  A  the  (n-l)th,  (n-2)th,  ■ 
from  the  «th,  (n  —  l)th,  (n  —  2)th, 
we  get 

A  = 


column  be  subtracted 
•  column  respectively, 


ot0 

Ai 

Au 

A^ 

•    Aln. 

ax 

An 

A12 

Ai3 

•    AlB 

a-2 

Aja 

A13 

Au       • 

•    Aln 

a»-i 

Ai„_i 

Aln 

Ain+i    • 

•    A12r 

Repeating  the  operation  successively,  we  obtain 

A=    a0       Aj        A2       A3        •••    A,,^ 

•"    An_n 
"•    A„_i2 

an-l  Ain_i  A2„_j   A3n_!       •••      An_!  n_! 

Operating  in  a  similar  manner  upon  the  rows,  we  get 


a0 

Ai 

A2 

A3 

6, 

Au 

A21 

A31 

a2 

AJ2 

A22 

Asz 

A  = 

o0       Ai 

A2       A 

3 

•• 

•    A 

Ai       A2 

A3       A4 

A 

A2       A3 

A4       A5 

A 

A    ,    A 

A„+i    An+2 

•• 

A. 

as  was  to  be  shown. 

Thus 

3       8 

15      26 

= 

3 

5 

8      15 

26      43 

5 

2 

15     26 

43      68 

2 

2 

26     43 

68     103 

2 

0 

2     2l=24; 
2     0' 
0     0 
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for  we  have 
i 


3     8     15     26  43  68  103 

5      7      11  17  25  35 

2       4  6  8  10 

2  2  2  2. 


Similarly, 


7  0-4-5 

0  -4     -5     -3 

-4  -5     -3       2 

-5  -3       2        10 


The  student  may  show  that 


7-730 

-7300 

3         0       0     0 

0         0       0     0 


=  0. 


1      2 

4       7 

= 

1 

1 

1         0 

. 

2      4 

7      12 

1 

1       0         1 

4      7 

12     19 

1 

0       1-2 

7     12 

19     30 

0 

1      -2       5 

1       4 

9      16 

=  0. 

1        8        27 

64 

4       9 

16     25 

8       27       64 

125 

9      16 

25     36 

27      64      125 

216 

16     25 

36     49 

64     125     S 

116 

343 

=  64. 


Besides  exhibiting  obvious  simplifications,  these  examples 
show  that  when  the  elements  of  a  per  symmetric  determinant 
of  the  nth  degree  form  an  arithmetical  progression  of  order 
m*  <  n  —  1 ,  the  determinant  vanishes  ;  and  if  the  order  of  the 
progression  is  n  —  1 ,  the  determinant  reduces  to  an  nth  power. 


*The 

series  of  numbers 

1 

8 

27 

64 

125 

216 

form  an 

arithmetical  progression  of  the  third  order, 

because  the  terms  of 

the  third  order  of  differences  are  alike. 

Thus 

1 

8 

27 

64 

125 

216 

7 

19 

37 

61 

91 

12 

18 
6 

24 
6 

30 
6. 
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116.  The  conditions  of  the  last  statement  will  always  be 
fulfilled  if  ak  is  a  rational  integral  function  of  k  of  the  mth 
degree,  whose  highest  term  has  the  coefficient  1.  For  then, 
according  to  the  well-known  theorem,  a0,  al5  a2,  •••  form  an 
arithmetical  series  of  the  mth  order,  of  which  the  mth  dif- 
ferences will  be  ml.  If,  then,  m  =  n  —  1,  all  the  elements  of 
the  secondary  diagonal  will  be  (w  —  1)  !,  and  all  the  elements 
below  it  will  be  zeros.     Whence  the  determinant  equals 

(_l)2V-i>[(w_i)]». 

If  m  <  n  —  1,  the  determinant  of  course  vanishes.  In  either 
case,  instead  of  a0,  a^,  0%,  •••,  we  may  write 

If,  for  example,  p  is  any  given  number,  and 

^(p  +  7c  +  m\^(p  +  Jc  +  m)(p  +  k  +  m-l)'--(p+Jc+l) 


m 


fp  +  m\  fp  -f  m  -f 

\    m    J  \       m 

fp  -f  m  +  1\  fp  +  m  +  2\ 

\       m        y  ^       m        J 


p  -f-  2  m 

m 


p  +  2  m  -f  1 
m 


p  +  2  m 
m 


j9  +  3  m 


=  (_1)  *(•»+«  =  (_1)  (»-!>!?. 

117.    Consider  the  determinant 


A  = 


k  kr  kr2 

kr  kr*  kr9 

kr*  kr*  kr* 

kr"-1  kr"  kr"*1 


kr"-1 

kr" 

kr"+1 

kr2"-2 


150 


THEORY   OF   DETERMINANTS. 


whose  elements  are  in  geometrical  progression.  That  A  must 
vanish  is  obvious  at  sight ;  for  dividing  any  column  except  the 
first  by  the  ratio  r,  A  is  seen  to  contain  identical  columns. 
Hence  if  the  elements  of  a  persymmetric  determinant  form  a 
geometrical  progression,  the  determinant  vanishes. 

118.    To  the  results  of  the  last  article  we  add  the  following. 
Suppose  in 


A  = 


a2 

<*3 


each  element  divides  every  other  element  Whose  subscript  is 
higher  than  its  own,  i.e.,  in  general, 

ar  =  60&A  •••  &r- 


Then 

= 

h 

Mi 

MA 

Mi  Ms 

Mi 

MA 

Mi  Ma 

MAM4 

MA 

MiMj 

MAM4 

M1M3M. 

MA  —  6»-i    MA"A    MA-A+i    MA--A 

MA 
Mi 
60  61 


-6.-1 

'A- A 

•A&„+i 

'•  02„_2 

Mi 

Now  it  is  obvious  that  &0  is  a  factor  of  the  first  row  of  A, 
Mi  is  a  factor  of  the  second  row,  MA  is  a  factor  of  the 
third  row,  and  so  on.     Hence 


t=n-l 

A  =  n    b? 

<=0 


h 

b\bo 

MA 

b2 

b2b3 

b2bsbt 

b3 

bah 

bsb4b5 

1     &„    Kb. 


»Vi 


bn  bn+i  bn+2 


b\b2  ■•■bn_1 
b2b3  •  ••&„ 
M4  •"&»+! 


Kb 


»+i' 


&2«-i 


APPLICATIONS   AND   SPECIAL   FORMS. 


151 


Skew  Determinants,  and  Skew  Symmetrical 
D  eterminants . 

119.  We  have  heretofore  shown  (108)  that  the  square  of 
any  determinant  is  a  symmetrical  determinant.  If  we  now 
write  the  determinant  of  even  order 


«1 

h 

<h 

<k 

= 

-h 

0, 

—  dx 

Ci 

0f2 

h 

C-2 

d2 

-b2 

a2 

—  d2 

c2 

a3 

h 

c3 

d5 

-h 

a3 

—  d3 

c3 

at 

b* 

c4 

d± 

-h 

aA 

-d< 

c4 

we  get,  by  multiplying  these  factors  together, 

A2  = 

0  —(oj&jj)  —  (ddg)  -  (aA)  —  (cjdt)  —  (aA)  —  (cA) 

(aA)  +  (cjd2)  0  —  (a2&3)  —  (c2ds)  —  (a2&4)  —  (c2d4) 

(aA)  +  (Ms)    («A)+(<V^)  0  -  («A)  —  (c3a"4) 

(aA)  +  (M4)    (aA)  +  (c2^4)       (aA)  +  (c3d"4)  0 


In  this  determinant  each  element  is  equal  to  its  conjugate 
with  opposite  sign,  and  the  elements  of  the  principal  diagonal 
are  zeros.  Such  determinants  are  called  skew  symmetrical. 
In  other  words,  if  in  a  determinant  we  have  aile  =  —  aM  and 
ait  =  0,  the  determinant  is  sJcew  symmetrical.  If  au  is  not 
zero,  we  have  a  skew  determinant.  It  may  be  shown  that  the 
square  of  any  determinant  of  even  order  can  be  expressed  as 
a  skew  symmetrical  determinant.     Thus,  since 


A  = 


an      a^ 

ai3 

«14          ••' 

a2i      a^ 

a23 

flfe          •'• 

an-n  an_ 

12 

a»_i3 

a„_M  ••• 

a„i      an2 

anS 

an4      ... 

ain-3  aln-2  aln~l  aln 

a2n-s      a2„_2       a2„_!       a2n 
a„-i»-3  an_in_2  an_in^1  an_: 
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=  a,,       — 


au 
a21 


—a 


aI4         cti3 
a24      — 023 

GE„_i4  — tt„_ 


n-11    U»-H 


««2 


— a„ 


aln-2  aln-3         ^ln         — ^ln-l 

tt2»-2  — a2n-3         ^hn         — ^hn-l 

an-l»-2  — an-ln-S  an~ln  — an-ln-l 
an*-2  ann-S        ann        — ^nn-l 


we  have,  after  multiplying  these  determinants  together, 

A2  = 


0 

mn 

rajg     • 

•     mln 

ran 

0 

™te     • 

•        ™2n 

rasx 

™32 

0     . 

•        ™3n 

m 


-a 


ra„ 


ra 


/.3 


0 


Wla.= 


rat 


For 


ratt  =  &aa*2  —  ^ffl^H  +  a.3aM  —  tti4a*3  T  *"   +  atn-la*n  —  ainatn-H 

and  hence  raK  =  0,     and     ralt  =  —  raK. 

120.  The  consideration  of  skew  determinants  reduces  to 
that  of  skew  symmetrical  determinants,  as  we  shall  now  show. 

I.  By  47, 

A<»>  =    On     a12     •  ••     a^ 

tt2l        G&22        *"*        ®2r 
«nl       0..2         *••         «n 

=  A0<">  +  2d  *,<-»  +  2C2  V-2)  +  ...  +  2Cn-2  A0(2)  +  C„. 

Now,  since  atJt  =  —  aK,  the  determinants  A0(n),  Ao(*_1),  A0(B-2), 
•  ••,  are  all  skew  sj'mmetrical,  and  A(B)  is  expressed  in  terms 
of  skew  symmetrical  determinants. 

II.  If,  further,  ait  in  A(n)  is  equal  to  x,  we  have 

A(M)  =  A0(n)  +  icSAo^-15  +  ar!2A0('l-2)  -\ \-  a"-2A0(2)  +  xn. 

It  will  soon  be  shown  that  a  skew  symmetrical  determinant 
of  odd  order  vanishes.  Accordingly,  the  terms  of  this  expan- 
sion in  which  the  degree  of  A0  is  odd  will  vanish.     Thus 
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x  —a  —b  —c 

a  x  — d  —e 

b  d  x  —f 

c  e  f  x 


0    —a  —b  —c 

a      0  —  d  —e 

b      d  0  -/ 

c       e  f  0 


+  x 


+  ar9 


0   —  d  —e\-\ 
d     0     — / 
e     f       0 


0  -b  -c 
b  0  -/ 
c     /       0 


+ 


0   —a  —c 

+ 

a     0     —  e 

c      e       0 

0  -a 

-b 

a    0 

-d 

6    d 

0 

"1° 

-f 

+  10  -e|  + 

0  -d 

+ 

0  -c 

+ 

0  -6 

+  10  —  al 

Jf 

0 

\e    0  1 

d    0 

c    0 

b    0 

la    0    l_ 

+  Xs  [0  +  0  +  0]  +  x* 

=  a4  +  (Z2  +  e2  +  «"2  +  c2  +  62  +  a2)  x2  +  (a/-  6e  +  cd) 2. 
The  student  may  show  that 


A  = 


a 

b 

c 

d 

-b 

a 

-d 

c 

— c 

d 

a 

-b 

—d     —c     b 


(a2  +  62  +  c2  +  d2)2. 


Writing  another  skew  determinant  Al5  whose  elements  are 
e»  f  9i  ^  ^n  the  same  form  as  A  just  written,  we  see  that 
A1=  (e2+/2  +  tf2+/i2)2.  If  we  multiply  A  and  Ax  together 
by  rows,  we  get  another  skew  determinant  A2,  of  the  same 
form  as  A  and  A: ;  the  value  of  A2  may  accordingly  be  written 


where 


(m2  +  «2+o2-fp2)2, 

m  =  ae  +  bf+  eg  -f  dh,         o  =  —  ag  -f-  b7i  +  ce  —  df, 
n  =  —  a/+  &e  —  ch  +  da,    p  =  —  ah  —  6a  +  cf  +  de. 


"We  have  then 
AA2  =  (a2+  62+c2+  d2)2  (e2+/2+  <f+  A2)2  =  (m*+  n2+  o2  +p2)2, 
or       (a2  +  &2  +  c2  +  d2)    (e2+/2+  gr*+  A2)  =  (m2  +  n2  +  o2  +p2), 
which  is  Euler's  theorem. 
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121.  Returning  now  to  the  consideration  of  skew  symmet- 
rical determinants,  let  us  take  the  two  minors  M  and  My  of 
109,  and  making  aik  =  —  aki,  a„  =  0,  the  determinant  itself  is 
skew  symmetrical ;  M  becomes  M',  and  My  becomes  My. 
Now  since  every  element  of  M '  equals  each  element  of  My 
with  contrary  sign,  or  since 

M'  =    a,„   a^  afi    •••   ,    and   My' = 


anK  a„ 


—a„t   —a, 


—aif 


"3 


M' =(-!)"  My', 

where  m,  as  before,  is  the  order  of  the  minors,  i.e.,  the  con- 
jugate minors  of  a  skew  symmetrical  determinant  are  equal  if 
m  is  even  ;  but  if  m  is  odd,  the  conjugate  minors  are  equal,  with 
contrary  signs. 

In  particular,  if  n  is  odd,    Aik  =  AK. 

But  if  n  is  even,  Aik  =  —  A^. 

122.    If  the  skew  symmetrical  determinant 


A  = 


0 

—  «12 

— aja     —  a2 


»12 

0 


a23 
0 


is  multiplied  by  (  — l)3,  we  obtain 

—  A  =    I     0  — «12         — «13 

au        0         — aog 

I   OlS  «23  0 

But  since  the  rows  of  A  are  the  columns  of  —A, 

A  =  — A,     or     A  =  0. 

I 
It  is  obvious  that,   in  general,  the  effect  of  multiplying  a 

skew  symmetrical  determinant  A  of  order  n  by   (  —  1)*  is  to 

change  the  rows  into  columns.     Hence,  when  n  is  odd, 

A=- A. 
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Therefore  a  skew  symmetrical  determinant  of  odd  order 
vanishes.  In  a  skew  symmetrical  determinant  A^  is,  of  course, 
skew  symmetrical ;  hence 

123.  From  121,  where  n  is  odd,  the  reciprocal  determinant 
is  symmetrical ;  and,  if  n  is  even,  the  reciprocal  determinant  is 
skew  symmetrical. 

124.  I.  Consider  the  following  determinant 


A  = 

0 

~  &12        —  ^13 

-au 

» 

au 

0             —  ag,        ' 

~au 

«13 

«%                0 

-<hi 

au 

%4              ^34 

0 

and  the  reciprocal  determinant 

Ai  = 

0 

A\2          A^ 

Au 

. 

—  -4l2 

0               ^ 

Au 

~AU 

-^23          0 

^34 

— Au 

—  -424       -^34 

0 

Now,  by  61, 

0 

AU\=A. 

0 

a23 

— A-u 

o  1 

Oas 

0 

An2  =  a232A,     or    A  = 


^23 


and  hence  A  is  a  perfect  square. 

II.    We  shall  now  show  that,  in  general,  a  skew  symmetrical 
determinant  of  even  order  is  a  perfect  square. 
Let 

A  = 


0 

C&12 

"    «1» 

ttl«+l 

"   al2n-l 

al2n 

<hi 

0 

"   fl2» 

CT2»H-1 

"   fhin-l 

a2  2n 

a»i 

an2 

•  •    0 

ttn»+l 

"    1»2»-1 

an2n 

an+ll 

an+12 

"    ttn+ln 

0 

* "   an+l  2»-l 

an+l  2n 

a2n-l  1 

®"2.n— 1 2 

••  a2n_i„ 

a2»-l  n+1  * 

•  •       0 

a2n-l  2n 

a2nl 

®2n2 

"    tt2nn 

ft2n  n+1 

•  •    a2n  2n-l 

0 

aik=  —  at 


156 


THEORY   OF   DETERMINANTS. 


Then,  as  above, 


=  A- A 


aU'  a2n2»» 


(a) 


Now  since  A  is  skew  symmetrical,  and  n  is  even, 
AflI1  =  Aa~  2n  =  0  ;     and     Afl„   =  -  A 


^  «2nl  ~"  ^  '  ^°11'  ^^ft  ' 


or     A  = 


*<*2nV 


«2»1 


iP) 
^11.  «2«2n 

Therefore  A  is  a  perfect  square  if  Aau>a2n2n  is  a  perfect 
square.  In  other  words,  a  skew  symmetrical  determinant  of 
order  2n  is  a  perfect  square  if  one  of  the  next  lower  even  order  is. 
But  it  is  obvious  that  a  skew  symmetrical  determinant  of  the 
second  order  is  a  perfect  square,  and  we  have  shown  above 
in  I.  that  one  of  the  fourth  order  is  a  perfect  square ;  hence, 
by  what  we  have  just  proved,  a  skew  symmetrical  determinant 
of  the  sixth  order  is  a  perfect  square,  and  so  on.  Hence  the 
theorem  is  true  universally. 

For  a  simple  illustration,  let  us  apply  (6)  to  the  following 
determinant : 


A  = 


0 

—  X 

X 

0 

y 

t 

z 

u 

-y 

—z 

= 

—t 

—u 

0 

—  V 

0 

V 

—  X 

0 

t 


-y   — * 

— t     —u 

0       -v 


=  (vx  —  uy  +  tz)~. 


0     -t\ 
t       0    I 
As  another  application,  we  establish  the  following  relation  : 

9  (<h—asy  (a1—ai)2  (as—a,)2  (a^—atf  (rfj— a2)2  (a^—atf 
=  [(a2-a3)3  (a1—ai)s+  (a3— o^)3  (a2—aif+  ^—a?)3  (a,— a4)3]2. 

The  first  expression  equals  (see  example  7,  page  37) 


('o' 


<h* 

«i 

1 

X 

1 

—  3a! 

3  a!2 

-*? 

<h2 

a2 

1 

1 

—  3tt2 

3  a./ 

-a23 

«s2 

% 

1 

1 

—  3a3 

3a32 

—  a33 

a42 

«4 

1 

1 

—  3a4 

3a42 

-a43 

APPLICATIONS   AND    SPECIAL  FORMS. 


157 


0  («i  —  a*)3  (ai  —  <h)3  (ai  —  a4Y 

(a2  —  a^3           0  (a2  —  a3)s  (a2  — a4){ 

(as  —  ci!)3  (a3  —  a2)s          0  (a3  —  a4)! 

(a,—  ai)3  (a4-a2)3  («4  — «3)3  0 

(<*!  —  a.,)3     (aj  — a3)3     (ctj  — a4)32-=- (a2  — Og)6 

0  («2  — «s)3     (a2  —  «4)3 

(a3-a2)3  0  (as  —  at)5 

=  [(a2-a3)3  (a1-a4)3+  (a3-  a1)3(a2—ai)3-{-(a1  -a2)3(a3— a4)3]2, 

as  was  to  be  shown. 

125.  The  following  proof  of  the  preceding  theorem  has  some 
advantages  over  the  one  just  given.  Let  A  be  a  skew  symmet- 
rical determinant  of  even  order.  Then  Aau  vanishes.  Let 
ft*  be  the  complementary  minor  of  aik  in  A0ll,  and  hence  a 
second  minor  of  A.     By  60, 


ft,      ft* 

Hki       Pkk 


=  0; 


and  since 


ft.  =  fti,     ft.- A*  =  ft. 


(1) 


(2) 


Expanding  A  by  Cauchy's  theorem,  63,  III.,  in  terms  of  the 
elements  of   the   first  row   and  first  column,   we  have,   since 


A  =  —  2alt- <%/?,*  =  2ahau  Vftf/Sji,  substituting  from  (2),     (3) 

in  which  »',  k  have  the  values  2,  3,  •••  2n.     From  (3)  we  have 
at  once 

A  =  [2aliVft;]2- 

Here  A  is  expressed  as  the  square  of  a  linear  function  of 
the  elements  of  the  first  row.  This  function  is  rational  if 
Vfti  is  rational.  But  ft;  is  a  skew  symmetrical  determinant  of 
order  2n  —  2.  Hence  a  skew  symmetrical  determinant  of  order 
2n  is  a  perfect  square  if  one  of  order  2n  —  2  is.  But  we 
proved  (124,  I.)  that  a  skew  symmetrical  determinant  of  the 
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fourth  order  is  a  perfect  square ;  hence,  by  what  we  have  just 
proved,  one  of  the  sixth  order  is  a  perfect  square,  and  so  on. 


126.    Since 

A  =  [2a1(V^]2 


+  a^  V/32n2n]5 


that  is,  since  A  is  the  square  of  a  linear  function  of  the  ele- 
ments of  the  first  row,  we  see  that  if  A  is  of  the  fourth  order, 
Va  contains  3  terms ;  then,  if  A  is  of  the  sixth  order,  VA 
contains  5.3  terms,  etc.     In  general,  then,  Va  is  the  sum  of 

(2?i-l)  (2n-3)  •••  5.  3.  1  terms. 

Every  term  of  Va  is,  moreover,  the  product  of  n  elements  of 
A,  in  which  no  subscript  is  repeated.  For,  taking  the  term 
aH  V/3«,  for  instance,  we  see  that  it  consists  of  terms  in  which 
neither  of  the  subscripts  i,  4  is  repeated.  But  V/^4  will  contain 
a  term  <%  Vy^,  in  which,  as  before,  -\/y^  contains  none  of  the 
subscripts  i,  2, 3, 4 ;  and  so  on.  Hence  Va  is  the  sum  of 
terms  of  the  form 

in  which  no  subscript  is  repeated. 

If  A  is  of  the  fourth  order,  for  example,  we  have 


Aw  = 


0     au   Oia    0]4 

<%    033     0     034 
a41    a**,    a^     0 


and   Va~w  =  (a^a^  ±  alza2i  ±  a^a^ . 
/ 


a!t  =  —  a. 


To  determine  which  sign  is  prefixed  to  each  term,  we  observe 
that  since  the  interchange  of  two  subscripts  of  A  amounts  to 
an  interchange  of  two  rows,  and  also  of  two  columns,  and 
therefore  leaves  A  unchanged,  Va  must  be  a  function  in  which 
the  interchange  of  two  subscripts  either  causes  no  change  or 
simply  a  change  in  sign. 
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If  we  consider  any  term  of  Va(4),  as  a^a^,  which  the  inter- 
change of  the  subscripts  1,2  transforms  into  a2iau  =  ~  aia(hii 
it  is  obvious  that  Va(4)  does  change  sign  on  interchanging  two 
subscripts.     We  have  then  the  square  root  equal  to 

a12a34  —  ^13^24  ~f*  alia2S  5  (2) 

for,  if  the  second  term  of  (2)  were  +  ,  the  interchange  of  2 
and  3,  while  changing  the  sign  of  the  last  term,  leaves  the 
signs  of  the  first  two  unchanged. 

Since  «,*=  — aw,  it  is  always  possible  to  so  interchange  the 
subscripts  that  all  the  terms  shall  be  positive.     Thus 

Va(4)  =  a12a^  -\-ai3ai2  +  a^a^. 

127.    In  general,  we  proceed  as  follows  : 
A  being  a  skew  symmetrical  determinant  of  the  2  nth  order, 
A  contains  the  term 

(        ^-J     0'Ua21aaia*iaS6a6S  '"   a2n-l 2n a2n  2n-l  =   (al2a34a56  * ' '  a2n-12n)    ■ 

Hence  Va  contains  the  term 

J-  Cli2a3ia56  "'  a2»-12n  —   -*• 

The  positive  square  root  of  A  which  contains  T  as  its  first 
term  is  an  important  function,  possessing  many  properties 
analogous  to  the  properties  of  determinants,  and  is  called  a 
Pfaffian.     The  notation 

P=[l,  2,  •••  2w],     or     (1,  2,  3,  •••  2n), 

has  been  adopted  for  the  Pfaffian.  From  what  precedes,  we 
see  that  the  terms  of  the  Pfaffian  are  obtained  from  the  prin- 
cipal term  by  permuting  the  subscripts  2,  3,  •••  2n  in  all  pos- 
sible ways,  and  changing  sign  with  every  permutation. 

Since  aa  =  —  atf,  we  may  so  arrange  the  elements  that  every 
term  of  P  is  positive.     Thus  in  the  case  of  A(4)  above  we  have 

Va^  =  P=aua84  +  a]304g  +  <h*  <h&-  (p) 
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128.  If  two  subscripts  are  interchanged,  the  sign  of  P  is 
changed.  Let  art(3  be  the  terms  of  P  containing  the  element 
ar,.  Then  the  elements  of  (3  do  not  involve  the  subscripts 
r  and  s.     Interchanging  r  and  s,  let  P  become  P'.     Now 

P2  =  P'2, 

since  each  square  is  A,  in  which  two  rows  and  also  two  columns 
have  been  interchanged ; 

,\  P  =  ±P'. 

But  because  of  the  interchange  in  r  and  s, 

ar,(3  becomes  —ara/3; 

or,  since  the  term  ar,(3  of  P  =  —  asrfi  of  P',  it  follows  that 
P  =  —  P',  as  was'  to  be  shown. 

129.  We  shall  now  prove  a  theorem  by  which  we  may  com- 
pute Pfaffians  of  order  2w  from  those  of  order  2n  —  2.* 

Assuming 

V^=(-l)'(2,  3,  ».,  f-i,  *+l,  -..,  2n),  (1) 

or,  after  making  i  —  2  cyclical  interchanges, 

V^=(t  +  1,  »  +  2,  .-,  2ra,  2,3,  -,  1-1),  (2) 

where  (3  has  the  same  meaning  as  in  125,  we  show  that 

V/£V&*  =  A*;  (3) 

and  then  since 

P=  auV#a  +  aisV&H \- a12nV/32n2n,  (4) 

*  There  is  a  difference  in  the  nomenclature.  We  have  here  considered 
the  order  of  the  Pfaffian  to  be  determined  by  the  number  of  subscripts 
involved.  Some  authors  determine  the  order  <jf  the  Pfaffian  by  the  order 
of  the  terms  in  the  elements.  Thus  (1,  2,  3,  4),  or  |  \au\,  which  we  have 
designated  as  a  Pfaffian  of  the  fourth  order,  is  said  by  some  writers  to  be 
of  the  second  order. 
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(1,  2,  3, .-,  2 n)  =  aa  (3,  •  •,  2n)  +  (% (4,  ...,  2n,  2)  +  ...  j    (. 
+  aM»(2,8,...,2n-l)  J    v 

To  show  that  upon  the  assumption  (1)  or  (2)  the  equation 
(3)  results,  we  proceed  as  follows  : 


Since 


&A  =  A*2, 


the  terms  of  V/3,(  ~V/3kk  must  be  equal  each  to  each  to  the  terms 
of  /?,*,  or  equal  with  contrary  sign.     The  product 


(-l)'-+*(2,  3,  -.,  f-l,<+l.".2»)l 
(2,  3,  •-.,  fe-1,  fc+1,  ..-,  2n)  J 

becomes,  after  a  certain  number  of  interchanges, 

(k,p,q,r,  -..,  u,  v)(p,  q,r,s,  ...,  v,  t), 

where  j9,  5,  r,  •••,  u,  v  denote  the  series  of  numbers 

2,  3,  .-,  2n, 

exclusive  of  t,  k.     Again, 


(6) 


(7) 


0&22 

a2  3 

'      a2  *-l 

^i+l 

a32 

tt3  3 

*      a3  *-l 

tt3*+l 

ai-12 

ai-13     ** 

"       ai-l  *-l 

tt«-l  *+l 

(8) 

ai+12 

Oi+13     - 

'       ai-f  1  i-1 

at+l  t+1 

(«mm  =  0, 

ar 

»  — 

-a.) 

becomes,  after  the  same  number  of  interchanges  as  were  em- 
ployed to  change  (6)  to  (7) , 


lkp         ulcq 


am    a„ 


&kv 

«« 

dpv 

<h* 

dqV 

a* 

<*vv 

«rf 

(9) 
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Now  the  first  term  of  the  product  of  (7)  is 


#*p  " qr  ' ' '  "uv  "pq  "rs  ' ' '  "tti'5 

which  is  identical  with  the  first  term  of  the  determinant  (9). 
Whence  the  truth  of  (2)  is  established,  and  (5)  gives  the 
desired  expansion  of  P.  It  is  to  be  noted  that  the  successive 
terms  of  P  are  written  cyclically.  For  example,  A(4)  being  a 
skew  symmetrical  determinant  of  the  fourth  order, 

AW  =  P2=(1,2,3,4)2, 

and  (1,  2,  3,  4)  =  av>au  +  ama&  +  a^a^. 

A<6>  =  P2  =  (1,2,3,  —  6)2, 

(1,  8, ...  6)  =*  aa  (3,  4,  5,  G)  +  a^  (4,  5,  6,  2)  4-  au  (5,  6,  2,  3) 

+  a15(6,2,3,4)+a16(2,3,4,5) 

=  <Xi2  #34  Clse  -f"  CI  12  O35  Ctg4  -f-  (J  12  Clgg  O45 
~T"  #13#45#G2  ~\-  #13 #46#25  ~T~  ^13^42^56 
+  #14  #56  #23  +  #14  #52  #36  +  #14  #53  #62 
+  #15  #62  #34  +  «15a63«42  +  #15  #64  #23 

+  a16  053045  +  a16a24«53  +  cii6<hs<*si' 

130.  The  student  must  have  already  noticed  the  analogy 
between  determinants  and  Pfaffians  referred  to  above.  The 
following  notation,  based  upon  this  analogy,  is  interesting. 
Since  the  Pfaffian  involves  just  half  the  elements  of  a  skew 
symmetrical  determinant  like  A  of  124,  II.,  we  write  the 
Pfaffian 

P  =  I  #12     <Xj3     0|4     •  •  •     Of]  0,1    1  #1  2n 

0&23     #24     •"      #2  211-1  #2  2n 

#S4     '"     #3  2/1-1  #3  271 

#2n-2  2n    1    #2»-22n 
#2n-12n 

which  is  shortened  to 

l|ai2«23a34-"«2»-i2»|,  or  to  ff(a12n) ,  or  to  l|a12n|. 
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In  particular,  we  have  for  a  Pfaffian  of  the  third  order 


I  at    bx    Cj 

b2    c2 

c3 


'■ff(aih<k)  =  \\<h    h    cs|- 


We  may  accordingly  write  equation  (p),  at  the  end  of  127, 

V^w  =  1 1  o14 1 ,  or  rather  A<4)  =  1 1  au  |2 ; 
and  the  general  equation  would  be 

A'2")=||a^|2. 

131.  We  must  here  conclude  the  discussion  of  Pfafflans  with 
the  theorem :  a  bordered  *  skew  symmetrical  determinant  is 
the  product  of  two  Pfaffians. 

From  equation  (&),  122,  II., 

^  «2»1  =  ^  '  A«ll.«2n2n' 

.-.  Aaft(1=(l,2,...,2n)(2,3,  -,2n-2,  2n-l),        (1) 

which  proves  the  theorem  when  the  determinant  is  of  odd  order. 
Let  A(n)  be  a  skew  symmetrical  determinant  of  odd  order.    Afli< 
is  a  skew  symmetrical  determinant  of  even  order,  and  hence 

Va^  =  (-1)^(1,  2,  .-,  i-1,  »  +  l,  -.,  n) 
=  (*  +  l,  •••,  n,  1,  2,  ..-,  i—1). 

Now  A(n)  being  zero,  we  have,  by  60, 

.-.  A0i.4  =  (*  +  1,  ...,  »,  1,  2,  .-.,  i  -  1)  (2) 

(fc+l,...,n,  1,2,  -,  fc-1), 

which  proves  that  a  bordered  skew  symmetrical  determinant  of 
even  order  is  the  product  of  two  Pfafflans  :  for  any  minor  Aa.A 

*  A  bordered  skew  symmetrical  determinant  is  one  in  which  the  minor 
of  one  of  the  corner  elements  is  skew  symmetrical. 
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of  a  skew  symmetrical  determinant  is  evidently  expressible  as 
a  bordered  skew  symmetrical  determinant. 
If 

ar,  =  -  a„ 

Om  =  0 


A  =   a16 


r,  we  find  by  (1), 


A«6!  =  - 


C&12  Cli3  Q-u  C%  ^16 

^22  ^23  ^24  ^25  ^26 

a32  ^33  a34  a35  *% 

&42  C43  ^44  ^45  ^46 

a52  a53  a54  a55  aB6 


a„  =  0,  o„  =  —  a„ 
=  -(1,2,  3,  4,  5,  6)  (2,  3,  4,  5). 


Again,  if 

A  = 

1  G„ 

l«rt 

=  0 

"",  we  fi 

A«42        = 

«21 

«23 

&25       tt24 

au 

«13 

a15    a14 

«31 

033 

a35        ^34 

«51 

«53 

«55        «54 

=  (5,  1,2,  3)  (3,  4,  5,1), 
a«  =  0,  a„  =  -  a„ 


as  the  student  can  readily  verify. 


Circulants. 

132.    The  resultant  of 

f(x)  =  ajx2  +  a2x  +  03  =  0, 

<f>(x)  =x*  -1=0, 

by  Sylvester's  method  (92)  is 

cti  a2    03     0      0 

0  ax    a2    a3     0 

0  0     0\    a2    «3 

1  0      0-10 
0  10      0-1 


0, 

(1) 

0,                              (2) 

«1       Of       a3 

=  i2. 

"r,        (l\        O., 

a2    03    ax 
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Now  a1}  cia,  03  being  the  three  roots  of  unity,  it  is  evident 

(94)  that 

-B=/(ai)/(o2)/(a3);  (3) 

or,  denoting  one  of  the  imaginary  cube  roots  of  unity  by  a, 
the  other  is  a2,  aud  we  may  write 

i?  =  /(l)/(a)/(a2) 

=  («i  +  <h  +  <h)  («ia2  +  «2«  +  a3)  («i<*  +  «2«2  +  %)  > 
an  equation  exhibiting  the  factors  of  R. 

133.  H  is  evidently  a  symmetrical  determinant  formed  from 
the  elements  ax,  a.^  a3  in  its  first  row,  in  such  a  way  that  the 
last  element  in  every  row  is  the  first  element  in  every  succeed- 
ing row,  and  the  other  elements  are  written  in  order.  Such  a 
determinant  is  called  a  Circulant.*  The  intimate  connection 
of  the  Circulant  of  the  third  order  with  the  cube  roots  of  unity 
was  shown  in  the  last  article.  We  shall  now  prove  that,  in 
general,  the  circulant  of  the  nth  order, 

C=  C(axa2  •••<*„)  =    aj     a2     a3 

n  1  2 

an-l  an        ai 


<h      a±      (*5 

wj         ^3         ^4 


an-2 
an-S 


a2 


is  the  product  of  all  factors  of  the  form 

an<~1  +  cfn-iai""2  +  a„-2a""3  H h  asa?  +  a2ai  +  ax  =/(o<), 

in  which  a,  is  one  of  the  nth  roots  of  unity,  and  i  accordingly 
takes  successively  all  the  values  1,  2,  •••  n.  In  symbols,  we 
are  to  show 

C(a1a2as---an)  =  II  (a„a<n-1  +  an_1ai"-2H r-asa<  +  ai) 

i=l 

=  /(a0/(a2)/(«3)  •••/«- 
Write  another  determinant  of  the  nth  order 


*  The  Circulant  is  of  frequent  occurrence  in  the  Theory  of  numbers. 
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As 


1  ax  ai  af 

1  aj  a22  a23 

-f  2  3 

1  a3  a3  ag* 


1      a,,     an2     an3 
Multiplying  by  rows, 


a, 


«i 


a» 


CA 


/(a,)  /(«,) 

«i/(ai)        o.2f(a2) 
«i2/(ai)        a22/(a2) 


a»-i/(a»-i)      a„/(an) 


Factoring  this  product, 

CA=/(ai)/(a2)  •••/(«„) A. 

/.    C       =/(ai)  /(a,)  -/(an) 

=  II(a»a""1  +  an_1ap2H f-Oa^  +  aO. 

For  an  illustration,     x  0  0  0  y 

y  x  0  0  0 

0  y  aj  0  0 

0  0  y  x  0 

0  0  0  y  * 

=  (»  +  «i  y)  (a  +  «2y)  (a?  +  <hy)  (x  +  a4y)  (x  +  a5y) 


=  (x  +  y)(x  + 

V5-1      Vio  +  2V5 

L           4                     4 

(x  + 

V5-1       VlO  +  2V5 
4                     4 

(*  + 

V5  +  1      ViO-2V5 

L           4                     4 

(x  + 

- 1*  +  y8, 

as  was  evident  from 

Vo+1      Vio-2V5 

L           4                     4 

:he  beginning. 

*v=i]») 
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134.    The  circulant  of  the  fourth  order 


C  = 


«1 

a2 

a3 

a4 

a4 

«i 

<h 

a3 

03 

at 

«1 

a2 

a2 

<** 

a4 

«i 

can  be  expressed  as  a  circulant  of  the  second  order,  as  follows. 
We  have 

-C 


«1 

—  do 

a3 

— a4 

= 

aa 

a4 

a3 

«2 

a3 

~«4 

«i 

— a2 

«3 

a2 

al 

a4 

a4 

—ax 

a2 

-a3 

a2 

a, 

a4 

a3 

a2 

-«3 

a4 

-a. 

o4 

a3 

a2 

ai 

The  first  of  these  determinants  is  obtained  by  interchanging 
the  second  and  third  rows,  and  multiplying  by  (  — l)2;  the 
second  is  obtained  from  the  first  by  reversing  the  order  of  the 
rows,  and  then  reversing  the  order  of  the  columns. 

Multiplying  them  together, 

C2  = 

a2—2a2ai-\-a3  2a1a3— a2—  a42        0  0 

2a3a1—a2—a.2  a3—2aia2+a2        0  0 

0  0         2a4a2— a2— a32  a2-\-ai2—2a1a3 

0  0         a2—2axaz-\-<x2  2a2ai—a2—a2 

Whence  expressing  C2  as  the  product  of  two  minors,  and 
extracting  the  square  root, 


C  = 


ax  (*!  —  a4a2-\-  a3  a3  —  a2  a4    a3  ax  —  a2a2-\-  a1  a3  —  a4  a4 
a3a1  —  a2a2  +  a±a3  —  a4at    a^  —  ^a^  +  a3a3  —  a2a4 


as  was  to  be  shown. 

The  method  emploj'ed  in  this  special  case  is  equally  appli- 
cable to  show  that,  in  general,  a  circulant  of  order  2w  can  be 
expressed  as  a  circulant  of  the  nth  order. 

We  add  the  following  proof,  however,  which  is  based  upon 
the  fundamental  property  of  circulants. 
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~\\re  have  to  show  that 


C  = 


ax      a2    a3 

«2»-l  a*.   a>i 

Og      a4    a5 
«2       a3    a* 


Ct2n-\    (hn 

= 

a2»-2    a2n-l 

•••       «2n-2 

ax       a2 

a2„      ax 

6j     62 

63        64 
62        h 


where 


&„-2    K-l 
&n-3    &»-2 

bn      bi 


—  d2(hn 

—  a4«2» 
a6a-2„ 


(1) 


&j   =   ditt!  —  a2„  CE2       ~f~  &2n-l&3 h 

62  =  agtti      —  Ota!      +  ai03      —  + 

63  =  05^      —  a4a2     +  a3a3      —  + 

0k  =   rt2Jt_i  C^  —  0'2k—2  ®2     I     ^2*-3  ^3  T 

The  first  determinant 


C=  n  (aft.a4te-1+  Oft,.!*!,8"-^  a*-$<h**-*  +-••+  <h<*i+<h)-       (2) 

Now  for  every  2  nth  root  a  of  unity  there  is  one  —a.     Hence 
(2)  may  be  written 


C=U(bnai^  +  bn_1a>»-*+-.-+b3aii  +  b2a?  +  b1).  (3) 

»=1 

If  ±  ax,    ±  a,,    ±  a3,    ±  a4,    •••,    ±0,,, 

are  the  2  nth  roots  of  unity,  it  is  evident  that 
222  2 

al)     a2  5     a3  ?     '"J     an  » 

are  the  nth  roots  of  unity.  Hence  the  second  member  of  (3) 
equals  the  second  determinant  of  (1),  which  establishes  the 
theorem. 

For  example, 

C  = 


abed 

= 

E    F 

d     a    b     c 

F    E 

c    d     a    b 

b    c    d    a 
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in  which 


E  =  a2  +  c?-2bd,     F  =  -b2-di  +  2ac. 
.-.  0=(a2  +  c2-26d)2-(2ac-62-d2)2. 


Centro-symmetric  Determinants. 

135.  If  we  suppose  a  determinant  to  be  symmetrical  with 
respect  to  the  centre  of  the  square  (centro-symmetric*),  we 
have,  if  the  determinant  is  of  order  2n, 


A  = 


«11 

a12 

'?     aln-l 

Oln 

&n 

&12 

•     &ln-l 

bln 

«21 

a.^ 

•     <*2»- 

-1 

«2» 

&21 

&21 

'     &2n-l 

b2n 

a»i 

«n2 

•     «„„. 

-1 

«nn 

bnl 

&n2 

•  &»»-i 

bnn 

Kn 

&»»- 

-1    * 

•    K2 

Kl 

a»» 

«»» 

-1     * 

■  ««2 

«nl 

hn 

"2n-l     * 

•     &22 

hi 

a2n 

^n 

-1      ' 

•     «2  2 

a21 

bln 

&1»- 

-1     ' 

'    &12 

hi 

«ln 

«1»- 

-1      * 

•     «12 

«n 

We  will  transform  A  as  follows :  add  the  last  column  to  the 
first,  the  (2n  — l)th  to  the  second,  and  so  on,  finally  adding 
the  (n  +  l)th  to  the  nth.  Afterward  subtract  the  first  row 
from  the  last,  the  second  from  the  (2n  — l)th,  and  so  on, 
finally  subtracting  the  nth  from  the  (n  +  l)th.     Then 


A  = 


«n  +  bln    • 

'•   Oln 

+  bn 

bn       • 

■•        bln 

a2i  t  b2n    ' 

•  •  a2n 

+  &21 

&21 

b2n 

ff»i  +  bnn  • 

"    0>nn 

+  &„! 

Kl 

Kn 

0 

•• 

0 

«nn 

-bnl. 

'      <*nl-b 

0 

.. 

0 

o2n 

—  621     •' 

•  aa  —  b2 

0 

•• 

0 

«1» 

-bn     ■ 

-  an—  6, 

*  It  may  be  shown  that  the  product  of  any  two  determinants  of  the  nth 
order  is  expressible  as  a  centro-symmetric  determinant  of  the  2  nth  order. 
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«11  +  hn  «12  +  &ln-l 

<%  "T"  "2n  a22  ~f~   "2n-l 

«»1  +  t>nn  «n2  +  &„„-! 

^nn  —    *nl  flnn— 1  —   "»2 

a2n    —   "21  a2n-l    —    "22 


<hn-l  +  &12 

<hn 

+   K 

<hn-l  ~f"  "22 

«2n 

+  K 

aw»-l  ~f"  "«2 

«nn 

+  Kx 

&n2  —   "nn-1 

«nl 

—  Kn 

CI22  —   02n-l 

«21 

—  &2» 

&12  —  "l»-l 

Oil 

-K 

If  A  is  of  order  2  n  +  1 ,  we  write 


A  = 


Ctjj  Ct>i2 

0^21  <^22 

«„i  «»2 

?1  ?2 

&1»  &ln-l 


«1» 

&i 

&n 

(hn 

k2 

621 

««» 

kn 

&„1 

*n 

r 

z« 

&- 

K 

««i 

&11 

ft, 

«1» 

'ln-1  "In 


'2n-l         "2n 


?2 
Ct„2 


h 
«nl 


<*12  ^11 


By   making  just   the   same   transformations   as  before,  wc 
find 


A  = 


«n  +  bln  a^  +  6ln_! 

«21  +  &2»  «22  +  &2*-l 

anl  +  &»»  an2  +  0»f»-l 
2lx  2?g 

ttrni  —   &nl  ann-l  —  "n2 

«2n  —  "21  ^n-l  —  "22 


<hn  +  &11  fc 

a2»  ~l"  "2i  Ar2 

«»n  +  &„1  K 

2L  r 


ttnl  —  "nn 

a21  —  62, 
«n  —  hn 
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Collecting  results,  we  have :  a  centro-symmetric  determinant 
equals  the  product  of  two  determinants  each  of  the  nth  order, 
if  the  order  of  the  symmetric  determinant  is  2  n  ;  if  the  order 
of  the  symmetric  determinant  is  2  n  +  1 ,  the  factors  are  of  order 
n  and  n  +  1  respectively. 

For  an  illustration  we  expand  the  following  determinant : 


abcdefgh 
badcfehg 
cdabghef 
dcbahgfe 
efghabcd 
fehgbadc 
ghefcdab 
hgfedcba 


a+h  b  +  g  c+f  d  +  e 

b  +  g  a+h  d  +  e  c+f 

c+f  d  +  e  a+h  b+g 

d+e  c+f  b  +  g  a+h 


a  —  h  b  —  g  c—f  d  —  e 

b  —  g  a  —  h  d  —  e  c—f 

c—f  d  —  e  a—h  b  —  g 

d—e  c—f  b—g  a—h 


a+h+d+e     b+g+c+f 
b+g+c+f    a+h+d+e 


a+h— d—e     b+g—c —f 
b+g— c—f    a+h— d—e 


a—h+d—e     b—g+c—f 
b—g+c—f    a—h+d—e 


a—h— d+e     b—g— c+f 
b—g  —  c+f    a—h— d+e 


Continuants. 

136.   Consider  the  three  simultaneous  equations 

(a)     3Xi—    x2  =  1  ) 

(6)        xl  +  ±Xo—    x3  =  0  /  • 
(c)  X2  +  5  x3  =  0  ) 
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From  (a), 

4-1)  =  !; 


X1  = 


From  (6), 


2?2 


3q         O^ 


-4 


3  + 


4_^ 
a* 


From  (c), 


ft  — I; 

»2         5' 


a-! 


3  + 


*+l 


The  value  of  a^  is  thus  expressed  as  a  continued  fraction. 
If  we  solve  for  a^  by  69,  we  find 


«i 


We  see  then  that  a  continued  fraction  may  be  expressed  as 
the  quotient  of  two  determinants. 

"We  shall  now  proceed  to  the  application  of  determinants  to 
continued  fractions  in  general. 


1 

-1 

0 

-5- 

0 

4 

-1 

0 

1 

5 

3 

-1 

0 

1 

4 

-1 

0 

1 

5 

137.  From  the  simultaneous  equations 

'  (1)  OiXx  —  Xz       =ai 

(2)  asx1  +  a2x2  =  xs 

(3)  asx3  +  a3x3  =  xA 


(n-1) 

100 


• 
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we  obtain  from  (1) 


xx  = 


Xn 


Substituting  in  this  the  values  of 

X%  X3  &n-l  ^n 

?  — )  •••  }  ) 

Xi  X%  Xn-2  Xn-\ 

as  obtained  from  (2),  (3),  •••  (n  —  1),  (n),  we  have 


xx  = 


<h  +  a2 


a2  +  a3 


«3+    •. 


«n-l  +  «» 


The  value  of  a^  is  seen  to  be  expressible  as  a  continued 
fraction.  If  we  stop  at  the  nth  quotient,  and  thus  take  the 
nth  convergent  for  the  value*  of  xx,  then  xH+1  and  all  the  suc- 
ceeding x's  must  be  conceived  to  vanish.  In  that  case  Xi  is 
the  continued  fraction. 


_  ax      02         a3  a„_x        an 


«i  +«2  +a3         +an  +an 
The  consecutive  convergents  to  F  will  be  denoted  by 

Pi      il  P» 

p 
The  determinant  expression  for  — -  is  now  found  by  making 

Qn 

»„_!  =  0  in  equations  I.,  and  solving  for  xx  by  69.     We  find 
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x,  = 


"1 

-1 

0 

0 

0 

..     0 

0 

0 

0 

a2 

-1 

0 

0 

..     0 

0 

0 

0 

<*3 

«3 

-1 

0 

..     0 

0 

0 

0 

0 

<*4 

aA 

-1 

•  •       0 

0 

0 

0 

0 

0 

0 

0 

'•        <*n-l 

<*»-l 

-1 

0 

0 

0 

0 

0 

..      0 

«» 

«» 

«1 

-1 

0 

0 

0 

•  •       0 

0 

0 

«2 

a2 

—1 

0 

0 

..     0 

0 

0 

0 

a3 

<h 

-1 

0 

..      0 

0 

0 

0 

0 

0 

0 

0 

"       o»-i 

a»-i 

-1 

0 

0 

0 

0 

0 

•  •       0 

<*„ 

«» 

which  is  the  determinant  expression  sought,  and  hence  is 

Qn' 

Looking  at  numerator  and  denominator  of  this  convergent, 
we  see  that 


«i 


and  thus 


a, 


F- 


dQn 


and 


.  ,jr         dQog&), 


138.  A  determinant  having  the  form  of  Qn  in  the  preceding 
article  is  called  a  continuant ;  i.e.,  a  continuant  is  a  determi- 
nant in  which  the  elements  outside  of  the  principal  diagonal 
and  the  two  adjacent  minor  diagonals  are  all  zeros,  and  one  of 
these  minor  diagonals  has  each  of  its  elements  —  1 . 

Since 


«1 

-1 

0 

0 

ct2 

a2 

-1 

0 

0 

«3 

«3 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

■»-I 

a*-i 

0 

a* 

a- 
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«1 

02 

0 

0      •• 

.      0 

0 

0 

-1 

a2 

«3 

0      •• 

.      0 

0 

0 

0 

-1 

a3 

a4      •• 

•       0 

0 

0 

0 

0 

0 

o    .. 

.    -1 

a»-i 

a, 

0 

0 

0 

0      •• 

•       0 

-1 

a 

it  is  immaterial  on  which  side  of  the  principal  diagonal  we 
write  that  minor  diagonal  whose  elements  are  —  1.  Also  we 
may  write 


Qn  = 


«1 

-1 

0 

0 

a. 

a2 

-1 

0 

0 

a3 

<H 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

<H 

1 

0 

0 

0 

-«2 

a2 

1 

0 

0 

0 

— a3 

as 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

a,,.!       an_!     —  1 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-a»-l 

«n-l 

1 

0 

—  an 

a« 

We  shall  employ  the  following  notation  : 


n  ~  (  a2°t3    "* "» 
VaiOjOj  — a,, 


Thus 


/      a2      a3      a4     \  _ 

^Oj     a2    a3    a4y  ~ 


aj  -1     0      0 

a2  C^  — 1  0 

0  a3  a3  —  1 

0  0  a4  a4 


Returning  to  — - ,  we  may  now  write 
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Qn 


ai  (     ^      ^  '"  tt»        ) 

\a2  as  •••  anJ 

(   a-2    a3  •••  (!„     \ 

\otx  a2  •••  anJ 


or,  fAe  wi/i  convergent  to  a  continued  fraction  F  is  expressible  as 
the  quotient  of  two  continuants  multiplied  by  the  first  numerator 
ofF. 

139.    Expanding  P„  in  terms  of  the  elements  of  the  last  row, 
we  find 


P„  = 


«i 


«3     "4    "•    «n 

«2    «3         ' 


=  a»«i 


+  a»«i 


a2  -1  0  0 

a3  ^3  — 1  0 

0  a4  a4  — 1 

0  0  0  0 

0  0  0  0 

Og  — 1  0  0 

a3  a3  —1  0 

0  a4  a4  —  1 

0  0  0  0 

0  0  0  0 


a* 

0  0 

0  0 

0  0 


an     2        a 
0 


0 
0 
0 

-1 


n-1       "-»-! 


0  0  0 

0         0         0 
0         0         0 


ln-8       an-l 

0      a„_,    a. 


1 


»— 2       "n-2 


=   «n<*l 


a3    a4 


^a2  a3      •••      an_i 
=  a„P„-i  +  a„Pn_2. 
Similarly, 

Qn^f     "     a*    '" 

\ax  a2     •  •• 


+  On«l 


«3    a4 

«2    Os 


«»-2     \ 

a»-2/ 


On 


a2    a3   •••   a„ 


a„-i/ 


a2    ag    •••    an_2 


^i   Ct2 

==  an  Qn-1  +  an  Qn-2- 


«„ 


(^) 


(B) 
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140.  It  is  to  be  observed  that  the  equations  (A)  and  (B) , 
besides  establishing  the  law  of  formation  of  the  consecutive 
convergents  to  F,  give  the  expansion  of  a  continuant  of  order 
n  in  terms  of  continuants  of  lower  orders.     Thus,  by  (B), 

°v    03    a4    \  _       f    a2    0.3    \  f    <*2 

ax  a2  a3  aAJ  ~ai\<h  <h  <hj      a*  \«i  <h 


a2 

*\al  a2 


)  +  a4a3(a1)+a4(aia2aJ 


a  a1a2ct3a4  +  a2a3ot4  +  Oia3a4  -f~  ttia2on ~f~ a2a4. 

141.    Equation  (B)  is,  in  fact,  a  special  case  of  the  more 
general  theorem 

/    a2    a3    a4   •••   a„     \  _  /    a2    a3   ■••   a,.     \  /    ar+2   •••    an     \ 
V^  a2  ag      •••      an)  ~\a1aa      •  ••      aj  \ar+1     -•      aj 

(    a2   •••   ar_x     ^  /    ar+3    •••   an 


^     •••      ar_ly/  \ar+2     •••      < 

This  is  easily  proved  by  writing  out  the  continuant  of  the 
first  member  in  full,  and  expanding  by  Laplace's  Theorem 
(55)  in  terms  of  the  minors  formed  from  the  first  r  rows  and 
their  complementaries. 

We  may  also  use  {B)  to  obtain  another  expansion  of  Qn. 
Thus 

(C) 
as  the  student  may  easily  verify  by  expanding  the  first  member 
in  terms  of  the  elements  of  the  first  column. 

142.  It  will  afford  the  student  an  excellent  exercise  to  take 
the  quotient 

\a2  a3  ••.  anJ 


0-2      a3 

o,    a. 
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and,  with  the  help  of  (C)  of  the  preceding  article,  transform 
it  into  the  continued  fraction 

<*!  +a2  +a3    "   +a„* 

143.   57  or  62  established  the  theorem 

A      d2A  dA    dA        dA    dA 


daikdape      daik  dape      dapk  daj 

Let  A  s  Q>  =  f  "»     -  a»    \ 

\<h  Oa  ...     anJ 

and  let  i  *a  k  =  1,      jp  =  e  =  w. 


(1) 


Then  d^A 


_  /      aS 


daudann      \a2  Og 
where  P„_x  has  the  meaning  assigned  to  it  from  the  beginning. 


Also  dA  _  /   ag      ...On    \  _  Pn 

dan      \a2  %  •••      anJ  ~  ai 

Similarly, 


dA                                dA        .     .,     . 
and  dA       /   02   03  •••  a^^    \  n 


da„»      Wi  «2      •••      <x„_x 


«2      a3     •'•     Of.         W       a3      a4     '•*     Ofi-l 

az  a2      •••      a„/  \a2  a3      •••     a„_! 


«2    Os    —         «»/  \«1    «2     -•  «n-l/  ^  ;  «*«3"'«ii. 

Or  Q„Pn-i  ~  P„Qn-i  =  (-^-ajasaa-o,,. 
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144.    With   the   help   of   determinants   we   may   now  show 
that 


F  =  —     °2       °3 


a*-i 


a*+i 


+a*-i  +ak  +a, 


*+i 


equals 


Ten  —   <*1       Q2 

~  ax  +a2 


a***-i      #<**      a*+i 


as  follows.     The  first  fraction 


F: 


/     «3     «4    "'    °»       N 

aj  \a2  o.s      •  ••      anJ 
/    a2    ag   •••   an     \ 


This  quotient  is  easily  shown  to  be  equal  to 


o.\ 

-1 

0 

0     • 

..    0 

0 

0 

0 

0 

...    0    0 

0 

<h 

-1 

0    . 

••      0 

0 

0 

0 

0 

-00 

0 

<*3 

a3 

-1    • 

•  •      0 

0 

0 

0 

0 

••0     0 

X 

0 

0 

0 

0      • 

••   ai-l 

a*-i 

a* 

0 

0 

...    0    0 

0 

0 

0 

0      • 

•  •      0 

-1 

ak 

-1 

0 

...    0    0 

0 

0 

0 

0      • 

-     0 

0 

a*+i 

a*+i 

-1 

-00 

0 

0 

0 

0     . 

..    0 

0 

0 

0 

0 

1  *  *         ^n       ^n 

«i 

-1 

0 

0      • 

•  •      0 

0 

0 

0 

0 

-00 

a2 

a2 

-1 

0      • 

•      0 

0 

0 

0 

0 

-00 

0 

"3 

a3 

-1  . 

•      0 

0 

0 

0 

0 

-00 

X 

0 

• 

0 

0 

0      • 

•   a*-l 

ak-l 

a* 

0 

0 

-00 

0 

0 

0 

0      • 

•      0 

-1 

ak 

-1 

0 

-00 

0 

0 

0 

0     • 

•     0 

0 

a*+i 

a*+i 

-1 

-00 

0 

0 

0 

o    . 

•      0 

0 

0 

0 

0 

-     a„     a„ 
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But  this  quotient  obviously  equals 
0 


a,  -1 

0  a2 

0  a3 

0  0 
0  0 
0     0 


0 
0 
0 


0 
0 

— 1 

0 
0 
0 


0     0       0       0 


a;at_1  xak_i  Xak 
0      —1     ak 


0 
0 
0 

0 
-1 


0       0     at+1  a^   —  1 
0       0       0       0       0 


0  0 
0  0 
0     0 


0  0 
0  0 
0     0 


a,   -10       0 

a2    a.2     —1     0 


0 


cto     —  1 


0      0       0        0 
0     0       0       0 


0        0        0        0  0 

0        0       0        0  0 

0       0       0       0  0 

Xak^i  xak_i  Xak      0  0 

0      -1     ah      -1  0 

a» ,  i  —  1 


—      0       0 
0     0       0       0—0       0 
This  last  quotient  is  the  continued  fraction 


■*+i   "t+i 
0       0       0 


Jfil  _  «1        a2 


Xak_x       Xak       ai+1 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

■« 

a» 

—  1 

a„ 


ai  +a2  +»ai-i  +ak  +ak+1 
as  was  to  be  shown. 

145.    In  a  certain  investigation  it  becomes  necessary  to  show 

that  the  denominators  Dx  and  D2  of  the  convergents  to  the 
fractions 

b      b              b  A      b       b                b 

_  ...  and     —  ...  

ai  +a2         +an  an  +an_!         +ax 


are  equal. 
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and 


A  = 


«1 

-1 

0 

0 

•  •     0 

0 

0 

b 

«2 

-1 

0 

..    0 

0 

0 

0 

b 

a3 

-1 

•  •     0 

0 

0 

0 

0 

0 

0 

•  •     b 

«»-i 

-1 

0 

0 

0 

0 

..    0 

b 

a» 

an 

-1 

0 

0 

•  •     0 

0 

0 

b 

«»-i 

-1 

0 

•  •     0 

0 

0 

0 

b 

an-2 

-1 

•  •     0 

0 

0 

0 

0 

0 

0 

..     b 

a2 

-1 

0 

0 

0 

0 

•  •     0 

b 

ax 

By  reversing  the  order  of  the  columns  in  D2,  and  also  the 
order  of  the  rows,  and  afterward  making  the  rows  the  columns 
in  order,  the  original  determinant  is  unchanged  either  in  sign 
or  magnitude.  But  by  these  transformations  D2  is  changed 
to  Dx,     Whence  D2  =  Du  as  was  to  be  shown. 


146.   The  quotient 


I&2    Cal 


can  be  expressed  as  a  continued  fraction,  as  follows : 


1  h  Cs\ 
\ax  b2  c3 


1      &!     c, 

0     b2    c2 
0     6,    c, 


1     0       0 
a2   b2   1 6j  c2 
a3    63    I6xc3 


aa  bv  cx 
<x2  o2  c2 
%    O3     c2 


ax    by       0 
a2    b2    |6iC2| 

«3     &3     i&lC3l 
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&3           0           0 

|a2&3|     b2     l&iC2l 

0             bs        l&iCgl 

= 

1  a2  63 1 

0 

0 
62 

—  63  I   bxCal 

0 
-1 

I&1C3I 

I  a263I     &2     I&1C2I 

0                 63          l&iCgl 

1  ai&3| 

—  &1|a2&3I 

0 

-1 

h 

0 

-1 

«1&3I  &1  I  «2  &3  1 


b2         63I&XC2I    • 

I&1C3I 

This  process  is  equally  applicable  to  show  that,  in  general, 

the  quotient  of  two  determinants  — ■  is  expressible  as  a  con- 

A2 
tinued  fraction,  provided  only  that 


a        d*A2  A        dA2 

Ai  =  -T-1,     or    Aj  s  =3  j 
aau  aaln 

147.    The  continued  fraction 

«i     +«a     +% 


dAj 
dani 


+  «, 


is  evidently  equal  to 


ai     a* 

m     ax    a? 


"  ) 


f        «2        a3  •"      «n        \ 

\aa    a2         •••      an) 


For 


ai  -1  0  0 
0  a2  -1  0 
0     ag     03  —  1 


0     0      0     0 


•  0     0 

+ 

.  0    0 

•  0     0 

•  a„    a» 

F,= 


«2        a3     "•     ^ 

a2      •••      a. 


d&2 
da.. 


m 

—  1 

0     0 

..  0 

0 

0 

«i 

-1    0 

•  •  0 

0 

0 

a2 

a2  —1 

••  0 

0 

0 

0 

a3     rt3 

•  •  0 

0 

0 

0 

0     0 

••   a» 

a» 
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But  the  first  determinant  in  the  numerator  may  be  written 

0-10  0 

aj     ax     —  1  0 

0     a2      a2  —1 

0     0       a3  a3 


0 

-1 

0 

0      • 

«1 

0 

-1 

0      • 

0 

0 

a2 

-1    • 

0 

0 

0 
0 

<*3 

0 

«3        • 
0          • 

0     0 

= 

0     0 

0     0 

0     0 

a»  an 

0     0 


0 


0 


0 

0 

0 

0 

0 

0 

0 

0 

«H 

a» 

whence  the  desired  result  is  at  once  obtained  by  substituting 
in  the  numerator  of  the  value  of  2^,  and  adding  the  deter- 
minants. 

148.  We  may,  with  the  help  of  the  preceding  article,  express 
the  value  of  the  periodic  continued  fraction 


&i       6o         b» 
m  +  -i    -£-    _*- 

* 


h 


+a2     -faj     +2m 


as  the  quotient  of  two  determinants.      (The  *  marks  the  re- 
curring period.) 

If  we  put  x  for  the  continued  fraction,  we  have 


x  =  m  -\ 


&, 


+a2     +«i     m+x 


Then,  by  147, 


x  = 


(       \       b2  •••  &3       &2       &! 

^m     ax    ay  •••  a2    av     (m  +  x) 


h     b3 
ay     a?    a3 


b2    b 
a2    ax 


(m  +  x)  J 


clearing  of  fractions,  and  expanding, 
&«,    63  •••      63    b2    bi 


OJ     • 

•  c&2    ax    m 

62      • 

•         &2      &1 

<h    CL2  • 

•  a2    ax     m 

+  ar' 


+  a 


'        &2    63" 

a2  ax) 

61     &2      •• 
m     ttj     a,  •• 

-  a2    Oj  J 
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But  the  first  term  of  the   first  member  equals  the  second 
term  of  the  second  member  of  this  equation. 


/.  x  =  ± 


f    &!     b2      •••      b3    b2    h    \ 
\m    aj     a2  •••  03    a2    ax    mj 


Ctj       C*2       t*3 


b3     b2 
a»     a<>    a. 


149.    Let  us  now  consider  the  ascending  continued  fraction 


<*2  + 


^3  + 

<x9 


+ 


0. 


_  Ol     +  <*2     +<*3 

Ox    a2      Og 


F'  = 


_  <*1  + 


«1 


Denote  the  convergents  to  F'  by 

_,     — ,      — ,    .. 


Pn 
» 


+  «n 

a. 


and  let  us  obtain  the  determinant  expression  for  the  nth  con- 
vergent. 

We  have  evidently 

9»  =  «i«2«3  ••'«»• 


pn  is  determined  from  the  following  equations,  which  the 
student  can  easily  deduce  : 

Pi  =  ai 

—  a2p!+p2  =03 

—  (HPi+Ps  =°3 

—  «n-2  Pn-3  +  Pn-2  =  <*n-2 

—  «n-lPn-2  +  Pn-l  =  On-1 

a«P»-i+2>»  =o»- 
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From  these  equations 


P»  = 


1 

0 

0 

0 

0 

0 

o-i 

— a2 

1 

0 

0 

0 

0 

a* 

0 

—  Og 

1 

0 

0 

0 

<% 

0 

0 

0 

an_2 

1 

0 

«n-2 

0 

0 

0 

0       - 

-«„-l 

1 

an-l 

0 

0 

0 

0 

0 

a» 

<*„ 

«i 

-1 

0 

0     • 

.    0 

0 

0 

a2 

a2 

-1 

0    . 

•     0 

0 

0 

aS 

0 

a3 

-1   ■ 

•     0 

0 

0 

<*~n-2 

0 

0 

0     • 

•     ttn_2 

-1 

0 

an-l 

0 

0 

0     • 

.    0 

«»-l 

-1 

«n 

0 

0 

0     • 

•     0 

0 

an 

Pn 
9n 


<*1 

-1 

0 

0     ■ 

•     0 

0 

a2 

a2 

-1 

0     • 

..    0 

0 

a3 

0 

a3 

-1  . 

•  •     0 

0 

«n-l 

0 

0 

0     • 

•     an-l 

-1 

an 

0 

0 

0     • 

■     0 

«n 

ttj 

-1 

0 

o    . 

•     0 

0 

0 

<h 

-1 

0     • 

•     0 

0 

0 

0 

a3 

-1  . 

.    0 

0 

0 

0 

0 

0     • 

•  «„-! 

-1 

0 

0 

0 

0     • 

•     0 

an 

Pn 

150.    The  numerator  and  denominator  of  —  can  be  trans- 

formed   into   continuants,    and   thus   the   fraction   F'    can  be 
transformed  into  a  descending  continued  fraction,  as  follows : 
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Multiply  the  last  row  of  pn  by  an_l5  and  subtract  from  it  the 
(n— l)th  row  multiplied  by  an ;  then  multiply  the  (n— l)th 
row  by  an_2,  and  subtract  from  it  the  (n  —  2)th  row  multiplied 
t>V  a„-i ;  and  so  on.     Then 


P»  = 


a,      -1          0 

0  0120!+ a2    —  ax 

0    ^«2a3     «3a2  +  a3 

0      ■ 
0 
—  02 

0 
0 
0 

0                 0 
t)                 0 
0                  0 

0             0                    0 
0             0                    0 

0 
0 

a, 

0 

«* 

■a 

n-2~f"an-l     — an-2 

_xa„      «„<!„_! +a„ 

On-ian^On-S    ~'     ^^^ 


Similarly, 


?»  = 


Oj 

-1 

0       o    ... 

0 

0 

0 

—  «ia2 

tt2ai  +  02 

— ai          0      ••. 

0 

0 

0 

0 

—  tt^g 

«3a2  +  a3     ~a2    '" 

0 

0 

0 

0 

0 

o       o    ... 

an-2 
an-l 

an    lan-2 
+  an-l 

—  «»-2 

0 

0 

0        o    ... 

0 

—  ^w-lOn 

an-lan-2an-3    " 

••    a2at 

Whence,  by  144, 


Pn 

q* 

<*i 

a2a1a3 
—  a3a2-r-a3 

a»-2an-3an-l 

Ctn-lan-2an 

«i 

0Jn_1an_2+a„_1 

—  tt/.an-1  +  On 

the  descending  fraction  sought. 
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Alternants. 
151.    Consider  the  determinant 


A  = 


af 
aj 


1     a*    a„ 


and  the  product 


P  =  (a2—a^)  (a^—a^)  (0,4—0,1) 

X  (az—a^)(ai—a2) 

X  («4— a3) 


••   (On—ai) 

••   (an—a2) 
■•   («»— %) 

X  (an—an_1) 


of  the  -  (n— 1)  differences  of  the  n  different  quantities  involved 

It 

in  A.  This  product  is  called  the  difference  product  of  the  n 
quantities  Oj,  Og,  •••  an,  and  for  it  the  notation  £J(a1}  a2,  a3,  •••  an) 
has  been  adopted. 

The  reader  will  remember  that  the  square  of  the  difference 
product  was  denoted  by  £(al5  a2,  •••  a„),  aud  thus  the  difference 
product  itself  is  very  appropriately  designated  by  ^(o^  02,  •••  an). 

We  shall  now  show  that 


A  ^P^g^,  oj,  •••,  an). 


(1) 


If  in  A  we  put  at  —  a4,  A  vanishes ;  hence  A  is  divisible  by 
each  factor  of  P,  and  hence  by  P.     Again,  A  and  P  are  each 

polynomials  of  degree  -  (n  —  1),  and  therefore 

A  =  A£*(ai>  a2,  a8,  •••,  aft), 

where  X  is  a  factor  independent  of  au  a2,  •••  a„.      From  the 
special  case 
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A=      1 
1 

1 


CU 


=  (a2—a1)  (a3—a{)  (0,3—0?), 


we  see  that  A=  1,  and  thus  the  truth  of  (1)  is  established.* 

152.  A  of  the  preceding  article  is  evidently  an  alternating 
function;  for  the  interchange  of  at  and  ak  amounts  to  an 
interchange  of  two  rows  in  the  determinant,  and  hence  changes 
its  sign.  A  is  accordingly  an  Alternant.  In  general,  an  alter- 
nant is  a  determinant  in  which  each  element  of  the  first  row  is 
a  function  of  #x,  the  corresponding  elements  of  the  second  row 
the  same  functions  of  x2,  and  so  on.     Thus 


A  = 


/i(*i)     /2O1) 


/.(*i) 
/„(*) 

/»(*») 


^[/i(*0>  /*(**)  -  /»(*»)] 


is  an  alternant. 

153.    We  can  easily  show  that 


A  = 


1      /i(*i)      /2(«i)    "•  /»-i(zi) 

1    fiM    /«(».)  -  /»-iW 


=  Atffo,  a*,   •••  xn), 


where  fr(x)  is  a  function  of  the  rth  degree  in  x,  and  A  is  the 
product  of  the  coefficients  of  the  terms  of  highest  degree  in 
the  several  functions.  For  subtracting  the  first  column  mul- 
tiplied by  the  proper  number  from  the  second,  we  reduce  the 
elements  of  the  second  column  to  pxXx,  pxx2,  pxxz,  •••  PiXH. 
Then  subtracting  the  sum  of  the  first  and  second  columns,  each 
multiplied  by  the  proper  number,  from  the  third  column,  the 
elements  of  this  column  become  p2xx2,  p.2x.f,  •••  p2xn2.  Pro- 
ceeding in  this  way,  we  see  that  finally 

A  =  A^to,  x2,  —  O, 


*  See  also  examples  G  and  7,  page  37. 
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where  X  =  J>i  •  p%  —  iV 

For  an  example,  putting 

x(x-l)(x-2)-..(x-r+l) 
JAX)  = 7] 

we  have 
A  = 


i    M**)    Mx,)  ....  /^(xi) 


1     /i(«i.)     /,(*„)    ».  /„_a(^) 


(n— !)!(»— 2)!  •••  2! 


154.  Every  alternant  whose  elements  are  rational  integral 
functions  of  xu  x2,  •••  xn,  is  divisible  by  ^(x^  x2,  x3,  •••  sc„), 
and  the  quotient  is  a  symmetric  function  of  the  variables. 
For  the  alternant  vanishes  if  xx  =  xk,  and  hence  is  divisible  by 
Xi  —  xk,  and  thus  by  £*(£],  x2,  •••  xn).  The  quotient  must  be  a 
symmetric  function,  for  the  interchange  of  x(  and  xk  changes 
the  sign  of  both  dividend  and  divisor ;  therefore  the  sign  of  the 
quotient  remains  unchanged  upon  the  interchange  of  two  of 
the  variables,  and  is  accordingly  a  symmetric  function.  We 
shall  now  actually  perform  the  division  just  considered.  Alter- 
nants whose  functions  are  powers  of  the  variables  are  called 
simple  alternants,  and  are  of  frequent  occurrence.  We  proceed 
first  to  the  discussion  of  simple  alternants. 

155.  The  quotient 


1  x2 
1  a. 


»-2  /v.  q 


-J-  £*(X1}  X2,  •••  Xn)  = 


may  be  developed  as  follows  : 

Expand  the  dividend  A  in  terms  of  the  elements  of  the  last 
column,  and  we  obtain 
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.  dA    ,      „  dA    .         .      „  dA    .  .      .  dA 

dxf  dxf  dxT*  dxn" 


(1) 


Now,  it  is  evident  that  each  of  the  minors  in  this  expansion 
is  a  difference  product. 
Thus 


dxr" "  l       ; 


10*  />»2  .     />»n— 2 

**V— 1    ^r— 1  **V—  1 


»»n-2 

Cr+1 


1        Xr+1    Xr+\ 

1      y?n      £Cn        •  *  •    QCn 

=  (_!)«+••  ^(ajj,  a^,  ...  «,_!,  »r+1,  •••»„).        (2) 

Substituting  in  (1)  the  values  of  the  minors  as  found  from 
(2),  and  dividing  both  members  of  (1)  by  £J(xx,  x2,  •••  xn),  we 
have  a  series  of  terms,  of  which 

(-l)"+rayg 

{xn—x,){xn_x—x,)  •  ••  (xr+1—xr)(xr-xr_1)  ...  (xT—x2)(xr—x1) 

is  the  type.     Thus  we  find 

A(Xi\  x2\  xf,  aftrf,  a?Bg) 
P(*u  a*,  "«i  »«) 

(-l)"+ra;r« 


«•=» 
=  £ 


£=i  (xn— xr){xn^— xr)  •••  (xr+1—xr)  (xr—xr_1)  •••  (»r— a-i)  ' 


or 


+  •••  + 


(xl-xn)(x1-xn_1)  •••  (#!— a;2) 

atf 

(a^— a;n)  (^-^.^...(aJa-ajg)  (afc-.^) 

CC»_2 

(^n-2  —  Xn)  \Xn-2       Xn~l)  \Xn-2~  Xns)   '"    \Xn-2  —  ^l) 
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(*»-!  —  *»)(*»-!  —  *»-«)(«•-!  —  *«-s)    ••'    (*—l  — »l) 


For  an  illustration,  we  have 


1  2  16 
1  3  81 
1     5    625 


12  4 
1  3  9 
1     5    25 


16 


+ 


81 


+ 


625 


=  69. 


(2-5)  (2-3)       (3-5)  (3-2)       (5-3)  (5-2) 

156.    With  the  help  of  the  preceding  article  we  may  reduce 
the  quotient 

A{Xi  ,  X2  ,  X$  ,   •••  3?„_n  Xn  ) 

to  the  sum  of  two  similar  and  simpler  quotients,  as  follows : 
Since 

■Ayx^  ,  x2 ,  a%",  •••  aJ»_D  £n?)  —  xhA\X\  ,  x.2 ,  #3 ,  •••  flJw_u  #n     ) 


1    xn_x  ar„_i 
1    xn      x„ 


#2  #2*       (^2       Xn) 

&n-\         ^n-lC^n-l       Xn) 

XT2  0 


(1) 


we  have,  after  dividing  both  members  of  (1)  by  &(xlf  a^,  •••  xH) 
in  accordance  with  155,  and  striking  out  the  factor  common 
to  numerator  and  denominator  of  each  term  in  the  second 
member, 


i*(«l>    #2,    •">   »») 


#(&!,  a?2,  •••  an) 
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xf-1  xf-1 


(x1-x2)  (%-Xg)  •••  (aji-ar^)      (x2-xn^)  •  ••  {x^—x^  {x2—xl) 


+  •••  + 


(^n-l  —  Xn-2J  (Xn-1       ^'n-s)   '•*   (^n-l  —  xl) 


But  the  sum  in   the   second   member  of   this   equation   is, 
by  155, 


1        X2         *^2 


n— 3        n>  ?-l 
1  ^l 

n— 3        rt.  J-l 


■+■  4  (aj1?  a;2,  •••,  »„_!). 


x.?-°    x? 

1        3?n-l  ^n-l    "'        Xn-1         %ti-l 

Transposing,  we  have 

./l(a?i ,  x2)  &3 ,  •••  3?w_i,  x^j xnA.(Xj  ,  x% ,  g?3 ,  •••  a%_i,  &„     ) 

(;*(»!,  Ofe  •••  xn)  P(Xh  Xa,  •••  a;,,) 

A/~0     ~1     .j.2      ...    ™n-3     ~?-l\  ' 

4  (xx,  #2,  •••  xn_i) 
which  is  the  desired  reduction.     For  example, 


1       X      X3 

i    y   f 

1     Z     z3 

1       X      X2 

i    y   f 

1     z    z2 


=  2! 


+ 


1       3* 

i    y2 


£*(*»  y> «)       £*(»»  y> *)     £*(»»  y) 


1      X      X* 

l    y   y* 

1     z     z4 


=  z 


1 

X 

X* 

1 

y 

f 

1 

z 

z3 

£*(*,  y, «) 

The  student  may  show 


+ 


1     x5 
1     f 


x  +  y  +  z  =  2#. 


=  zlx  +  y2  +  ary  +  x2 


ft*,*,)       (?(*,  y)      sSa3  +  Say> 


1 

a; 

a* 

1 

2/ 

y5 

1 

8 

z5 

£(*»  y>  2) 


=   SiC3  -f-  2afy  +  2^2. 
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1 

X      X6 

1 
1 

y   y6 

z     z6 

&  (*,  y, z) 


=  %xA  +  %a?y  +  %x*y2  +  %a?yz. 


157.    Since  every  term  of  £*(»!,  x2,  •••  xn)  contains  a  permu- 
tation of  all  the  powers  of  the  variables  from  1  to  n  —  1 ,  each 


term  is  of  the  -(n  —  l)th  degree. 


Similarly,  every  term  of 
(»-!)(„ -2) 


A(x?,  x2\  xs2,  •  •,  a»_f,  *«)    is  of   degree   :  — '. +q. 

Hence  every  term  of 

4  (a^,  x2,  •••,  #„) 

is  of  the  (^  —  w  +  l)th  degree,  as  is  illustrated  in  the  exam- 
ples of  the  preceding  article.  We  shall  now  show  that  every 
possible  term  of  the  (q  —  n  +  l)th  degree  in  the  variables  is 
found  in  Q,  and  that  every  such  term  is  positive.  That  is  to 
say,  the  quotient  Q  is  the  complete  symmetric  function  of  degree 
(q  —  n  +  1)  of  Xn  x2,  •••,  xn. 
Such  a  term  of  Q  is 

J}X     Js2     X3  X  n_2  X  n_l  Xn. 

By  successively  applying  156,  we  develop  Q  so  that  the 
terms  containing  xn,  xnx*n_x,  ^naj2»-iiC»-2>  etc.,  are  at  once 
distinguished.     In  the  first  place, 


A(f°    v1     >r2     ...     i*""3    -r?-^  r»     A(l>°    I*1     T  2     ...     fn 


3    7.?-2\ 
25  '''n-W 


4"(iCl5  X2,    •••,   #n_i) 

i^  /l/V0  I*1  t-2  ...  'rn-3  ^'-3^ 

•cn^1V*t'l>*C2>'t'3>         »*n-2>xn-i; 


+  •••4 


4  (xl5  £j,  •••,  ajn_j) 
«rB^  (*i°,  ass1,  »32,  — ,  «•:*  a5-i) 


4  (ajx,  a;2,  •••,  »;„_!) 
The  second  term, 

4  (xl5  #2,  •••,  #n_l) 


4  (a?!,  a;2,  •••,  xn_1) 


=  Q» 
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contains  the  first  power  of  xn ;  hence  we  must  look  for  T  in 
Qi.     Applying  156  to  Q1?  as  before,  we  have 

Q  =x        -^-(Xl  >X2,X3,  '"}  Xn-Z>  ^n-  2)     .    Xn—l-^-\Xl  >X2)X3>'">  Xn-3>  Xt-2) 

a^_!^l(a;] ,  a;2,  253,  •••,  ^"-3,  #£-2) 


4  (^1)  ^25  *"»  ^-2) 


+ 


j-n-lj/      0     ~.l     ~2     .  ™n    2\ 

~i  7T7 ;     \  1  *c»-i 

4    (.^U  #2i   "*»  ^n-2,) 

In  this  expansion  we  must  look  for  T  in  the  third  term 

f    T2        A  fry0    t1    i»2    -    .     /W»— *    srl—5\ 


4   («1?  X2,   •••,  £„_2) 


=  Q2 


Q2  may  be  expanded  as  before  ;  continuing  in  this  way,  we 
finally  obtain  the  term 


aJ»ar»»-lic™-2  '"  x; 


6  A(x?x2*) 
d*(»i«a) 


for  the  coefficient  of  a?„ic2n_1a;7n_2  •••  xg  contains  only  ^  and  x2, 
and  is  of  the  third  degree.  Upon  performing  the  division ,  and 
multiplying,  one  of  the  terms  is  T.  Since  T  is  any  term,  the 
proposition  is  established. 

Employing  the  notation  Hr  for  the  complete  symmetric 
function  of  the  rth  degree,  we  may  write  the  result  of  the 
present  article 

-<4(#i ,  x2 ,  x3 ,  •••,  #"_i,  x%) rr        /  \ 

_ ■a-q-n+l\x\.)  X21  ***>  xn)l 

i   \X11  X2t  '"l  Xn) 


or  simply  Hq 


q—n+l' 


For  illustrations  the  student  may  refer  to  the  examples  in 
the  preceding  article. 

*  With  this  notation,  HQ  ■=  1,  II -r  =  0. 
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Again, 


1 

X 

X2     X7 

1 

y 

y2  y7 

1 

z 

z2    z7 

1 

t 

t2  t7 

Ht  =  2a4  +  Safy  +  Itfy2  +  %xyzt. 


#(x,  y,  z,  t) 

158.    From  the  two  preceding  articles  we  have  at  once 
Hr(%i,x2,  •••,a„)  =  av5r_1(a;1,  a2,  •••,  xn)  +  iTr(x1,  x2,  •••,a;u_1). 

Whence  we  readily  obtain 

HT-i\Xu  X.2,  •",  Xn+1)  =  Xn+1Hr_2  \Xl}  X2,'",  #„+l)  +  -"r-l  (^lj  X2>"'f  Xn)  » 
.'.Hr_  liX^X},  '••,%n)==-H.T_i{Xi,X2,  •",Xn+1)  —  0Sn+iHr_2^X1,X2,  "•)iCn+l)- 

Substituting  in  (1), 

Hr\xli  X2l  *"i  Xn)  =  aj»L-"r-l(a'H  X2l  '"l  ^n+l) 

—  Xn+l^r-2\.XU  X21   '"•>  Xn+1 )  J  +  -"r  (^U  ^2?    "*?  ^n-l)  •  (2) 

Similarly, 

Hr\Xx,  X2,   •••,  aJn—l^TC+l)  =  Xn+l\_Hr-l\Xli  X2l   '"i  Xn+l) 

—  XnHr_2\X11  X21   •**>   ^n+OJ  +-"r(a5li  #2)   "*J  ^n-l)  •  (3) 

From  (2)  and  (3), 


Hr\X\1  X21   "•  Xn)         -"rV^l?  ^25   "*  ^n-l^n+l) 
=  (%n         Xn+l)  Ur—l\Xll  X2l   '"  Xn+l)  • 


(4) 


159.  If  any  alternant  whose  elements  are  powers  (simple 
alternant)  be  divided  by  the  difference  product  of  its  variables, 
the  result  is  expressible  as  a  determinant  whose  elements  are 
complete  symmetric  functions  of  the  variables.     That  is  to  say, 

Ajafi,  sg,  •••  a£)  =    Ha  H?  •••  HK 

{*(»!,  x2,  ....-c,,)  Ha-i      Hp-i       •  ••  HK-x 


Ha~% 


n+l    Hp—n+i 


Hk 
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This  may  be  proved  as  follows.  For  brevity  we  employ 
determinants  of  the  third  order,  but  the  method  applies,  of 
course,  to  determinants  of  any  order.*     In  the  alternant 


•"■{&!  1  "^'ll  ®3)  = 


•''.3 


''a 


(1) 


subtract  the  first  row  from  each  of  the  other  two,  then  remove 
the  factors  (x3  —  a^) ,  (x2  —  xx) .  Afterward  subtract  the  second 
row  from  the  third,  and  remove  the  factor  x3 — x2,  employing 
equation  (4) ,  158.     The  result  is 


A  (      *  P       r^\ 

Ji-\X^  ,    %2,   X3 )    

4-  (#!,   X$,  X3) 


Hafa)  Hpfa)  Hy{xx) 

i7a_i  (Xj,  x.2)       Hfi-\  (xi,  x2)       Hy-1  (x1 ,  x2) 

Ha-2(X1}X2,X3)    Hp^i^!,  X2,  X3)    Hy-.2{XUX2,X3) 


The  determinant  on  the  right  we  now  transform  as  follows. 
Add  the  second  row,  multiplied  by  x2,  to  the  first,  employing 
equation  (1),  158,  and  obtain  the  determinant 

JJa(a?i,  asg)  H^Xn  x2)  Hyift,  x2) 

JET«_i(asi,a^)  ^-i(«i,  a^)          Hy-1{xx,x^) 

Har-2{xvt  x»  Xi)    fljj_2(*i,  a%,  *s)    Hy-a^Xu  a*,  x3) 

Now  add  the  third  row,  multiplied  by  x3,  to  the  second, 
again  employing  (1)  of  158;  finally,  add  the  second  row, 
multiplied  by  £3,  to  the  first. 

"We  then  obtain 


jfx.  (  *C^  «  *&>  1  "^3  ) 


Ha  (a^,  x2,  Xs)      Ha  (a?!,  jb,,  a^)      i7y  (a^,  a*,  a%) 
i^-i^a^a^)  J5^_i(^i,  a*,  a3)   jffy_i(a?1,a^,a%) 


£*(«„  a^,  x3) 
as  was  to  be  shown.     For  an  example, 


*  The  mode  of  proof  here  given  is  due  to  Mr.  0.  H.  Mitchell,  American 
Journal  of  Mathematics,  Vol.  IV.,  page  344. 
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a    a*    a" 
b    b*    b5 


c    c* 


1  a?  a* 
1  b3  b* 
1     &    c* 


—  abct,i(a,b,c) 

=  abc£i(a,b,c) 
=  abc  £}  (a,  b,  c) 
=  a5c£}(a,  b,  c) 
=  a&c  £*  (a,  6,  c) 


H0(a,b,c)     H3(a,b,c)     HA(a,b,c) 
H_2  Mi  H2 

Hx    H2 

2a2  +  2a&     2a3  +  2a2&  -+-  %abc 
2a  2a2  +  2a& 

—  2a&      —  2a2&  —  2  2  a&c 


a2  +  2a6 


—  %ab     2a6c 
2a      —  2a6 


=  abc?  (a,  b,  c)  (2a262  +  2a2&c) . 
160.    Form  the  product 


P  = 


dql         Org 

a2i    0.22 
a„i    a„o 


a2n 


.  n-l        ~n— 2 

•1  •*! 

■  n— 1        ™n-2 


n-l        ,„  n— 2 


changing  the  columns  of  the  first  determinant 
multiplying.     If  we  put 

fr(x)  =  alr&1  +  a2rxn  2  H \-  an_lrx  +  aw, 


•      Xi       1 

» 

•     x2     1 

•    *»    1 

into  rows 

before 

we  find 


p  =  (_1)S("- ^ln|  £l(a;i,  Z2,  ...,  *n) 


/i(«i)       /s(«i)      •"     /»Oi) 
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we  must  have 

lai»  I  = 
n—1 
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fr{x.)  =  (x.-yry-\ 


1 

n  —  1 


n  9r)(-yl),  fnor)< 


[n91\-y2y  (V 


(-y*)-1 


where 


But  this  last  determinant  evidently  equals 

iT  ( — l )  -(B_1)  £  (yi,  y2,  y8,  •  •  •,  y»)  > 

where  K  is  the  product  of  all  the  binomial  coefficients  of  order 
n  —  1.     We  have,  accordingly, 


(zi-2/i)B-1      Oi-^)""1     —     0*a-y»)n_1 

(a^-yO""1    (^-y2)n-1   -   (^-y-)-1 
K-yi)"-1    0»-y2)n~1  •••   Cw  *-'*)*"* 

=  JT£*(x„  x2,  ajj,  •••,  »„)  £*(yl5  y2,  y3,    •  -,  y„) . 


If  now  xr  =  yr,  we  have  ^(xb  x2,  tCg,  ••-,#„)   in  the  form  of  a 
determinant. 

161.    Suppose  now   that    au  a^,  •  •  • ,  a,,    are  the  roots  of   an 
equation 

m = o-  (i) 
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Then  ^(aj,  05,03,  •••,  an)  is  the  product  of  the  differences  of 
the  roots  of  (1).     Square  this  determinant,  obtaining 


£(«i>«2>  •••>«»)  = 


1  +  1      +...+ln 

<*i       +0.2      H +  a.n 

a*      +a|      +...+oM2 


ai  +a2  H +  a» 

ai2  +  a|  +  ...+an2 

ai3  +  a23+...+aj3 


a"-1  +  a2M- x  H h  a.*-1      or  +  «2"  H h  anB 

a^H-a,"  J+.-.+o,,""1 

d"         +«2"         H !-««" 

a«+i+a»+i+...+an«+i 
ai2"-2+a22»-2+...+an2"-2 


}2    .. 

«»-l 

*3        '• 

s„ 

h       " 

Sn+1 

Vfl  " 

S2n-2 

where,  as  usual, 


Sr  =  a/"  +  a2r  +  •••  +  anr. 


162.  The  preceding  article  gives  us  an  expression  for  the 
square  of  the  differences  of  the  roots  in  terms  of  st.  We  can 
also  readily  obtain  an  expression  for  the  sum  of  the  squares 
of  the  differences  in  terms  of  st  as  follows. 

We  have 


1     1     1 

«     P     7 


=  $(«-PY 


by  58. 

163.    We  shall  conclude  our  discussion  of  alternants  with  a 
theorem  on  the  reduction  of  alternating  functions  to  alternants.* 


*  "  Reduction  of  Alternating  Functions  to  Alternants,"  Wm.  Woolsey 
Johnson,  American  Journal  0/  Mathematics,  Vol.  VII.,  page  345. 
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Any  function  of  the  form 

<£i(a,  bed  •••  1)      <f>2(a,  bed  •••  I)    •••    <f>n(a,  bed  •••  I) 
<£i(6,  acd  •••  I)      <f>2{b,  acd  ■'- 1)    •••    <£„(&,  acd  •••  Z) 

<£i(Z,  afec  •••  fc)     <£2(^>  a^c  •••  &)    •••    <£„(Z,  a6c  •••  A;) 
is  evidently  an  alternating  function  of  a,  6,  c,  •••  I,  if 

<£(a,  bed  •••  I) 

denotes  a  function  of  the  n  quantities  a,  6,  c,  •••?,  which  is 
symmetrical  with  respect  to  all  the  quantities  except  a.  If 
each  element  of  this  determinant  contains  only  the  leading 
letter,  (1)  becomes 


Mo) 
MP) 


Ma) 
MP) 


M<*) 

M^ 


/i(0        Ml)       /a(Q 


/.(a) 


(2) 


an  alternant,   which  we  represent,  as  usual,  by  its  principal 
term, 

[/i(«),/2(&),/3(c),-/„(0].  (3) 

Now,  if  the  principal  term  of  (1)  can  be  separated  into  parts 
of  the  form  (3),  then  the  given  alternating  function  (1)  is 
equal  to  the  sum  of  the  alternants  represented  by  these  partial 
terms.  This  is  proved  as  follows.  Since  an  interchange  of 
two  rows  of  (1)  is  equivalent  to  an  interchange  of  the  corre- 
sponding letters,  any  term  of  (1)  can  be  obtained  from  the 
principal  term  by  a  suitable  transposition  of  the  letters,  and, 
similarly,  the  corresponding  term  in  each  of  the  alternants  may 
be  derived  from  its  principal  term  by  the  same  transposition 
of  the  letters ;  hence  every  term  in  the  expansion  of  (1)  is 
equal  to  the  sum  of  the  corresponding  terms  in  the  expansion 
of  the  alternants. 
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Accordingly,  if  a  determinant  of  the  form  (1)  is  expressed, 
as  usual,  by  writing  its  principal  term  in  (  ) ,  with  commas 
between  the  elements,  we  may  erase  the  commas,  and  treat  the 
expression  within  the  (  )  as  an  ordinary  algebraic  quantity. 

Thus, 


bed  1     a    a2 

cda  1     b     b2 

dab  lec2 

abc  1     d     d2 


A(bcd,  1,  c,  d2)  =A(a°,  b,  c2,  ds)  =  g(a,  b,c,  d). 


Again, 


1  b2  +  c2  a2  +  be 
1  tf  +  a?  b2  +  ca 
1     a2  +  b2    tf  +  ab 


=  A(1,  c^  +  a2,  c2  +  a6) 


=  A(a°,  b°,  c4)  +A(a2,  b°,  c2)  +A(a,  b,  c2)  +A(as,  b,  c°) 
=  -  A{a\  b,cs)  =  -(a  +  b  +  c)  $(a,  b,  c) . 

Functional  Determinants. 

164.   Consider  the  following  n  functions  of  the  n  independent 
variables  a^,  x2,  •••  xn. 


ynz=fn\X\t  X2l  '"l  Xn) 


(1) 


These  functions  will  be  independent  if  for  every  set  of  values 
of"  V\,yi,"-yn  equations  (1)  determine  one  or  more  sets  of 
values  of  xu  x2,  •••  a;„,  so  that  these  latter  variables  can  in  their 
turn  be  considered  as  functions  of  the  n  independent  variables 

yi,y*  —  y». 
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Differentiating  equations  (1),  we  have 

dVl  =  ffiefa*  +  ^dx2  +  -.  +  &dzn 

dy2  =  l&dxt  +  pdx2  +  -.  +  ^dxn 

tei  8x2  8xn         {..  (2) 


dyn  =  ^d^  +*fidx2  +  -  +&dxn 


Regarding  equations  (2)  as  a  system  of  equations  for  deter- 
mining dxx,  dx2,  •••  dxn,  the  determinant  of  this  system 


%1 

&r-2 

Ml 
Sxn 

%2 

8^2 

8xn 

8xx 

&c2 

J 


is  called  the  Jacobian  of  the  given  functions  yu  y2,  •••*/„• 
Or,  in  other  words,  the  Jacobian  of  a  set  of  n  functions,  each 
of  n  variables,  is  the  determinant  |A*lH|,  in  which  the  element 
km  is  the  first  derivative  of  the  pth.  function  with  respect  to  the 
9th  variable.     Thus,  given 

y1  =  azi  +  2  bzt  +  cf2,     y2  =  axz2  -f-  2  bxzt  +  cxf. 


The  Jacobian 

8  (y^  y») 
8(M) 


=  4 


az  -f-  6i      bz  +  c£ 

axz  -f-  6^     6jZ  +  c^ 


y2    &xz  -|-  c^ 


0  0  1 

yx    bz  +ct     c 
y2    bxz  +  cxt    cx 


=  4 


t2  -zt  z2 
a  b  c 
a,i    bx      Cj 
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165.    If  the  functions  y^y^  •••y„  are  not  independent,  but 
are  connected  by  a  relation 


the  Jacobian  vanishes. 

From  (3)  we  have,  by  differentiating, 


§£  m  8yi      3£  m  Sy2  + 
%i     ^h.       %2     Sxi 

8yi    &%      8y2    Sx2 


8yn     8x, 
8yn     8x2 


H     8yj      8$     %2    ,         ,8$     8ju  _  0 
fyx'&e.      fy2    &>.  %»    &n 


(3) 


(4) 


From  their  mode  of  formation,  equations  (4)  are  simulta- 
neous.    Hence  the  determinant  of  the  system  vanishes  by  77 ; 

J  =  0. 

We  shall  show  presentby  that  if  the  Jacobian  of  a  set  of 
functions  vanishes,  the  functions  are  not  independent. 


166-    The  Jacobian  of  the  implicit  functions 
Fi  («ii  a*  •••  JR.J  9u  3fe»  —  30  =  0  1 

■F»(«i» «*» •••  *»>  yi»  y«»  ••«  y»)  =  °  J 


(5) 


is  found  as  follows. 
Equations  (5)  yield 


8Fi=Mj  .  %!  +  §£<  .  &_»  +  ...  +  W  .  §2» 
&c*      Syi     8«*     %a     &rt  %n    8xk 


(6) 


(t,  &=  1,  2,  •••,  n). 
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Using  equation  (6),  we  find  the  product  of 


to  be 


8FX    8FY 

8F1 

and 

8x1 

3^2 

8xi 

8F2    8F2 
&/i     8y2 

8Fj 

8y_i 

8#2 

8j/j! 

8x2 

8x2 

8K    8Fn 

8Fn 

fyl 

8xn 

%2 

8s„ 

8xn 

(-i)n 

8Fi    8Ft 

8*\ 

8xx     8x2 

8xn 

8F2    8F2 

8F2 

8xx     8x2 

8xn 

8xx 

8xn 

... 

8Fn 
8xn 

Whence 


J-8(y»y«»-y.)==(   1).8(J,i,*,,,-.y..)  .  8(2^,.-.*;) 

8(ax,  a2,  •••  #„)  8(xx,  as,,  •••  b„)   '  8(y»  y2i  •••  yj1 


If  in  (7)  we  put  n=  1,  we  get 


8a?!      8yi  dxx 


(7) 


a  well-known  formula. 


167.    If  in  equations  (5)  we  consider  x1,xai"-xn  as  func- 
tions of  yn  y2,  •••  yn,  we  obtain,  as  above, 

,_l)n8(F1,F2,..-Fn)  =8(F1,F2,~.Fn)  ^^ixux,,-.^,,)         (g) 
8(y»  ?»  •••  Vn)      8(3^,  z2,  —  «»)      8(yx,  y„  •••  y„)' 
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From  (7)  and  (8), 


8(2/1, 2/2,  •••  yn)     8^,  «j» 


a?») 


8(0?!,  as,,  •••  an)       8(j/i,  2/2,  •••  2O 


1. 
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168.    Again,  having  given  the  n  +p  functions, 


F1(x1,  a;,,  •••  xn,  2/1,  2/2,  •••  Vrn-p)  =  ° 

^(JBU  *S»  •"   *»»  2/lJ  2/2,    —  2/n+p)  =  0 


I 


2/»+i>)  =  0  t 


The  Jacobian 


j=Ky»  2/2,  —  y.) 


(10) 


of  the  first  n  of  these  functions  is  found  as  follows.     Differen- 
tiating equations  (10),  we  find 


8F{  =  8Ft  Sy,      8F<  82/2  ,  ,     Wi    ^n+P 

8xk      8j/i  8xk      8y2  8xk  8yn+p    8xk 


(P) 


(«  = 

1,2,  ... 

n+i>;  &=  1,  2, 

...  w 

)• 

Now  multiply'  together 

A  = 

8FX        8Ft 
82/1        82/2> 

8Fi 

82/»+i> 

X 

fyi    8y2 
8a^    Sa?! 

8% 

8xx 

> 

8j/l               8t/2 

8F2 

8y»+p 

S#i    8y2 

8x2     Saj2 

8j/» 
8o;2 

SFn+p       &Fn+p 

82/1         8y2 

8-^n+p 
8t/n+p 

Sjh     8^3 
8xn    8xH 

8xn 

first  writing  J"  as  a  determinant  of  order  n  -\-p,  thus  : 
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8x2 

8xn 
0 


fyn       fy»+l 


8Xy 

8Xj, 

8y„ 
8x2 

Sa?2 

fyn 

fyn+l 

%» 


8^ 
fyB+P 


8x2 


fy„ 


0 


Calling  the  product  P,  we  have 


P  =(-!)♦ 


8Fi 
8x^ 

8F\ 
8xt 

8FnJ 


8Ft         8FX 


8xn 

%»+l 

8F2 

8F2 

8xn 

fy„+i 

8Fn+p 

&Fn+p 

8xt 


=  (-!)" 


8a„       8yn+1 
8  (Pi,  P2,  •••  P„+P) 


JP^ 

_8P2_ 


■»* 


8P-. 


%» 


8(aj1?  a*,  ...  xn,  ?/n+i,  yn+2,  •••  2/n+P)  ' 


since,  by  equation  (&)  for  A;^,n,  the  element  aa  of  P  is 
and  for  k  >  n,  — -. 


We  have,  accordingly, 


'-!• 


169.    Suppose  equations  (5)  yield  upon  solution 


8F\ 
8xk' 


Vi  =  fr(*i,  a*,  —  >«•)• 


(0 
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Solve  (c)  for  a?!,  and  substitute  this  value  of  xv  in  the 
remaining  n  —  1  equations  ;  then  y2,  ys,  •••  yn  become  functions 
of  ylt  «,,  —  xn.     Thus 

&=<fe(yi,  *%>•••*•)•  (<0 

Solve  (d)  for  a^,  substitute  the  result  in  the  remaining  n  —  2 
equations  ;  then  ys,  yA,  •••  yn  become  functions  of 


2/l,  2/2,  XS1   **•)  ^n* 

Thus  ya  =  03  (yx,  y2,  x3,  ■  •  • ,  xn) . 

Solve  (e)  for  sc3,  substitute  as  before  ;  and  so  on. 
We  obtain  the  equations 

2/i-  0iOi,  %2,  •••»»)  =0 

2/2  —  02 (2/1,  #2,  •••  z„)  =  0 

2/3-  0s(2/i>  2/2,  »s>  •••»»)  =0 

2/n  -  0»(2/i>  2/2,  •••  2/»-i,    •••  »»)  =  0    . 


<«) 


(11) 


By  166, 

J  =  8(2/1, 

2/2,  •• 

•2/n) 

=  (-l)n 

0(^1,  ^2,   " 

•2/») 

_80i       80i 
8xt       8x2 

_§0l     >##            80! 

8x3              Sa;n 

1 

0 

0      . 

•  •    0 

0          ^02 
8#2 

_  802     _           802 

8a;3             Sa;n 

802 

82/1 

1 

0       • 

.    0 

0         0 

803       ^            803 

8»3             S#n 

803 

82/1 

.803 
82/2 

1       • 

•    0 
.    0 

0         0 

0      ...      80n 

8a;„ 

_   801    _    802   < 

8»i     8«2 

803 

8z3 

_80„ 

82/1 

80„ 

8*„ 

_80n 
82/2 

80n 
82/3 

•    1 
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That  is  to  say,  the  Jacobian  of  a  set  of  functions  yx,  y2,  •••  yn, 
each  of  n  independent  variables  xx,  x2,  •••  xn,  is  expressible  as  a 
product  of  n  differential  coefficients  of  the  functions  ^  </>2,  •••  <j>n, 
where  </>r  is  a  function  of  yu  y2,  •••  yr_x,  xr,  •••  xn. 

170.  The  result  just  obtained  may  be  employed  to  show  that 
if  the  Jacobian  of  a  set  of  functions  vanishes,  the  functions  are 
not  independent. 

For,  if  j=*h.&h     ...     ^ 

8xx     8x2  8xn 

vanishes,  some  one  of  the  coefficients,  say 

dXi 

where  i  has  one  of  the  values  1,  2,  •••  n.  But  if  -^  =  0,  <f>t 
does  not  contain  xt,  i.e.,  * 

Vi  =  4>i(Vn  V2,  '-  tft-u  a*m  •••  O- 

Also  yi+1  =  <£i+1  (2/i,  y8,  •  •  •  y{,  xi+1,  •  • .  xn) . 

From  these  two  equations, 

Vi+l  =   ^i+lKVll  Vit  '"  Vil  Xi+2f  Xi+$}  "'  Xn)  > 

therefore  yi+x  does  not  contain  xi+l.  In  the  same  way  we  may 
show  that  yi+2  does  not  contain  xi+2,  and  so  on.  Hence, 
finally, 

yn  =  &,(&,&>  —  yn-i)\ 

or  yB  is  expressible  as  a  function  of  the  remaining  n  —  1  func- 
tions, and  hence  the  given  functions  are  not  independent. 
For  example,  if  the  given  functions  are 

(1)    %c=x  +  y,       (2)  v  =  x  —  z,        (3)    w  =  xy  +  xz  —  yz  —  z*, 


J  = 


1       1  y  +  z 

1       0  x  —  z 

0     -1     x-y  —  2z 
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J  evidently  vanishes.  Accordingly,  (1),  (2),  (3)  are  not 
independent.  That  the  given  functions  are  not  independent  is 
easily  shown  directly  as  follows.     We  readily  obtain 


y  =  u  —  v  —  z. 
as  was  to  be  shown. 


w  =  v  (u  —  v) , 


171.   If  the  functions  y1}  y2,  •••  yn  are  the  n  partial  derivatives 

-J-,    -J-,    •••    -J-,  of  a  function  f(xu  x2,  •••  xn),  the  Jacobian 
&»!     8x2  8xn'  ^v-it-w         •)-> 


£"(/)  = 


82/ 


Sy 


sy 


&tf 

8x^X2 

8xx8xn 

sy 

8a?2Sxx 

sy 

sy 

Sx2S;cn 

sy 

sy 

sy 

S*„2 

is   called   the   Hessian  of    (xlt  x2,  •••  xn) .      The   Hessian  is  a 
symmetrical  determinant,  since 

8xt8xk      8xk8x( 

If  the  derivatives  -~~,  -J-  •••  -^-,    are  connected  by  an  equa- 
8^  Sa;2       Sx*n 

tion,  with  constant  coefficients 

8a?!  Sa;2 

the  Hessian  must  vanish. 


+  anf=0, 
8xn 


172.  Let  fXl  /2,  •  •  •  /n  be  n  given  functions  of  the  same 
variable  x.  Suppose  the  functions  are  connected  by  the  linear 
relation 

«i/i  +  a*/2  +  Oa/a  H h  «„/„  =  0,  (1) 
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in  which  a1}  a^,  •••  an  are  not  functions  of  x.     Differentiating 
(1)  successively  n  —  1  times,  we  have 


<hfi     +«2/2'     +^3/3'     +  -•  «»/«'     =  0' 
<hfi"    +<hf2"   +aJ3"    +-«»/»"     =0 

aji-1  +  o^"1  +  as/,-1  +  •••  ajf*  =  0 

Eliminating  a1}  a2,  •••  an  from  (1)  and  (2),  we  find 

sD(/i./»/«-/.)  =  0. 


(2) 


fl  J2  J3 

f\  J2  H 
ft!        fll        ftt 

Jl  J2  J3 


1     ^n-1     fn-1 


/■n-1     -fn-\     -f 
1  ./2  .73 


(3) 


The  determinant  of  (3)  has  been  called  the  Wronskian  of 
fn  fn  •"  fn-  We  see  from  (3)  that  if  the  functions  /i,/2,  •••/„ 
are  connected  by  a  linear  equation  of  the  form  (1),  the  Wron- 
skian vanishes. 


173.  If  we  denote  the  given  functions  by  yx,  y2,  •••  y„,  and 
the  derivatives  by  yufVzit '"  (*-e.,  the  second  subscript  denoting 
the  derivatives) ,  we  may  write  (3) 


2/l  Vi  '"        Vn 

Vn        V2i        •"     tfni 


Vl  n-l      Vl  n— 1 


Vnn-1 


=  D(y1,y2,ys1-.yH)=0. 


Now  y  being  any  function  of  x,  we  find 

ynD(yi,y2,yv~y»)=  y&    (y#)i 
M    (y°y)  1 

y«y    (y«y)i 


(m)-i 
(y-y)--i 


(4) 


(5) 
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in  which  the  subscript  k  of  (2/,2/)*  means  the  A;th  derivative  of 
(y$).  That  is  to  say,  the  Wronskian  of  y$,  y^y,  •••  yny  is 
the  product  on  the  left  in  (5).  This  is  made  evident  by  notic- 
ing that  since 

to)i  =  VaV  +  VtV'i       {ViV\  =  y*y  +  2yfly'  +  y>y", 

etc.,  where  y\  y",  •••,  are  the  successive  derivatives  of  y,  the 
determinant  on  the  right  becomes  a  sum  of  determinants,  of 
which  the  first  is  the  product  on  the  left,  and  all  the  rest 
vanish. 


174.    We  find 

dD(y1,y2J  — 

,Vn) 

Vx 

2/u     •■ 

y\  n-2       2/l  n 

dx 

2/2 

2/2!        • 

2/2  »-2      2/2n 

y. 

tfnl     • 

2/n  »-2      2/n  n 

{A) 


for  in  the  sum  of  determinants  which  make  up  the  derivative 
sought,  all  vanish  except  the  one  expressed  in  equation  (A). 

175.    If  in  173  we  put  y  =  — ,  the  Wronskian  on  the  right  in 
(5)  reduces  to  yi 


^yJ1 


1ST 

1/2 

yj 


\yji  \yx 


yj\ 
\yJn-x 


y 

VJn-l 


HKMft~ffi] 


Now 


_  D  (yi,  2/2)  t  fyi 
yT~  '  \y 


D  (2/1,  2/3) 


yji~  ~yT~ 
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Then  if  we  put 

D  (?/i,  y2)  =  z*  D  (yx,  y3)  =  z3,  •••  D  (yu  yn)  =  zn, 
we  get 

D  (yx,  fa  »•  yn)  =  ——z  D  (z2,  z3,  ■■•  zn) .  (6) 

yl 

176.  We  shall  employ  the  result  just  obtained  to  show  that 
if  the  Wronskian  of  yx,  y2,"-y„  vanishes,  the  functions  are 
connected  by  a  linear  equation  having  constant  coefficients. 
Suppose  that  yx  does  not  vanish,  and  since  by  hypothesis 

D{yi,y*,  •••y»)  =  o, 

by  (6)  of  the  last  article  we  must  also  have 

— —  2)(2„«8,  —«n)=0. 

yr2 

Therefore,  by  172,  the  n  —  1  functions  z2,  z3,  z„  are  connected 
by  a  linear  relation,  i.e., 

a2z2  +  a3z3  H 1-  a„z„  =  0.  (7) 

Dividing  (7)  by  y*,  and  restoring  the  values  of  z2,  z3,  •••  zH, 

*«A+%vsA+'";+^«A"11-        (8) 

Integrating  (8) ,  we  find 

OiJfi  +  o»y«  +  a32/3  H f-  <x„  2/„  =  0.  (9) 

Therefore  assuming  that  if  the  Wronskian  of  n  —  1  func- 
tions vanishes,  the  functions  are  connected  by  a  linear  relation, 
we  have  shown  that  when  the  Wronskian  of  n  functions  van- 
ishes, the  functions  are  connected  by  a  linear  relation.  But 
the  assumption  is  obviously  true  for  two  functions,  hence  the 
theorem  is  true  universally. 


APPLICATIONS   AND   SPECIAL  FORMS. 


213 


Linear  Substitution. 
177.    If  the  n  functions  (one  or  more) 

f2  =  a2l  X2  -f-  (X22  ^2  ~r"  *  *  *  ~T"  #2*1  ^n 

Jn  =  ^nl^l  "I"  Q>n2X2  +    "*    +   annXn 


(1) 


are  transformed  into  functions  of  yx, y2,  •••  yn  by  the  following 
linear  substitutions,* 


xi  =  6n  2/1  +  feu  y2  +  •••  +  &!„#„ 
«2  =  6a 2/1+  K y2  H —  +  &2„2/» 


*«=  6„i2/i  +  6n2y2  +  •••  +  bnnyn 


(2) 


the  determinant  I  6ln  I  of  the  system  (2)  is  called  the  modulus 
of  transformation.  If  the  modulus  is  unity,  the  substitution 
is  unimodular.  If  x1}  x2,  •  •  •  xn  are  independent,  the  modulus 
cannot  vanish. 

178.    If  the  functions  (1)  are  transformed  by  means  of  (2) 
into 

/1  =  wiu  2/i  +  WI12  V-2  -\ r-  ™ln  yn  1 

/s  =  wi2i2/i  +  wi22y2H \-m2nyn 


(3) 


/a  =  wi,,!^  +  ™„22/2  H r-  mnnyn 

the  determinant  of  the  system  (3) , 

I  win  m^  •••  mnn\, 


*  The  learner  can  understand  the  importance  of  linear  substitution  by 
noticing  that  such  a  substitution  is  the  process  involved  in  transformation 
of  coordinates  in  Geometry. 
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equals  the  product  of  the  determinant  of  the  given  system  (1) 
by  the  modulus  of  transformation.     That  is  to  say, 

\mln\  =  \  ain |  x  I  bln  | . 

This  is  proved  as  follows.     The  coefficient  of  yk, 

rria  =  aa  bu  +  ai2b2k-\ \-  ain  bn„ 

is  found  by  multiplying  equations  (2)  by  a^am  •••  ain,  respec- 
tively, and  adding  by  columns.     Whence,  by  53,  we  see  that 


bn    bu   •••    bln 

b2l       &22      •'•      &2» 

&«i    bn<,   •  ••    &„„ 


mu 

m^   • 

•      ™1» 

= 

Ou 

aia 

ra21 

W22     • 

'     ™2» 

«21 

C^22 

w„i 

™n2     ' 

'      ™«» 

«nl 

a»2 

179.    If  /(&i,  afe,  "***)   is  to  be  so  transformed  b}'  the  sub- 
stitution 

«a  =  Pu  Vi  +  £12  V2  -\ +  Pu  Vn  ' 

fy  =  /521  yx  +  P&  y2  -\ +  /32n  yn 


(«) 


that 


«»  =  PniVi  +  /3„22/2  -I 1-  /8„»y„  , 

Vi+yi-\ h  Vn  =x?  +  x?-\ f-  x,l 


the  linear  substitution  is  called  orthogonal.  The  coefficients  of 
an  orthogonal  substitution  must  satisfy  the  following  condi- 
tions. 

A.    Since 

y?+y?-\ by* 

=  (/Wi+A2y2  +  ---+A«y»)2+(&i  &  +  &,&  +  -  -f-&„y»)2 

+  +(&!&  +  &»&+-    +Pnny,y 

=  W    +  PJ   +  -+PJ)y?  +  {PJ    +  £»'    +  -+jW)ya» 


APPLICATIONS   AND   SPECIAL   FORMS 
we  must  have 
I 


215 


[      {Pu     +  ft? 

IpuPx  +  PA 


+  -  +  PJ   =1 

+  -+ft«ft*  =  0  (i,  fc=l,2,  .-  n), 


B.  If  we  wish  to  return  to  the  original  function  from  the 
transformed  function,  we  must  put 

II-  Vi  =  Pu«i  +■  ft»a*H r-  &«K> 

For  from  (a)  we  readily  find 

Plt^l  ~f"  P%iX2  T '"•  T  PniXn 

=  yiiPnPlt  +  PnP*  +  -PnlPni)  +  y2(PuPu  +  PS2Pai+  -    +  &2&0 

+  -   +  VniPlnPli  +  A>„/?2i  +  -  +  PnnPni)  ■ 

Now,  by  I.,  the  coefficient  of  ^  =  1,  and  the  other  coefficients 
vanish. 

C.  The    square   of    the    determinant    of    the    system    (a) 
(modulus  of  transformation)  is  unity. 

For 

Ai     Pa   '"    Pm 

P2I       P22     **•     Pin 


III. 


AJ'slAJ. 


&1     £»2    -     Pnn 

\Dln\  is  a  symmetrical  determinant  by  108;  since,  by  I., 

A*=o,    Ai=i, 

the  truth  of  III.  is  obvious. 

D.   Bik  being  the  minor  of  pik  in  |  ftln  | ,  we  find 

Bik  =  pik\pln\. 
For  multiplying  the  equations 


Pnp»  +  - 

•    +PnlPn*=0, 

PnPn  +  - 

PlnPlk  +  ' 
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ill  order  by  BmBa,  •••  Bin,  and  adding,  we  have 

Bik  =  pllt(pnBa  + -  +  plnBin)  +  -  +  P*(P*Bil  +  ...+pinBin) 

But  all  the  coefficients,  except  the  coefficient  of  pM  vanish ; 
hence 

IV.  B«=£JftJ. 

i£.    By  the  preceding  condition  IV., 

(A1&1+  -  +  /?,n/U  I  A- I  =  A1A1+  -  +Bin/3kn. 

The  second  member  of  this  equation  is  I  f3ln\,  or  0,  according 
as  i  and  k  are  equal  or  unequal. 
Whence 

v     W    +/W    +  -+PJ    =1 

1  PaP*i  +  PePu  +  -  +P<»P*  =  0. 

2^.    The  following  relation  holds  between  the  minors  of  the 
modulus  of  the  orthogonal  substitution. 


VI. 


Pr+1  r+1  Pr+1  r+2 
Pr+2  r+1  Pr+2  r+2 


Pn  r+1  Pn  r+2 

For,  bv  61, 


Pr+1» 
Pr+2n 


=   IAnl    X 


Pn     Pz 


Plr 
P*r 


Prl        Pr2      '"      Prr 


Bn     B12 
B2\     B<n 


Bu 

B2, 


Brl       Brt     •••     Brr 


=  lA»lr-1 


Pr+1  r+1 

Pr+1  r+2      ' 

-      Pr+ln 

Pr+2  r+1 

Pr+2 r+2      ' 

' '      Pr+2  n 

Pnr+1 

Pn  r+2           • 

"      Pnn 
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Bn     B12 

B2l       B-22 

B„     Bo 


Blr 

B2r 

Brr 


=  \fan\rX 


Ai     fa* 

H2\      P22 


far 

far 


fal        fa2      "•      far 


Whence,  equating  the  second  members  of  these  two  equa- 
tions, the  relation  VI.  follows. 


$!"SS   of 

JSrrfoick  <£  Smitjj, 

Boston. 
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Peirce's  Three  and  Four  Place  Tables  of  Loga- 

rithmic  and  Trigonometric  Functions.  By  James  Mills  Peirce, 
University  Professor  of  Mathematics  in  Harvard  University.  Quarto. 
Cloth.     Mailing  Price,  45  cts. ;   Introduction,  40  cts. 

Four-place  tables  require,  in  the  long  run,  only  half  as  much  time 
s  five-place  tables,  one-third  as  much  time  as  six-place  tables,  and 
one-fourth  as  much  as  those  of  seven  places.  They  are  sufficient 
for  the  ordinary  calculations  of  Surveying,  Civil,  Mechanical,  and 
Mining  Engineering,  and  Navigation ;  for  the  work  of  the  Physical 
or  Chemical  Laboratory,  and  even  for  many  computations  of  Astron- 
omy. They  are  also  especially  suited  to  be  used  in  teaching,  as  they 
illustrate  principles  as  well  as  the  larger  tables,  and  with  far  less 
expenditure  of  time.  The  present  compilation  has  been  prepared 
with  care,  and  is  handsomely  and  clearly  printed. 


Elements  of  the  Differential  Calculus. 

With  Numerous  Examples  and  Applications.  Designed  for  Use  as  a 
College  Text-Book.  By  W.  E.  Byerly,  Professor  of  Mathematics, 
Harvard  University.  8vo.  273  pages.  Mailing  Price,  $2.15  ;  Intro- 
duction, $2.00. 

This  book  embodies  the  results  of  the  author's  experience  in 
teaching  the  Calculus  at  Cornell  and  Harvard  Universities,  and  is 
intended  for  a  text-book,  and  not  for  an  exhaustive  treatise.  Its 
peculiarities  are  the  rigorous  use  of  the  Doctrine  of  Limits,  as  a 
foundation  of  the  subject,  and  as  preliminary  to  the  adoption  of  the 
more  direct  and  practically  convenient  infinitesimal  notation  and 
nomenclature ;  the  early  introduction  of  a  few  simple  formulas  and 
methods  for  integrating ;  a  rather  elaborate  treatment  of  the  use  of 
infinitesimals  in  pure  geometry ;  and  the  attempt  to  excite  and  keep 
up  the  interest  of  the  student  by  bringing  in  throughout  the  whole 
book,  and  not  merely  at  the  end,  numerous  applications  to  practical 
problems  in  geometry  and  mechanics. 


James  Mills  Peirce,  Prof,  of 
Math.,  Harvard  Univ.  (From  the  Har- 
vard Register)  :  In  mathematics,  as  in 
other  branches  of  study,  the  need  is 
now  very  much  felt  of  teaching  which 


is  general  without  being  superficial; 
limited  to  leading  topics,  and  yet  with- 
in its  limits;  thorough,  accurate,  and 
practical ;  adapted  to  the  communica- 
tion of  some  degree  of  power,  as  well 
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as  knowledge,  but  free  from  details 
which  are  important  only  to  the  spe- 
cialist. Professor  Byerly's  Calculus 
appears  to  be  designed  to  meet  this 
want.  .  .  .  Such  a  plan  leaves  much 
room  for  the  exercise  of  individual 
judgment ;  and  differences  of  opinion 
will  undoubtedly  exist  in  regard  to  one 
and  another  point  of  this  book.  But 
all  teachers  will  agree  that  in  selection, 
arrangement,  and  treatment,  it  is,  on 
the  whole,  in  a  very  high  degree,  wise, 
able,  marked  by  a  true  scientific  spirit, 
and  calculated  to  develop  the  same 
spirit  in  the  learner.  .  .  .  The  book 
contains,  perhaps,  all  of  the  integral 
calculus,  as  well  as  of  the  differential, 
that  is  necessary  to  the  ordinary  stu- 
dent. And  with  so  much  of  this  great 
scientific  method,  every  thorough  stu- 
dent of  physics,  and  every  general 
scholar  who  feels  any  interest  in  the 
relations  of  abstract  thought,  and  is 
capable  of  grasping  a  mathematical 
idea,  ought  to  be  familiar.  One  who 
aspires  to  technical  learning  must  sup- 
plement his  mastery  of  the  elements 
by  the  study  of  the  comprehensive 
theoretical  treatises.  . . .  But  he  who  is 
thoroughly  acquainted  with  the  book 
before  us  has  made  a  long  stride  into 
a  sound  and  practical  knowledge  of 
the  subject  of  the  calculus.  He  has 
begun  to  be  a  real  analyst. 

H.  A.  Newton,  Prof,  of  Math,  in 
Yale  Coll.,  New  Haven  :  I  have  looked 
it  through  with  care,  and  find  the  sub- 
ject very  clearly  and  logically  devel- 
oped. I  am  strongly  inclined  to  use  it 
in  my  class  next  year. 

S.  Hart,  recent  Prof,  of  Math,  in 
Trinity  Coll.,  Conn.:  The  student  can 
hardly  fail,  I  think,  to  get  from  the  book 
an  exact,  and,  at  the  same  time,  a  satis- 
factory explanation  of  the  principles  on 
which  the  Calculus  is  based ;  and  the 
introduction  of  the  simpler  methods  of 


integration,  as  they  are  needed,  enables 
applications  of  those  principles  to  be 
introduced  in  such  a  way  as  to  be  both 
interesting  and  instructive. 

Charles  Kraus,  Techniker,  Pard- 
ubitz,  Bohemia,  Austria  ;  Indem  ich 
den  Empfang  Ihres  Buches  dankend 
bestaetige  muss  ich  Ihnen,  hoch  geehr- 
ter  Herr  gestehen,  dass  mich  dasselbe 
sehr  erfreut  hat,  da  es  sich  durch 
grosse  Reichhaltigkeit,  besonders  klare 
Schreibweise  und  vorzuegliche  Behand- 
lung  des  Stoffes  auszeichnet,  und  er- 
weist  sich  dieses  Werk  als  eine  bedeut- 
ende  Bereicherung  der  mathematischen 
Wissenschaft. 

De  Volson  Wood,  Prof,  of 
Math.,  Stevens'  Inst.,  Hoboken,  N.f. : 
To  say,  as  I  do,  that  it  is  a  first-class 
work,  is  probably  repeating  what  many 
have  already  said  for  it.  I  admire  the 
rigid  logical  character  of  the  work, 
and  am  gratified  to  see  that  so  able  a 
writer  has  shown  explicitly  the  relation 
between  Derivatives,  Infinitesimals,  and 
Differentials.  The  method  of  Limits 
is  the  true  one  on  which  to  found  the 
science  of  the  calculus.  The  work  is 
not  only  comprehensive,  but  no  vague- 
ness is  allowed  in  regard  to  definitions 
or  fundamental  principles. 

Del  Kemper,  Prof  of  Math., 
Hampden  Sidney  Coll.,  Va. :  My  high 
estimate  of  it  has  been  amply  vindi- 
cated by  its  use  in  the  class-room. 

R.  H.  Graves,  Prof  of  Math., 
Univ.  of  North  Carolina  :  I  have  al- 
ready decided  to  use  it  with  my  next 
class ;  it  suits  my  purpose  better  than 
any  other  book  on  the  same  subject 
with  which  I  am  acquainted. 

Edw.  Brooks,  Author  of  a  Series 
of  Math.  :  Its  statements  are  clear  and 
scholarly,  and  its  methods  thoroughly 
analytic  and  in  the  spirit  of  the  latest 
mathematical  thought. 
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Syllabus  of  a  Course  in  Plane  Trigonometry. 

By  W.  E.  Byerly.     8vo.     8  pages.     Mailing  Price,  10  cts. 

Syllabus  of  a  Course  in  Plane  Analytical  Geom- 

etry.     By  W.  E.  Byerly.     8vo.     12  pages.     Mailing  Price,  10  cts. 

Syllabus  of  a  Course  in  Plane  Analytic  Geom- 

etry     (Advanced  Course.)     By  W.  E.  Byerly,  Professor  of  Mathe- 
matics, Harvard  University.     8vo.     12  pages.     Mailing  Price,  10  cts. 

Syllabus  of  a  Course  in  Analytical  Geometry  of 

Three  Dimensions.     By  W.  E.  Byerly.     8vo.     10  pages.      Mailing 
Price,  10  cts. 

Syllabus  of  a  Course  on  Modern  Methods  in 

Analytic  Geometry.     By  W.  E.  Byerly.      8vo.      8  pages.      Mailing 
Price,  10  cts. 

Syllabus  of  a  Course  in  the  Theory  of  Equations. 

By  W.  E.  Byerly.     8vo.     8  pages.     Mailing  Price,  10  cts. 

Elements  of  the  Integral  Calculus. 

By  W.  E.  Byerly,  Professor  of  Mathematics  in  Harvard  University. 
8vo.     204  pages.     Mailing  Price,  #2.15;  Introduction,  $2.00. 

This  volume  is  a  sequel  to  the  author's  treatise  on  the  Differential 
Calculus  (see  page  134),  and,  like  that,  is  written  as  a  text-book. 
The  last  chapter,  however,  —  a  Key  to  the  Solution  of  Differential 
Equations,  —  may  prove  of  service  to  working  mathematicians. 


H.  A.  Newton,  Prof,  of  Math., 
Yale  Coll. :  We  shall  use  it  in  my 
optional  class  next  term. 

Mathematical  Visitor :  The 
subject  is  presented  very  clearly.  It  is 
the  first  American  treatise  on  the  Cal- 
culus that  we  have  seen  which  devotes 
any  space  to  average  and  probability. 

Schoolmaster,  London :  The 
merits  of  this  work  are  as  marked  as 


those  of  the  Differential   Calculus  by 
the  same  author. 

Zion's  Herald  :  A  text-book  every 
way  worthy  of  the  venerable  University 
in  which  the  author  is  an  honored 
teacher.  Cambridge  in  Massachusetts, 
like  Cambridge  in  England,  preserves 
its  reputation  for  the  breadth  and  strict- 
ness of  its  mathematical  requisitions, 
and  these  form  the  spinal  column  of  a 
liberal  education. 
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Elements  of  the  Differential  and  Integral  Calculus. 


With  Examples  and  Applications.  By  J. 
Mathematics  in  Madison  University.  8vo. 
price,  $1.95;   Introduction  price,  Si-8o. 


M.  Taylor,  Professor  of 
Cloth.     249  pp.     Mailing 


The  aim  of  this  treatise  is  to  present  simply  and  concisely  the 
fundamental  problems  of  the  Calculus,  their  solution,  and  more 
common  applications.  Its  axiomatic  datum  is  that  the  change  of  a 
variable,  when  not  uniform,  may  be  conceived  as  becoming  uniform 
at  any  value  of  the  variable. 

It  employs  the  conception  of  rates,  which  affords  finite  differen- 
tials, and  also  the  simplest  and  most  natural  view  of  the  problem  of 
the  Differential  Calculus.  This  problem  of  ftiding  the  relative 
rates  of  change  of  related  variables  is  afterwards  reduced  to  that  of 
finding  the  limit  of  the  ratio  of  their  simultaneous  increments ;  and, 
in  a  final  chapter,  the  latter  problem  is  solved  by  the  principles  of 
infinitesimals. 

Many  theorems  are  proved  both  by  the  method  of  rates  and  that 
of  limits,  and  thus  each  is  made  to  throw  light  upon  the  other. 
The  chapter  on  differentiation  is  followed  by  one  on  direct  integra- 
tion and  its  more  important  applications.  Throughout  the  work 
there  are  numerous  practical  problems  in  Geometry  and  Mechanics, 
which  serve  to  exhibit  the  power  and  use  of  the  science,  and  to 
excite  and  keep  alive  the  interest  of  the  student. 

Judging  from  the  author's  experience  in  teaching  the  subject,  it 
is  believed  that  this  elementary  treatise  so  sets  forth  and  illustrates 
the  highly  practical  nature  of  the  Calculus,  as  to  awaken  a  lively 
interest  in  many  readers  to  whom  a  more  abstract  method  of  treat- 
ment would  be  distasteful. 


Oren  Root,  Jr.,  Prof,  of  Math., 
Hamilton  Coll.,  N.Y.:  In  reading  the 
manuscript  I  was  impressed  by  the 
clearness  of  definition  and  demonstra- 
tion, the  pertinence  of  illustration,  and 
the  happy  union  of  exclusion  and  con- 
densation. It  seems  to  me  most  admir- 
ably suited  for  use  in  college  classes. 
I  prove  my  regard  by  adopting  this  as 
our  text-book  on  the  calculus. 


C.  M.  Cb.arra.ppin,  S.J.,  St. 
Louis  Univ. :  I  have  given  the  book  a 
thorough  examination,  and  I  am  satis- 
fied that  it  is  the  best  work  on  the  sub- 
ject I  have  seen.  I  mean  the  best 
work  for  what  it  was  intended, — a  text- 
book. I  would  like  very  much  to  in- 
troduce it  in  the  University. 
{Jan.  12,  1885.) 
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Elementary  Co-ordinate  Geometry. 

By  W.  B.  Smith,  Professor  of  Physics,  Missouri  State  University.     l2mo. 
Cloth.     312  pp.     Mailing  price,  $2.15;   for  Introduction,  §2.00. 

While  in  the  study  of  Analytic  Geometry  either  gain  of  knowledge 
or  culture  of  mind  may  be  sought,  the  latter  object  alone  can  justify 
placing  it  in  a  college  curriculum.  Yet  the  subject  may  be  so  pur- 
sued as  to  be  of  no  great  educational  value.  Mere  calculation,  or  the 
solution  of  problems  by  algebraic  processes,  is  a  very  inferior  dis- 
cipline of  reason.  Even  geometry  is  not  the  best  discipline.  In  all 
thinking  the  real  difficulty  lies  in  forming  clear  notions  of  things. 
In  doing  this  all  the  higher  faculties  are  brought  into  play.  It  is  this 
formation  of  concepts,  therefore,  that  is  the  essential  part  of  mental 
training.  He  who  forms  them  clearly  and  accurately  may  be  safely 
trusted  to  put  them  together  correctly.  Nearly  every  seeming  mis- 
take in  reasoning  is  really  a  mistake  in  conception. 

Such  considerations  have  guided  the  composition  of  this  book. 
Concepts  have  been  introduced  in  abundance,  and  the  proofs  made 
to  hinge  directly  upon  them.  Treated  in  this  way  the  subject 
seems  adapted,  as  hardly  any  other,  to  develop  the  power  of 
thought. 

Some  of  the  special  features  of  the  work  are :  — 

1.  Its  size  is  such  it  can  be  mastered  in  the  time  generally 
allowed. 

2.  The  scope  is  far  wider  than  in  any  other  American  work. 

3.  The  combination  of  small  size  and  large  scope  has  been  secured 
through  superior  methods,  —  modern,  direct,  and  rapid. 

4.  Conspicuous  among  such  methods  is  that  of  determinants, 
here  presented,  by  the  union  of  theory  and  practice,  in  its  real 
power  and  beauty. 

5.  Confusion   is   shut  out  by  a  consistent    and    self-explaining 

NOTATION. 

6.  The  order  of  development  is  natural,  and  leads  without 
break  or  turn  from  the  simplest  to  the  most  complex.  The  method 
is  heuristic. 

7.  The  student's  grasp  is  strengthened  by  numerous  exercises. 

8.  The  work  has  been  tested  at  every  point  in  the  class- 
room. 
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Examples  of  Differential  Equations. 

By  George  A.  Osborne,  Professor  of  Mathematics  in  the  Massachusetts 
Institute  of  Technology,  Boston.  i2mo.  Cloth.  viii+5opp.  Mail- 
ing price,  60  cts.;   for  Introduction,  50  cts. 

Notwithstanding  the  importance  of  the  study  of  Differential  Equa- 
tions, either  as  a  branch  of  pure  mathematics,  or  as  applied  to 
Geometry  or  Physics,  no  American  work  on  this  subject  has  been 
published  containing  a  classified  series  of  examples.  This  book  is 
intended  to  supply  this  want,  and  provides  a  series  of  nearly  three 
hundred  examples  with  answers  systematically  arranged  and  grouped 
under  the  different  cases,  and  accompanied  by  concise  rules  for  the 
solution  of  each  case. 

It  is  hoped  that  the  work  will  be  found  useful,  not  only  in  the 
study  of  this  important  subject,  but  also  by  way  of  reference  to 
mathematical  students  generally  whenever  the  solution  of  a  differen- 
tial equation  is  required. 

Elements  of  the  Theory  of  the  Newtonian  Poten- 

tial  Function.  By  B.  O.  Peirce,  Assistant  Professor  of  Mathematics 
and  Physics,  Harvard  University.  i2ino.  Cloth.  154  pages.  Mailing 
price,  $1.60;      for  Introduction,  $1.50. 

A  knowledge  of  the  properties  of  this  function  is  essential  for 
electrical  engineers,  for  students  of  mathematical  physics,  and  for 
all  who  desire  more  than  an  elementary  knowledge  of  experimental 
physics. 

This  book,  based  upon  notes  made  for  class-room  use,  was  written 
because  no  book  in  English  gave  in  simple  form,  for  the  use  of 
students  who  know  something  of  the  calculus,  so  much  of  the  theory 
of  the  potential  function  as  is  needed  in  the  study  of  physics. 
Both  matter  and  arrangement  have  been  practically  adapted  to  the 
end  in  view. 

Chapter  I.  The  Attraction  of  Gravitation. 

II.  The  Newtonian  Potential  Function  in  the  Case  of  Gravitation. 

III.  The  Newtonian  Potential  Function  in  the  Case  of  Repulsive 

Forces. 

IV.  Surface  Distributions.     Green's  Theorem. 

V.  Application    of  the    Results    of  the    Preceding  Chapters   to 
Electrostatics. 
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